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1 Introduction To obtain the corresponding optimal threshold values, we
develop closed-form approximations for some key perfor-

Across a wide spectrum of parallel and distributed computer Mance measures, based on a combination of priority-queue
systems, it can be the case that a job is processed more ef-and server-vacation models. Extensive numerical compar-
ficiently on one server than on another [6]. Due to the in- 1SONS between. this type of approximations and simulation
evitability of imbalances in the amount of work assigned to nave resulted in very good agreement. Moreover, the re-
each server in these computing environments, there exists sullts_ have_d_emonstrated that this class of threshold-based
a dynamic scheduling tradeoff between keeping the work- Priority policies performs very well when proper threshold
load balanced and scheduling jobs where they are processedvalues are chosen.

most efficiently [7]. A fundamental understanding of this
scheduling tradeoff is of great theoretical interest, and it
also has important applications in the design of control poli-
cies for high-performance computer and telecommunication
systems, as well as manufacturing systems.

The remainder of this paper is organized as follows. In
§2 we study the dynamic scheduling of multiclass parallel-
server stochastic networks and propose a general class of
threshold-based priority policies. A number of examples
are considered if§3 to illustrate the use of our algorithm
We study the dynamic scheduling of such multiclass for determining the placement of_thresh(_)lds an_d to quantify
parallel-server stochastic networks, where the service rate the benefits of the proposed policies. Finallyg#hwe de-
depends upon both the job class being processed and the!Ve approximate formulas for the queue lengths under our

server being used to execute a job from this class. Our threshold-based priority policies and we illustrate how these
objective is to identify the control policy that dynami- formulas can be used to obtain optimal threshold values.

cally allocates the parallel servers among waiting jobs so
as to minimize the long-run average inventory cost, i.e.,
min ), ¢ L1, wherecy, is the inventory cost per unit time
for classk jobs andL; is the long-run average number of
classk jobs in the system. While it can be shown that the
cp-rule which matches jobs to the best server that can pro- 2.1 Motivation: Two-Queue Case
cess them (in terms of lowest cost) is optimal in the context Consider the system in Figure 1 with two servers and two
of the corresponding fluid network [8], studies have also es- queues under Poisson arrivals and exponential service times
tablished that such a greedy-rule type of policy does not (and all the usual independence assumptions).SeQ;
always work well in the original stochastic setting. Quite to and(;, denote servef, queuej and classk, respectively.
the contrary, it may even result in an unstable system. The model parameters are; = 100, co = 1, A; = 1.3p,

Ao = 0.4p, H11 = U2 = 1, o1 = 0.5, M1 = 0; Whereck
Here, we propose a general class of threshold-based pri- js the unitinventory cost faf;, jobs; \; is theC; arrival rate,
ority policies that works as follows. When a server be-  with parametep > 0; u;; andus, are the “affinity” service
comes available and has to select a queue to process nextrates, meaning jobs i@ (resp.Q,) are best served h§;
it first checks all queues to which thresholds have been as- (resp.S,); whereasu,; (resp.ui2) is the service rate fa$,
signed and for which the number of jobs is above the cor- (resp.S;) to process jobs iQ; (resp.Q,). In particular,

responding threshold value. The server then processes a,,, = 0 indicates that; is not allowedto process any job
job from the queue with the highest value. If all of in Q,.

these queues are below their corresponding thresholds, the
server then checks all the nonempty queues and selects aThis system has been considered in [1] with deterministic
job from the queue with the highest value. We develop service times; refer also to [9]. It is known that when=
an algorithm to determine the set of queues where thresh- 0.95, for instance, following thesu-rule will result in an
olds should be placed under this class of priority policies. unstable system. Thisis also the case when service times are
exponential [8]. We note, however, that there exist policies
1Supported in part by an NSF grant ECS-9705392. that can maintain a stable system in this case; e.@; if

2 General Threshold Policies




2.2 General Case

We now extend the idea of the above threshold-based prior-
ity policy to the general case with job classesM servers,

and arbitraryu;;. For this purpose, it will be convenient
to view the multiclass parallel-server system as a bipartite
graphG, in which nodes represent either servers or queues,
and there is an undirected lirfk, j) betweenS; and Q; if

wij > 0. Let2 denote the set of all links i@

The threshold-based policy can therefore be viewed as
defining a subser of links (i, j) in © and setting a thresh-
Figure 1. A Two-Server, Two-Queue Example old T;; for each link(i, j) in 7. WhensS; becomes avail-
able, it first checks eac@;, such thafi, j) € T, to deter-
mine whether the number of jobs in the queue has exceeded
the corresponding threshold;. If multiple queues satisfy
this condition,S; serves a job from one of these queues
following the ci rule. If none of the queues has exceeded
its threshold valueS; simply serves a job from one of the
non-emptyQ;, such thati, j) € 7, following thecy rule.
When aC; job arrives at an empty queue, it selects from
among all idleS;, such tha{, j) € T, the server with the
largest rateu;; and immediately begins its service there. If
no such idle servers exist, the job simply waitgdn.

gives higher priority toQ-, the system is stable.

Observe that in this exampl8&; is shared by botlQ; and

Q2, while Q; is shared by botl¥; andS,. This givesrise to

an “N” shape structure where the diagonal link connects the
shared server with the shared queue. The main reason for
the cu-rule being unstable is that the sha®ddevotes too
much effort to help@;, thus leaving insufficient capacity

to procesL> while also causing; capacity to be under-
utilized by(C; jobs.

Before proceeding with the technical details, several re-
marks are in order. First, the general threshold policy turns
off link (3, 7) if (¢,7) ¢ T, i.e.,S; will remain idle even if

wi; > 0 and onlyQ; has jobs waiting to be served. This
makes it possible for us to include idling policies within
our general threshold policy framework. Second, every link
(¢,7) in T must have a threshold value even if the threshold
T;; = 0 (which is effectivelyno threshold). We therefore
useR C T to denote all linkgs, 7) in 7 that have threshold
valuesT;; > 0. Note that7 andR are different in thaf”
Figure 2 shows for varying traffic intensities the correspond- d€términesvhere to helpvhereask ensures that the help is

ing long-run average inventory costs in this system under Nt {00 zealous
different threshold values. Observe that the threshold pol-
icy has the desired effect and that the best thresholds in all
of these cases are quite small. When the traffic is light, the
threshold policy and theu-rule yield very similar perfor-
mance characteristics.

To avoid such behavior, or specifically, to prevéatfrom
being too greedy in its execution 6f jobs, we propose a
policy that sets a threshol at Q; for S,, such thatS, will
serve jobs fronQ; only when the number of jobs i@; has
exceeded this threshold. More specificaflywill give jobs

in 9, higher priority over jobs ir@ (thus following thecp-
rule) only if there are more thdf jobs in Q;; otherwise, it
serves jobs inQ,. Notice that this policy reduces to the
cu-rule when the threshold is set to bed.

There are three key questions we have to answer to complete
the characterization of our general threshold policy; namely,
(i) how to chooseT, (ii) how to chooseR, and (iii) what

are the optimal threshold values for each linkR? The
remainder of this section addresses the first two issues, with

o0 Server Threshold, Cost Plot, C_1=100, mu_21=0.5 the third issue studied ig4.
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S 2.3 Where to Set the Thresholds
g We observe that any policy which minimizes the long-run
< 10004 average inventory cost must maintain a stable system, as-
g o suming there exists a policy under which the system is sta-
S Sooﬁwﬁw*‘*' ble. When system load is heavy, maintaining a stable sys-
B e o tem relates directly to allocating the capacity of the servers
among the job classes so as to maximize system through-
0 e — ; put. This optimal capacity allocation problem can be for-
0 5 10 15 20 25 30 35 40 .
Threshold mulated as a linear program as follows. Suppose that the
job arrival rates increase proportional to the initial rates
Figure 2: Inventory Cost for the Two-Server, Two-Queue Exam-  \;,j = 1,...,J. Letz;; be the proportion of capacity that

ple S; devotes to processiny jobs. The maximum load of the



M-server system can then be determined as The algorithm below presents a systematic way to construct
the setR. It starts by scanning the leaves of the tfEd¢o

CA-LP maxp identify an “N” shaped subgraph gf. After comparing
M the differentcy values, it determines if the “N” shaped sub-
s.t. Z WijTij = Ajp, j=1,...,J; graph has the critical structure; if so, it then sets a threshold
i=1 for the diagonal link. The algorithm then removes this leaf.

J
Zﬂfijﬁl, i=1,...,M; -
j=1 (0) Initialize: R =0, 7" =T.

zij 20, i=1,...,M; j=1,...,J (i) Pick an arbitrary leaf from tree7".
Case 1: Leah is a queue. ldentify among its servers a
Let (z*, p*) be an optimal basic solution of this capacity sharedS;, i.e., link (i,n) € 77, that also serves
allocation linear program CA-LP. Lét be the set of links other queues (e.g., see Figure 3(a)). Check all
(i,7) that correspond to the basic variablescin Specifi- sharedQ;, such that(i, k) € 7' andk is not a
cally, alink(é, j) isin T ifand only if z7; > 0. As described leaf:

earlier, we will set thresholds for the links . If copsin > coptin, include(i, k) in R

Case 2: Leaf is a server. ldentify a shareg,, that is

Lemma 1 The graph7 must contain no cycles. Conse- served by, i.e., link(n, k) € T', andk is also
quently, if the number of links iff” is exactlyJ + M — 1, served by other servers (e.g., see Figure 3(b)).
then7 must be a spanning tree of the bipartite gréptOn Check all shared; such that(i, k) € 7' and:

the other hand, if” has less thad + M — 1 links, thenT” is not a leaf:

must contain more than one connected subgraphs, with each If there exists aQ; such that link(i, j) €
subgraph being a tree. T" andcgpix > cjuij, include(i, k) in R.

(i) Remove leafn from 7' and repeat (i) until at most
It follows from Lemma 1 that, ifl has less thad + M — 1 two links are left in7”.
links, then the scheduling problem can simply be decom-
posed into multiple independent sub-problems. Henceforth,

we suppose that the number of links7nis J + M — 1. 5 o
k n

The key is to identify those links where strictly positive Lk LnJ

thresholds must be set, lest the system becomes unstable. A

good example is the diagonal link in the two-server, two- W m

queue system 0§2.1. Based on this example, we now

define acritical structure for the two-server, two-queue (@
graph, that will serve as a building block for the general
case.

Definition 2 For a two-server, two-queue graph with an Figure 3: lllustrations for Case (1) and Case (2)

“N” shape link structure (i.e., a connected graph with a tree ) ) . ]
structure as in Figure 1), in whigHs the shared server and Notice that one can follow the above algorithm in many dif-

k is the shared queue, the graph is said to have the critical férent ways, depending on which leaf was chosen in each

structure ifexpg, > cjpi;, Wherej is any other queue also iteration. However, it can be shown that the algorithm gen-
served bys;. erates the same sgtindependent of the order in which the

leaves are selected in each iteration.

The critical structure thus consists of those “N” shaped two-
server, two-queue graphs in which the shared server favors
the shared queue under the rule. In light of the two-
server, two-queue example, the diagonal link of such a criti-
cal structure should be controlled by a threshold so as to reg-
ulate the efforts of the shared server devoted to the shared
gueue. Recall thaR is the set of key links iry” for which 3 Examples

non-zero thresholds are needed. Then the link8 torre-

spond to the diagonal links in the embedded critical struc- We now present several examples to illustrate the use of our
tures of T". algorithm to determine the placement of thresholds, and to

Proposition 3 R consists of the diagonal link of each “N”
shaped subset @f that has the critical structure. Hende,
is uniquely determined by the above algorithm.



quantitatively compare through simulation the long-run av-
erage inventory cost under the threshold-based priority poli-
cies and they policy. Note that in all cases the simulations
are run until the half-width of a 95% confidence interval is
within 1% of the mean. For convenience, we pseto de-
note the service rate vector f§f, and we use. to denote
the vector of optimal fractions of service effort correspond-
ingtoS;.

Example 1. Consider the 3-server, 4-queue example il-
lustrated in Figure 4, where the parameters are:=
(1,0.6,2,1), A = (0.5,1,2,3), 1. = (1.25,2.5,1,0),
w2 = (0,4,2,5), us. = (0,0,0.8,2.5). The optimal so
lution for the corresponding CA-LP is:

*

p =
zt = (0,0,0.9,0.1

*
. =

(0.4,0.4,0.2,0);

1;
); (07 0707 ]‘)'

*
T3.

This then leads to the tree consisting of lin#s
{(1,1), (1,2), (1,3), (2,3), (2,4), (3,4)}. The priori-
ties for each server under thg rule are:

S1:3>2>1; §:4>3>2; S3:4>3;

wherea > b means that’, has priority overC,. Our al-
gorithm selects the s® = {(1,3), (2,4) } on which to
place thresholds.

C1

Figure 4: A Three-Server, Four-Queue Example

The uppermost plot of Figure 5 provides the results from
simulation experiments of the corresponding system with
traffic intensityp = 0.95 under thecu-rule as well as the
threshold policy with various threshold values. We observe
that the system is unstable if the thresholds are 0, which cor-
responds to theu-rule. A set of fairly low threshold values
for links (1, 3) and(2, 4) yields the best cost. Note that this

is the same example as in [2] and Example 6.2 in [9]. The
threshold policy given in [9] also determines to set thresh-
oldsforR = {(1,3), (2,4) }.

We can also enable the links(2,2), (3,3)} such that

T contains the set of all links an®® remains the same.
The lowermost plot in Figure 5 provides the long-run av-
erage cost obtained by simulation for this threshold policy.
Observe that enabling the additional links does provide a
slightly better cost. We note, however, thateagets closer
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Figure 5: Long Run Average Cost for Example 1.

to 1, enabling the link$ (2, 2), (3, 3) } leads to an unstable
system and thus provides a worse inventory cost, as demon-
strated by additional simulation experiments.

Example 2. Consider the same 3-server, 4-queue Sys-
tem in Figure 4, but with a different set of parameters:
c = (3,1,051), A = (1,1,3,1), p1. = (1.25,1,5,0),

pz. = (0,4,2,4), us. = (0,0,1,1). The optimal solution
for the corresponding CA-LP is:

pf=1; z. = (0.8,0,0.2,0);
25 = (0,0.25,0.5,0.25); =z = (0,0,1,0).
The tree T has links
{(]‘71)7 (173)7 (272)7 (273)7 (274)7 (373) }' The

priorities for each server under thg rule are:
S$1:1>3>2; $:2=4>3; S3:4>3.

The algorithm selects no linksk( = 0) on which to set
thresholds.

We note that this example is the same as Example 6.3 in [9].
The algorithm in [9] sets a threshold for lir2, 3). From

the viewpoint ofS,, C3 jobs have the lowest priority among

all of the job classes thal, can process. Therefore, under
the previously defined threshold policy, different values of
the threshold for link(2, 3) do not change the behavior of
the system. It is therefore not necessary to set a threshold
on this link.



Example 3. Consider the 3-server, 3-queue system illus-
trated in Figure 6. The parameters are:= (1,2,1),
A= (3,2,1), p1. = (2.5,0.2,0), p2. = (5,2,2.5),
us. = (0,1,1.25). The corresponding CA-LP has two op-
timal basic solutions:

pt =1 1. = (1,0,0);
zy. = (0.1,09,0); z3. = (0,0.2,0.8);
and
pt =1 =z = (1,0,0);
zy. = (0.1,0.5,0.4); z; = (0,1,0).

The treeT has links{ (1, 1), (2,1), (2,2), (3,2), (3,3) }

for the first solution, and
{(1,1), (2,1), (2,2), (2,3), (3,2)} for the second
solution. The priorities for each server under therule

are:

S1:1>2; $:1>2>3; S3:2>3>1.

Our algorithm then selects the following set of links on
which to set thresholdsR = {(2, 1), (3,2)} for the first
solution; andR = { (2, 1) } for the second solution.

Figure 6: A Three-Server, Three-Queue Example

Various simulation results for this example are provided in

allows jobs to flow along link2, 3) but not along(1, 2).
Simulation experiments show that the best cost is always
achieved by setting the threshold on lifkk 2) equal to O.
Furthermore, non-zero threshold values are always needed
on link (2,1), and the best cost is achieved by setting this
threshold equal td0. Note that in this case the inventory
cost is the best among all three settings considered in our
experiments.

Example 4. Consider the 3-server, 3-queue system in
Figure 8. The parameters are: = (10,100,1), A =
(0.4,1.4,0.6), u1. = (1,0.5,0), p2. = (0,1,0), pu3. =
(0,0.25,1). The optimal solution for the corresponding
CA-LPis:

(0.4,0.6,0);

pt =1 zy. =
( (0,0.4,0.6).

0,1,0); z3. =
The tree consists of all of the linksT =
{(1,1), (1,2), (2,2), (3,2), (3,3)}, since the graph
itself is a tree. The priorities for each server underdhe
rule is:

S1:2>1; &:2=2; S3:2>3.

Our algorithm selects the set of links = {(1,2),(3,2) }
on which to set thresholds.

Figure 8: A Three-Server, Three-Queue Example

Figure 7, where the leftmost plot illustrates the long-run av-
erage cost for the threshold policy that does not allow jobs  1ha two plots in Figure 9 provide the long-run average cost

to flow along links(1,2) and(2,3). Simulation experi- for the threshold policy with various threshold values on
ments show that non-zero threshold values are needed for links (1,2) and(3,2). We observe that non-zero threshold

both links(2, 1) and(3, 2), and the best cost is achieved by 5jes are needed for both links to avoid system instability.
setting both of these thresholds equal to 20. The middle plot Moreover, the best cost is achieved by setting both of the
of Figure 7 shows the inventory cost when jobs are allowed - oshold values equal to 10.

to flow along both linkg1, 2) and(2, 3). In this case we ob-

serve that the best cost is achieved by setting the threshold Example 5. Consider the 3-server, 3-queue system illus-

on link (3, 2) equal to 0, and setting the threshold on link trated in Figure 10 with the parameteks:= (]_00, 1, ]_0)'

(2,1) equal to20. A = (1.1,0.5,1.24), gy . = (1,0,0), . = (0.5,1,0.8),
us. = (0,0,1). The optimal solution for the corresponding

The key reason for having the two optimal solutions is  ~a_| pis:

becauseussuzz = p22p33.  This means that there is

an even tradeoff between letting jobs flow along links p* =1; zi. = (1,0,0);
{(2,3),(3,2) } and along linkg (2, 2), (3, 3) }. Hence, the zi. = (0.2,05,0.3); zi. = (0,0,1).
threshold on link(3, 2) is not necessary. The rightmost plot

of Figure 7 shows the long-run average cost for the thresh- The tree 7  contains all of the links

old policy that sets thresholds on linkx 1) and(3, 2), and {(1,1), (2,1), (2,2), (2,3), (3,3)}, since the graph
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Figure 7: Long Run Average Cost for Example 3.

itself is a tree. The priorities for each server underdhe To model this threshold policy analytically, we shall ap-
rule is: proximate @; as a birth-death process having death rate
S :1=1: 8 :1>3>92 S::3=3. 11 + u?l(l — ro) when the queue hdB or fewer jobs,
! ) o212 >_ » o8 and having death rafe;; + u»1 when the queue has more
Our algorithm selects the set of links = {(2,1),(2,3) } thanT jobs. Herer, represents the proportion of time that
on which to set thresholds. Q, is non-empty. Let{r;} denote the stationary distribu-

o i tion of the number of jobs in this birth-death process, and
The two plots in Figure 11 provide the long-run average qfine

cost for the threshold policy with various threshold values
on links(2,1) and(2, 3). We observe that non-zero thresh- A1 A1

. . = =— (1
old values are needed for both links to avoid an unstable <7 = 4 ¥ o (1—12)" 7T i+ g (1)
system, and the best cost is achieved by setting both of the
threshold values equal to 10. We then have
o piSTa i S Ta
T =
4 Approximations ' o pTppol, i T
< >T )
In this section we derive closed-form approximate formu- where
las for the queue lengths under the threshold-based prior- 1— T+l T -1
. : - . . . P<r pP<TP>T
ity rules discussed in the previous sections, and then we il- To = |7 1 . (2
lustrate how these formulas can be used to derive optimal p<T p>T
threshold values. To facilitate the exposition, our focus iS From this we obtain
on the two-queue two-server case. The results, however,
extend readily to more general cases. [ lpg — (T + 1)pi£:+rl + Tpg;Z
1 — 0
. N 1— 2
Consider the example in Figure 1. Recall that there are two (1=p<r)
independent Poisson arrival streams, with rategnd A, + o (T +1V)pst —Tpr 3)
and there are two exponential servers, withprocessing <T (1 = ps7)? )

C: jobs at rateu;; andS, processing, jobs at rateuss.
S» can also proceg jobs, but at a slower rai@; < uos.
Furthermore, we assume thaf; < pi11, 121 > Cafioa,
andulg =0.

To approximateQ,, on the other hand, we use an M/G/1
queue with server vacation, where the vacations represent
the time spent bys, in processing jobs fron®;. Specifi-
While S; by itself does not have enough capacity to pro- cally, we modelS; as following a Bernoulli vacation mech-
cess all; jobs,S, has excess capacity f65 jobs suchthat ~ anismin which it goes on vacation with probability
between the two servers there is enough capacity to han- - T

dle both job classes. Following the analysi§®funder the Dy = Z Tre; = To P<T P>T‘ @)
above assumptions, we employ a thresholt Q. Specif- = J 1—psr

ically, Se will process jobs from@; wheneverQ, is empty,

or wheneverQ, is non-emptyand there are more thaf The vacation period, denotéd, is given by

jobsin@;. WhenQ, is non-empty and there a¥éor fewer

jobs inQ;, S, will process jobs fromQs. V=83 + 8%+ -+ 85N,
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Figure 9: Long Run Average Cost for Example 4.

where{S%,; i = 1,2, ...} is a sequence of independent and
identically distributed exponential service times with mean
5, andN follows a geometric distribution:

PIN =n] = (1 —p,)py, n=12,...
Thus, we have
A
= po2(1—py) ®)
Note that
_ 1 Py
E[N]_l_pvv Var[N]_(l_pv)2;
hence,
1
E[V] = EIVJEIS] = -~ (6)
and
Var[V] = E[N]Var[Sa1] + Var[N]E?[S5:]
- E’[V]. 7

13, (1= py)?

Figure 10: A Three-Server, Three-Queue Example

Following standard results in server-vacation models (e.g.,
[5]), we have

Ly = M {E[W(Ss + Y)] + E[Ry]} + pa, (8)
where

_ E[V?]  Var[V]+E2[V]  2E%[V]
ElRv] = 2E[V] ~  2E[V]  2E[V] ElV],

p2 = A2/ a2, andW (S, + Y') denotes the waiting (queue-
ing) time in a regular M/G/1 model with service times repre-
sented by52 + Y, whereS, andY are two independent ran-
dom variables, withS; denoting the original service times
(atSs, i.e., exponential with meapn;,'), andY = V with
probabilityp, and zero otherwise. We then have
Pv
E[Y] =p,E[V]= ————
¥1=pElV] p21(1 = po)
and
2p 2
E[Y?] = p,E[V?] = 5——"—— = —E’[Y],
¥1=pElV 13,(1=pu)®  pu ¥l
where the second equality follows from (6) and (7).

Following the standard M/G/1 result, we have
A2E[(S2 + Y)?] wy

where
A2y
py = AE(Sy +Y) = pa + Wp—p)’
and
A
wy = ZZE[(S, +Y)?
A [ 2 2 2]
= 2|5+ ZEY)+EY
3 izt B0 E0Y)
1 Do Do ]
= X5+ + .
2 [U% pozpo1(l —py)  p3, (1 —py)?

We are now ready to determine the optimal threshold that
minimizes the long-run average holding cost. Létrepre-
sent the long-run average queue length under the thresh-
old policy with thresholdr". It suffices to solve

mjln el LT + e, L1,

(10)
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Figure 11: Long Run Average Cost for Example 5.

for the optimal threshold™. Here we approximaté? and
LT using (3) and (8), respectively.

In Figure 12, we plot the long-run average cost obtained
from the above approximate formulas for the parallel-server
system in Figure 1 under different threshold values, differ-
ent traffic intensities, and the parameters givefri. For
comparison, Figure 12 also provides the results from the
corresponding simulation experiments of the same parallel-
server threshold policy. Observe that the optimal thresh-
old value obtained from solving (10) compares favorably
with the best choice of threshold determined empirically
from simulation results. In particular, our scheme works
extremely well in light traffic, while in heavy traffic the ap-
proximation method tends to over-estimate somewhat the
optimal threshold value. We note, however, that the long-
run average cost deteriorates sharply for valueg below

the optimum, but does so much more slowly for thresholds
above the optimal value. This indicates that minor over-
estimation does not hurt the inventory cost too much, and it
is the under-estimation of the threshold value that should be
avoided.

Long Run Average Cost

Server Threshold, Cost Plot, C_1=100, mu_21=0.5
2000 Il Il Il Il Il Il
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Figure 12: Approximation (pure-lines) v.s. Simulation (lines
with points)
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