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Abstract—We consider the steady state distribution of the end-to-end de- primarily on the workload?" of a single server queue, where
lay of a tagged flow in queueing networks where the queues have self-similar 13/ . — supt>0(pt +0Z — t), with mean input rate, standard
cross traffic. We assume that such cross traffic at each queue, say queued iati d ity Al b dP(W
1,is modeled by fractional Brownian Motion (FBM) with Hurst parameter eV|a_ long, an sgrver Capf':lCIty ower boun ( > I)

H; € [1/2,1), and is independent of other queues.The arrival process of Was first obtained in [22], this lower bound has been later shown
the tagged flow is renewal. Two types of queueing net\_/vorks are considergd. in [14] to be asymptotically exact in Iogarithm using Iarge de-
We show that the end-to-end delay of the tagged flow in a tandem queueing y;iation principle, further extensions on deriving exact expres-
network, and more generally in a tree network, is completely dominated by . . . .
one of the queues. The dominant queue is the one with the maximal Hurst SION and stronger asymptotic estimates are developed in [23] and
parameter. If several queues have the same maximal Hurst parameter, then [20]. All these studies assert that the workldad of a single

we have to compare the ratio% to determine the dominant queue, Server queue is asymptotically Weibullian, namely,
where p is the load of the queue.

In thg case that the tagged flow is controlled throu_gh a window bgsed 1 (1 . )QH(l B H)Q(H_l)
congestion c_ontrol mechanism, the end-to-end delay_ls still asymptotically logIP(W > x) ~ = p2(1-H) P .
Weibullian with the same shape parameter. We provide upper and lower 202 H?2H
bounds on the constant that determines the scale parameter of the corre- (1)
sponding Weibull distribution. In this paper, we focus on the end-to-end delay in a network

setting. Indeed, there are many studies on the characterization
|. INTRODUCTION of end-to-end delay in the Internet, see e.g. [7], [21], [25]. In

Since the seminal work of Leland et al. [19], there has be@articular, Mukherjee [21] found that packet delay along several
tremendous research work on the characterization and modelifigrnet paths could be modeled using a shifted gamma distri-
of the Internet traffic. A number of studies have confirmed tHaition whose parameters varies from path to path and on time
prevalence of the Long Range Dependence (LRD) and fractgples of hours. There also exists work on the inference of end-
behavior in LAN and WAN as well as in Web servers (see e.tp-end delay, see e.g. [8], [10], where nonparametric models are
[24]). Self-similar (SS) scaling exists in large time scales (i.&sed.
one second or larger), cf. [19], [26], [13]. More recently, multi- To the best of our knowledge, there exist few results on the tail
fractal phenomena were observed and analyzed, see [1], [E&ymptotic of the end-to-end delay in a network setting. Un-
[17]. At small time scale, the traffic still has mono-fractal behawler the assumptions of independent and identically distributed
ior in the Internet backbone [30]. Many people have also inve$4.d.) service times and of the existence of moment generating
tigated into the possible causes of these long-range-depend@mttions, large deviation results were derived in [28] and [18]
and self-similar phenomena, see [24] for an overview. for stochastic event graphs. In case when the service times are

These observations and analyses have motivated a numlet. and subexponential, exact asymptotics were obtained in
studies of the performance impact in the network. In order [B] for stochastic event graphs, where the end-to-end delay has
account for the self-similar nature of the traffic in the Internesubexponential tail distribution. There are also some recent re-
Fractional Brownian Motion (FBM) input model has been insults on asymptotics of closed subexponential event graphin [3].
troduced, mostly due to its mathematical simplicity. A detailelh the current paper, we focus on another cause of heavytailness
treatment of FBM processes can be found in [27]. Its use ftar the end-to-end delay, namely LRD, what has not been done
traffic modeling is discussed in [22] and in [24] (and referencésa network context.
therein). We consider the steady state distribution of the end-to-end

Recall that a standard FBM process with Hurst parameigglay of a tagged flow in queueing networks where some of the
H € [1/2,1) is a Gaussian centered process with stationagiyieues have self-similar cross traffic. We assume that such cross

increments, continuous paths and such that traffic, say at queug is modeled by Fractional Brownian Mo-
1 tion (FBM) with Hurst parametefl; € [1/2,1), and is inde-
E[Z(5)Z(t)] = 5 (7 + 27 —|s —t?H) . pendent of other queues. Note that whén= 0.5, we have an
ordinary Brownian motion model. We assume that at least one
forall s,t € R. of the queues have the Hurst parameter that is strictly greater

Queues with FBM input process has received much attentitvan 0.5. The arrival process of the tagged flow is renewal. Two
in the literature. Studies [22], [14], [20], [23], [29] have focusetypes of queueing networks are considered.



We show that the end-to-end delay of the tagged flow in a tan- I[l. MODEL
dem queueing network is completely dominated by one of tt&e Taking Cross Traffic into Account
queues. The dominant queue is the one with the maximal Hurst ) ) o
parameter. If several queues have the same maximal Hurst pd=onsider a network of queues with cross traffic, illustrated
H
rameter, then we have to compare the rgi_ag) to determine M figure 1. We assume that the service times of customers of

the dominant queue, whepes the load of the queue. We hav(it/f\]/e tagged flow are negllglbile compare.d to the queueing delays.
then e see that the time spent in a server is mainly due to the cross

traffic. Thus, in our model, in order to analyze the delay of

the tagged customers, we define the virtual service times for

each tagged customer to be the amount of cross traffic arrived

between two successive arrivals of the tagged customers. This

whereW is the steady-state workload of a single server queggrtual) service time is denoted a$ (for serveri). The result-

with the same FBM inputs as the dominant queue, which jig queueing system (with such virtual service times) is a single

known [22], [14] to be asymptotically Weibullian. class FIFO queueing networks. In the sequel, we shall thus con-
We also consider the case that the tagged flow is controligider only such FIFO queues, with the (virtual) service times to

through a window-based congestion control mechanism, whépossibly self-similar.

at any time, the number of customers of the tagged flow is upper

bounded by the window size. For any arbitrarily fixed window]||]] — cross traffic —|[][

size, we show that the end-to-end delay is still asymptotically

Weibullian with the same shape parameter. We also provide yo- - . o om_ o

per and lower bounds on the constant that determines the sgle LIl @ il m @ i

parameter of the corresponding Weibull distribution. These re-

sults further imply round-trip time (RTT) of TCP sessions is

asymptotically Weibullian, see comments in Section V.

All these results are shown to hold not only in tandem queue-
ing networks, which correspond to tlhmicastflows, but also
for tree queueing networkshich model thenulticastcase. The Fig. 1. Queues with cross traffic
tree queueing network is defined as a queueing network with a
tree topology, where, at the completion of the service at a quer%g-(max plus)-Linear Systems
ing station, a customer is forked into multiple customers, one for '
each downstream queueing station. Such queueing networks af@ our proofs, we shall use the (max,plus) algebra to describe
also referred to adisassembly queueing netwoikshe queue- the dynamics of the queueing networks. The reader is referred
ing literature. In such a case, the end-to-end delay is defif@d4] for details.
as the delay for a customer to traverse all the queues. Thus, Bdfinition 1. The (max,plus) semi-fiNBumax is the setR U
result shows that the end-to-end delay in multicast s still asymp- 1 - equipped withmax, written additively (i.e.a & b =
totically Weibullian, provided that at least one of the queues haSx (4, b)) and the usual sum, written multiplicatively (i.e.
FBM cross traffic. a® b= a+b). The zero element is denotee- —oc.

In the next section, we introduce theT general mode! fora n'e:tér matrices of appropriate sizes, we defigb® B)(-)
work of queues using the (max,plus)-linear presentation, wheye, ) ® Bd) = max(AGd), Bid)), (A @ B)d)
the two types of networks of interest are described in detail. AR @ Bk — max (A(i’k,) L B(k,vﬂ)

Section 1ll, we focus on general tree queueing networks apnd* Lk '
. ST . Let s be an arbitrary fixed natural number. Assume the follow-
show our main results on the logarithmic tail asymptotic 0 L
the end-to-end delap in steady-state. The detailed technical'd to be given: L )
i~ . o N ={T,,n € Z}, whereT,, € R, the arrival time sequence;
proofs and necessary auxiliary results are also included, Wh?r?A n € 7}, whereA, is as x s matrix;
we show how the general Borell inequality for the distribution ™ ' v '

of the supremum of a centered Gaussian process can be apgligd™ " € 2}, WhereB,, is as—dimensional vector.
sup . . P : pIOIL'he associated (max,plus)-linear recurrence is that with state
to derive logarithmic estimate fdogP(D > x). Our studies

on networks with fixed window control are then presented i\ﬁa”able she_q#enq{a?(n, nhe Z},IwhereXn IS as.—dlmensmnal
Section IV. We show that the end-to-end delay is still asympt(yt?cmr' which satisfies the evolution equation:
ically Weibullian and give upper and lower bound for the con- X, =A, @ X, 1®B,®T,. )
stant that determines the scale parameter of the corresponding

Weibull distribution. Finally, concluding remarks are discussegbr i < n, we defineA, ) = ®f§z Aj=A,® - ® Apn

in Section V. andAp, ,; = E, the identity matrix. By definition, the station-
Notation: Here and later in the paper, for positive functiorssy maximal dater is

f andg, the equivalence(z) ~ dg(z) with d > 0 means ]

f(x)/g(z) — dasxz — oo. We will also use the nota- D = lim D)

tion f(z) = O(g(z)) to meanlimsup f(z)/g(z) < oo and

— (s) —
liminf f(z)/g(z) > 0. = max [(A[fk,()] ® B_y)" + Ty To} :

logP(D > z) ~ logP(W > x),

{02} u

=



Existence and finiteness of this limit will be addressed in sectldmtv be the n-th service time at thieh server. We denote by
[I-D. xh the end of the n-th service in senieWe have then

In the following section, we will consider two type of networks.

We derive the (max,plus)-linear recurrence (2) that corresponds

to each of these networks and give the interpretatioh of 2l = (Ther ) e, 5)

C. Examples x;, (z, © ) _1) @V}, (6)
3 _

C.1 Queues intandem z, = (z,®z,_,)Quv,, (7)

T = T, O, (8)

We consider two queues in tandem, as illustrated in figure 2.
Let v, be the n-th service time at theth server. We denote by

Putting equation (5) in (6), (7), (8) we obtain the desired recur-

(= E @ —1— j @ . sion equation with
{Tn} {vn} {va}

1

Fig. 2. Queues in Tandem x; Uy,
2 1y 2
o X x5, B — vn + vn
z} (resp. z2) the end of the n-th service in queue 1 (resp. 2). ©" z |0 " vl + P ’
We have then xd vl 4+ max(v2, v3)
1
1 1 1 v, € € €
Tn = (Tn & mn—l) @ Un» (3) vl 4?1)2 v2 € €
2 1 2 2 A, = 7 [ "o
Ly = (xn 69xnfl) ®Un' (4) ’Un +’Un € v, €
2 2
vl +max(v2,v3) 02 03 0

Putting (3) in (4) gives

g2 = (2p 1, 0Th)® (v, ®v2) B zp ;) Qvp,

with C.3 Queueing network with fixed window control

We consider nown queues in tandem with a window-based
control which does not allow more thdncustomers in the sys-
tem. In other words, the th customer can enter the first queue
only after then — L th customer leaves the last queue in the

tandem queueing network. We denoteatiythe end of the n-th
so that service in queue

X’n = An & Xn—l S Bn & Tn-
C.2 Tree Queueing Network

=~ U= 10— J0—__ U+l

Sender

Consider a tree with nodes numberedby, . . ., m such that
j is a successor af (we write j € Suc(z)) impliesi < j. In
particular node 1 is the root. We associate to this tree the net-
work with m queues and in which departure process of gueue
is the input process of queugs Suc(i). Queues in tandem is
a special case of tree network. Note that in the literature, such
tree networks are also referred to as disassembly networks. Fig. 4. Tandem Queueing Network with Fixed Window Control
We take the example of a tree with three queues, as illustrated
in figure 3. The end-to-end delay here is defined as the delay for
a customer to traverse all the queues, which is taken care offlyyr the network of two queues in figure 4, we have then
the dummy node (a max operator) in the end.

Reveiver

= Tn&z, 075 1)Uy, (9)
= (z,@ah_y) @ (10)

3N I

\max

Fig. 3. Tree Network From these equations, if we put (9) in (10), we obtain the desired



recursion equation with whereZ" is a FBM with Hurst parameterr/2 < H; < 1. The
FBM Z‘ are independent of each other andx{H;} > 1/2.

2
i%‘“l E Remark2. The condition on the mean af is not restrictive, we
”*_” 2 _ can take any renewal process with positive intensity. Moreover,
: : we see that our virtual service timg¥ are not non-negative
X, = . , B, = . , but each sequence is self-similar and long range dependent if
£C2. 6 H; > 1/2.
21—1 vl From now on, we consider networks with the associated recur-
n n . .
I% ”rlz + Ui sion:
€ 0 € ... € Xn=4, X109 B, T,
€ e 0 € €
of dimensions. This means that the matricds!,,, B, } and
vectors that are used in the recursion are obtained via two appli-
An = cationsf andg such that:
€ 0
vl € € vk € E ]Fm — M) (Ru{e})
n tee n — m
U71L+U721 e .« U71L+U721 Uer B=(B....0m) A(B),
In the tree network case, the window control with sizés im- g: R™ — M 1) (RU{e})
plemented in such a way that theth customer can enter the B=(6",....8™) — B(B),

first queue (root of the tree) only after all the- L th customers

quit the leave queues in the tree queueing network. via the formula:

C.4 Interpretation oD F(Bn) = An, g(Bn) = Bn,  With 5 = (B, ..., B7)-
Consider one of the previous networks with only customers Stability of the system:

—n,—n+1,...,0thatarrived in the network at respective timegach sequencg3’, },,cz is stationary and ergodic (see [12] The-

T, T pt1,-..,Tp. The time at which the system empties isrem 14.2.1), hence we have:

exactIyXO(S) and thanks to the recursion equation we can calcu-

late X in this case: lim (Apgo)™? — lim (Apro ® B-i)® =7, (11)
k—oo k k—o0 k ’
Xo=X_no = max (Apo ® Bx) + Tk, .
—n<k<0 where~ is the top Lyapounov exponent of the sequefidg }
with notations of section II-B. Hence the end-to-end delay &$€€ [4])- We will always assume that
customen is (with n customers in the network) v <1 (12)

— (s) _
Ding = Xo To Under this condition we know thad < oo since (A0 ®
T ook (Ap,0 ® B_p)® + T — TO} B_p)® + T} — —coas.
<k<n
) . Lemma 1. Consider the matrixP = A(p), with p =
Now D = lim, o, D[_y g corresponds to the stationary end(pl, ....pm). We denote by the maximal (max, plus)-

to-end delay of the network if it is finite (see next section). eigenvalue of. We have:

Remarkl. We always implicitly assume that thé are non-
negative to get a dynamical interpretation of the (max,plus) max(p;) <p <.
equations. Nevertheless, the construction of recurrence (2) does

not require any assumption on the sign of the We will use Ill. L OGARITHMIC TAIL ASYMPTOTIC FORTREE

the notation{ 3 } instead of{v’ } to make a clear difference if NETWORKS
the 3!, do not have to be non-negative. A. Main result
D. General Framework and Stochastic Assumptions Theorem 1 (Main Result). Let D be the stationary end-to-end
) ) delay associated to a tree network.
In what follows, we WI|| canIder: ) Consider the set of queues with maximal Hurst parameter de-
« a sequence of arrival time§ = {7, },cz that is a renewal notedH ,
process: interarrival timeér,, = T,,11 — T5,} are i.i.d. We
assume moreover thBfr] = 1 andTy = 0 (under Palm prob- S := argmax{H,},
ability).
« sequence$ 3 }ncz,i € {1,...,m} that are constructed asnow define the subset of dominant queues as follows
follows "
i i i . i i D := argmin M .
ﬁ; = SZ(Tn—Q—l) - St(Tn)7 with St(t) = pit + O-'L'Zl(t)a €S 0;



We denote byV the workload of a single server queue with th&irst we rewrite the evertD > z}:
same parameter as one of the queue®jrthen we have _
{D>a} = {3Fe€E p)+2(&) -l +1>a}

. 2(6)
R e R A

logP(D > z) ~log P(W > z). (13)

Note that the tandem queueing network is a special case of tree

networks. The result of Theorem 1 thus holds for tandem qued@-consider the evertD > z} or {D > z+1} does not change
ing network as well. the asymptotic. For the simplicity of notations, we consider the

latter in what follows.
Based on (14), to study the tail asymptotic fbr, it suffices
to focus on the supremum of the centered Gaussian process

In fact, applicationsf andg of section II-D can be viewed {%}565,
as purely algebraic objects. Followifig.3 of [4], we can asso- we claim the following logarithmic tail asymptotic fdb.
ciate to each applicatiofi andg a directed graph, respectively , .
G4 andGp. For f, the set of nodes i§1, ..., s} and an arc Property 1.. ConsiderD the stationary end-t.o—.er)d de_lay qf a
from i to j is introduced inG 4 if A(0)U+) + ¢. Forg, the set of tree queueing network. We assume deterministic arrival times,
nodesis{0,1,. .., s} and an arc fornd to ¢ is introduced ig  1n = - Theénasc — co, we have
if B(0)( # e. We denotef = G4 U Gp. Each coefficient of (@ + €] — p(6)?
A andB is a (max,plus)-expressienpr := @?:1 Rrer, logP(D >z) ~ - glrelg 2] . (15)
and we put ing, d copies of the original arc and give to each Y
of them a weight that is the associated &gt We obtain a To prove the above main result, we shall need the so-called
weighted graphg,,. For each are € G,,, W(e) denotes the "Borell's inequality”[2, p.43,p.47] for the supremum of a Gaus-
weight of e (i.e. a set of indices). We give here the graphian process which we recall below.
corresponding to queues in tandem with window control (sec- )
tion 11-C.3), line style corresponds to the mark: dashids C- Borell's Inequality
dotted<{2}, solid={1,2} and dash-dot# (observe that in this  |In what follows, we shall always assume tiahas a count-
cases = L). able dense subset and the processes we consider are always sep-

arable. We recall that a real stochastic prodess}.cr is sep-

9 arable if there is a sequengg; } of parameter values and a set

\ A of probability 0 such that, if A is any closed interval ahis

B. First result with deterministic arrival times

o any open interval, the sets
"“”\\\\ ,"““H\\\ ,/‘“\“‘ TN /I‘ "\ ,”V \\ o

1 : 2*: o 7 ‘¢ /;.L-l o L (I XiweAtelInT}, {Xyw)eAt;elnTy,

\ ' differ by at most a subset df.

The following property can be found in [2], theorem 2.1:

Property 2. Let{X,}:cr be a centered Gaussian process with
Fig. 5. Graphg., for Tandem Queueing Network with Fixed Window Controlsample paths bounded a.s. LUeX|| = sup,., X;. Then
E||X] < oo, and forallA > 0

We denote b¥E the set of paths ig,, going from nodé to node 1., 5
s For = (cg.cr1.....e1) € 5, we denote: PAIXY - B > A < 200 (<50%/0% ), a6)
! wherec? := sup,.; EX?. In particular, for all A > E|| X,
€1 I+1, p)=> > p equation (16) may be rewritten as follows:
=0 jEW(e:)
z (A —E[X])*
; ; P{|| X AP <2 —_— . 17
29 = Y Y oZi+1)-20) (11> %) < 2o (-2 G
1=0 jeW(e;) . .
El2(6)2 The only assumption made on the parameter sffarethatT’
[€lw [ (©) } : is totally bounded in the canonical metric. We recall that the

) canonical metric is defined as follows
In the special cas&,, = n, the end-to-end delay can be ex-

pressed as: d(s,t) := /E(Xs — Xy)2. (18)

D = max {(A ® B_j)® — k} We denote byV (¢) the smallest number of closekballs of ra-
k>0 L RIS S diuse that coverT'. T is totally bounded if the functiodV (c) is
L supp(e) + 2(6) — (€] — 1)]. finite for all e > 0.

ez In fact, following proof of theorem 2.1 in [2], we see that this



assumption may be relaxed. The proces$X§} is a centered Gaussian process. The stability
Consider a centered Gaussian process with sample patbsdition (12)y < 1 ensures thaD < oo almost surely, from
bounded a.s{ X;}.cr. Let{T,},>1 be an increasing sequencevhich the boundedness of the sample path of pro{:ﬁ’%@; fol-

of subsets of” that tends to a dense subsetib€ontaining the lows.

sequencdt;} of points satisfying the conditions of the separan our context, the parameter $ets countable as the countable
bility definition. We suppose that eadhy is totally bounded in union of the finite setsE,, = {£ € Z, |{]; = n}. Hence Borell's
the canonical metric, and we dendt&||,, = sup,.,, X;. Then inequality applies (see Application 2 in previous section) and if
for anyn, thanks to property 2, we ha¥| X ||,, < oo, and for m, < 1, we will have

allA >0 2
1—my,
P (supX6 > 1) < 2exp (—(7772%)) (22)
20%

1
PUIXL, -~ EIX]] >0 < 20 (~50%/02). 19 ces

) ) ) ) Lemma 2. In the case of tree networks, we hadire,_, .. m, =
whereo;, := sup,.7, EX;. Moreover, we have;, 1 o7. We

consider the case? < oo and first show thak|| X || < oo like

in [2]. Proof: .
Supposé|| X || = co and chooseé, > 0 such that For any patf€ = (co, ..., &), we writet” = 0 andt* = ¢! +
o Likew(en) then we have
“A/20% <174, P |sup X, < Xo| > 3/4. m
e FlapXe<io] 23/ 2@ i oe(ZE ) - 25 )|
T+ — T+ -
Such a constant exists sineg is finite and the random variable €l = (6) 7k tk|§|l 25(5’3*1
sup,cr X is finite a.s. < 2ok Okl 27 (") — Gl
Now sinceE| X |, 1 E|X]| = oo, we can findn such that z+ (L=p)IEl:
E| X, > 2\o. Borell's inequality on the spacE, then gives Z ok ZF(tF) — ZE(tF1))
S Lt Q-pE -
% S 9e-M/20h 5 N2l
where first inequality follows fronve, p(¢) < p|¢|;. Hence, we
= Pl Xl = E[[X|[n] > o] have
> PE|X|n— IX] > Ao]
> Pl > X1 > 3/ E EupX§] < E Eup |Xg|]
€= €=

This proved the required contradiction, andBpX | < oc. Zk k Z’f k1

Since|| X || 1 || X| a.s.(separability condition), we have for all < bupz ok|Z"(t") o (t ] 2)|

A>0 th — 1)
<

2B [Sttp ﬂzi(;“

Applicationl. Consider the procedss, = 28}, ; ). Since Butwe know thatim,, .. Z*(u)/u = 0, hence
lim; o Z(t)/t = 0, this process is a.s. bounded. Here we take

P~ BIX > A < 26 (30200 ). (20

T, = [O,n], andT = |0, oo). EachT, is totally bounded (see sup M — 0 asx — oo,

[20]) ando2 = sup,.o EG2 = H2H (1 — H)20-H). Hence w T+ (1=pu

Borell's inequality applies for this process on the whole intervalq each term of the sum goes to zera:as oo by monotone

[0, 00). convergence.

Application2. If T is countable, then Borell's inequality ap-J

plies. Just takd’, finite and hence totally bounded ! If X andY are centered Gaussian random variables with respec-

tive variances'% ando?, we will write
X <varY ©ox <oy.

In this section, we derive some necessary auxiliary results t?.%mma 3. We have
fore we prove the main results as claimed in Property 1. Define

D. Auxiliary Results

i1 0iZ' (€l

{X””$} : Ny
S a - p(8) geE Proof:

and We first prove that

=E lsupXS] and o; —supIE(Xg) . (21) <Var201 (1€]1)- (23)
§EE ¢eE



Taket; < to < t3 < t4, We use the notationA; = t, — 1,
Ay = t3 —to, A3 =ty —t3, A = t4 — 1 andZ(Al) =
Z(ta) — Z(t1), ... We haveZ (A3) + Z(A1) <var Z(A). This
follows from the following inequalities with /2 < H < 1
(recall thata® + b2H < (a + b)?H):

E(Z(As) + Z(A1))?
= EZ(A3)? +EZ(A1)? +2EZ(A3)Z(A)

= AT AT+ AT — (A + AT
+ A§H —(Ag + AB)QH
— AP AZF - AZF - AZH
< A —Ez(A)2
We have then
[gli—1 4 4
Z Liewe)(Z/(i+1) = Z7(i)) <var Z7(|¢)),
hence, Z(¢) <var ZUZ (1€h)-

By definition, we havey(§) < |]ip < €]y for any¢ € E, and

we getz + €|, — p(§) > x + |€];(1 — 7). Now thanks to (23),

we have

Z(8)

S s Z(El)
Tt € - p© VA

T+ e T —7)

O
From lemma 3, we derive

Lemma 4. We haver? := supgc=z E(X¥)? — 0 asz — oo. If

we denotef! := max{H;}, we haver? = O(22H-1),
Proof :
Consider the process? = Zx+t(1 ’Y)t) by a change of vari-

able, we have

o L Xl et/ - )
xt/(1—7) T+ xt

)

A simple calculation gives:

sup B(GH)? = (H,)*Mi (1 — Hy)20—Ho),
>0
then
m 2 22(Hi=1)
0’ Z (Hi)2H7'(]_ _ Hi)Q(l_Hi).

=1

Since eact®’ is on the diagonal of the matrit,,, we know that
for anyl > 1, there exists a path & such that

Soli =1 p(&0) = pyl, I6olu = (0,202
Hence we have
2 G =)
Taking an indeyj, such thatd; = H, we have

E(X{)?

o2 > supi
T s (@1 = py))?
2H
_ \2,2(H-1) (l/z)
3 T /a1 = )2
2 2(H-1) 21
~ @

This gives the last resulf]

E. Proof of Property 1

First observe that the right-hand term in (15) goes-t&
whenz — oo since

@tldi—p©)? 1
ez 2|€w 202’
and thanks to lemma 4, we know thegt — 0. We have to prove
thatlim, o, 202logP(D > z) = —1.
Upper bound:
Taking the logarithm of equation (22), we obtain

202 log P(D > z) < 202 1og(2) — (1 — my,)>.

Thanks to lemmas 4 and 2, we have

limsup 202 log P(D > z) < —1.

T— 00

(24)

and the self-similarity of the FBM’(¢) ensures that the process gwer bound:

{C* .} has the same distribution as the process

ot/ (1— We denote:
— 1 oo
m ) o H; 7i m H;—1 P - —x /2d
Zz=1 oi(z/(1—7))"Z"( Z 0iZ Gé, ) 27T/y ¢ v
T+t
i=1 We have:
. i Zi(t) i
with Gzt = S37- Thanks to previous lemma, we have P(D>z) = P|supp€)+2(&)—|¢>a
E(X¢)" <E(Cy, )%, hence geE
> supP(Z(&) >z +|€] —
sup E(X{)? < sup E(CY)?, = =0 S
te= t>0
_ — [z + [l —p&)
= sup® | —————
but we have ge= E[Z(£)?]
™ (220 —1) _ — + 1€l — p(§)
supE(Cr)2 = §° ()2 sup E(GE)? = @ |nf TN PS)
t>¥)) ( t) P (1—’7)21{1 t>%) ( t) 5125 vV |€|w



Using the approximatiolvg ®(y) ~ —y?/2, we obtain

(= + €l — p(§))*
2[€|w

We suppose now thdf; = H»

— inf

logP(D > z) >
og IP( T) > inf

Y

hence

liminf 202 logP(D > ) > —1.

xr—00

(25)

Equations (24) and (25) give the desired asymptotic for deter-

ministic arrival times.

O

F. Computation of2

F.1 The case of Single Server Queue
Equation (15) takes the simple from:

(@1~ p(6)

W2
of @ —p))
n>1 202n2H

§€E

L 20-H) jpf (1+n/z(1-p))?
202 (n/z)?H

n>1
s . (L + (1= p))?
530 in t2H '
_ o
T (1-p)(1-H)
- p)*"(1-H)
F2H

The infimum is attained in* and we have

single

2(H—-1)
(26

=9,

1 1
_m2(1—H)(

202

~

logP(W > x)

F.2 The case of 2 Queues in Tandem

For¢ = e;) € E, we define:

l
= Z 1{2€W(8i)}'
i=0

(60,...,

l

m= Z loew(eny
=0

Then we have

(o1)2m?Hr (09

(x +m+n— pym — pan)?’

)2n2H2

(27)

E(X¢)?

We first suppose thdl; > H,, then we have

2
Oz

L2H=1)
(01)*(2)*"™ + (o

(1 + 'rrL:-Di-n —p1

)2(@)2H2m2(H2—H1)
. 7_” —pa- )

(0)? (ut)*
(1+ (1= p(u)t)?

with p(u) = pru + p2(1 — u). The supremum is attained in
u=1andt* = and we obtain

N g2HI-1)

sup
t>0,u€(0,1]

(1-p)(1-H)’
0.2H2H

(L= pPH(L — H)XFD”

with H := Hy, p := p; ando := o5.

The casdi, > H; is exactly the same. Hendé = Hs, p = po

2(H-1)

~

T

ando = os.

= H, then we have
(01)2m2H 4 (09)2n2H

(x+m+n—pim— pan)?

(01)%(2)?H 4 (09)%(2)?"

sup
m,n

L2H-1)

= illllz (1+’”+”fp .mip2 %>2
t 2((1 -
RN A 0l G (Ll
+>0,u€[0,1] (1+ (1= p(u))t)
= 22H-D gqup {[(01)2u2H + (02)(1 — u)QH] .
ue0,1]
tQH }
- su
20 (L+ (1= p(u))h)?
— 2= Sl[lp {[ 2 2H+(02)2(17u)21{] .
ue(0
H2H
(1= p(u))? (1 — H)2=D) }
But the functionu — ("1)2“2(ff;(”j)))22(1{1_“)2H is either mono-

tone onl0, 1], or non-increasing ofD, v*| and non-decreasing
on[u*, 1] for a certainu*. Thus the supremum is attained either
at 0 or at 1, and we have

02 o~ g2(H-1) a1
‘ (1—p)2H(1 — H)>H-D
with
(L=p)® [ p)® (1)
o? (01)? (02)? '

This gives the desired result for 2 queues in tandem.

F.3 General Tree Networks
First observe that previous result holds true fogueues in
tandem and then we have

(0;)2H>H

H(]1 — H)2(H-1)’

2(H—-1)

2
7 k) = s T )2
whereH is the maximal Hurst parameter aft is defined as
in Theorem 1 for thé& queues.
But for a general tree network, the varianceis the maximum
of the variance corresponding to a path going from the root of
the tree to any leaf, i.e. a network of queues in tandem, hence
we have directly

(Jk)2H2H
H(] — H)Q(H—l)'

0_2

_ 2(H-1)
v Ikné@l})( (1 - pk)Q

Remark3. We recall that we always assume tHft > 1/2.
Nevertheless, for now on, we never use this assumption and in
fact for deterministic arrival times, Theorem 1 is still true with
H = 1/2. This corresponds to Brownian queues and in the case
of tandem queues the large deviation technics used in [18] apply
and it is straightforward that Theorem 1 of [18] gives exactly the
same result as our Theorem 1 for deterministic arrival times.



G. From deterministic times to random arrival times Taking the logarithm of this equation gives

In previous section, we proved by computingthat theorem

1 holds true in the case of deterministic arrival times. We provelOgP(D > )

now that the result extends to random arrival times. S G(E”QO,H) (1+€) — p)2H(1 — H)2H-D)

We denotel (¢) = sup,,(T_,, + n(1 — €)). There exisC and\ = 202H?H

such that for sufficiently large, we have o eaem (14€)—p)2H(1 - H)2H-D (29)
z 202H2H

P[U(e) > 2] < Ce .
Letting € go to 0, we get the same lower bound (29) and upper

We have bound (28). This concludes the proof of theorem 1.
O
D= su {p(&) + Z(&) + Ty, }
IV. TREENETWORKS WITHWINDOW CONTROL
< sup{p(§) + Z(§) — (1 — )}
A. Tree Network with Window Control
+sup{T_, +n(l—¢€)} ) .
n Theorem 2 (Main Result). Let D be the stationary end-to-end
= pU-9 4 U(e). delay in a tree network with window control. LEtbe the size
of the window and the depth of the tree. Define
Therefore,
H := maxH,,
PID > 1] S := argmax{H,},
< PDY9 + W(e) > ] (1— p)
P[DA=9) + U (e) > z,9(e) < ax] D = arg%%l{T} .
+P[DI9) 4 W(e) > z,1(e) > ax]
< Ply(e) < az]P[DP9) > (1 — a)z] + Ce 2. Denote bylV the workload of a single server queue with the
same parameter as one of the queue®inThere exists a con-
Hence for sufficiently smal, we have stant0 < C' < 1 such that
log P(D —logP(D
logP[D > ] C(1— )2 < li_mloé’;P(W> ) < imlogp(w> ) < 1. (30)
< log {P[Q/}(E) < az]P[D1~9) > (1 — a)z] + Ce_)““} og P(W > ) og P(W > )
1—¢€) — p)2H (1 — {)2H-1) We have the following inequalities for the constant
~ 7[(1 _ a)x]Q(lfH) (( E) P) ( ) 7 ] .
202H?2H 1. if L > d then:
because we havd > 1/2. Lettinga go to0, we get 1<C, (31)
logP[D > z]

<

Now due to the strong law of large number, we can ch@ose

G(e), such that

where~ is the top Lyapounov exponent associated to the net-

_ 201 (1—¢) —p* (1 - H)>UH-D . (©8) work;

202H2H 2. if L < dthen:

(1—7)2"  (0;)?
L= )P S, a(o)? = (32)

P(T_,>-n(l+e)—G, Vn>0)>1—c¢.

foranyi € S.

We denote this event bi{.. Then, on the everit',, we have

Note that such a max-plus formulation can be extended to vari-

D = sup{p(§) + Z(&) — [€L(1 +¢) able window control mechanisms, such as AIMD (additive-
¢ increase-multiplicative-decrease) type window control, see [6].
FT g, — €L (1 + 6)} In particular, the inequalities (30) still hold. Moreover the Lya-
> sup{p&)+ 2 - il +¢)} -G pounov exponent is monotonic in the window size: given the
£ structure of a network with window control of siZze we can
= pU+d _g. associate to it the Lyapounov exponeff.) and this function is
non-increasing irl.. So that inequalities (31) and (32) still hold,
Then we have for sufficiently smadl with the left hand side being replaced by thel,,;,) of the
minimum window sizeL,,,;,. This implies that, with the TCP
P(D > z) P(D >z, Ke) model of [6], the asympotics of the end-to-end delay presented

>
> P(DU) >z +G)(1—e). in Theorem 2 extends to RTT of TCP sessions.
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B. Proof of Theorem 2 Hence, we have as — oo

We use the same notation as in _section M. Lem_mas 3and 4 1< lim202logP(D > z)
of section 1ll-D are demonstrated in great generality and hold
true for tree networks with window control. Moreover if we can
prove thatn, < 1 for sufficiently larger, we have the following
lower and upper bound in great generality

< lim202logP(D >xz) < —(1—7)% (33)

We have now to compute the corresponding variarice
Remarld. The bound of Lemma 5is tight in the sense that there

liminf 202 logP(D > z) > -1 are cases for which we have
r—00 z - ’
limsup 202 logP(D > z) < —(1—limsupm,)?, xlingo My = 7.
T—00 T—00
where This result shows the limit of our approach since even if we can

compute the variance?, the technic used here can not give an

Z(€) exact asymptotic for the quantityg P(D > x) in these partic-
X¢ = T —p©) m, = E |sup X¢ ular cases. We take the example of two queues in tandem with
! te= window control of size, = 1. We recall the recursion equations

and o2 =supE (Xg) , with the notation of section 2{-? = v1,, + v2):

£e=
1 1 1 1
V= (e ) (5 Yo ()7
- ) 9 9 n-
Up Up Th—1 Up

Takep; = o1 = 0 (service in statiorl is instantaneous) and
Proof: p2 = 0. We have

The functionz — sup, ﬁ is non-increasing since

We have now to replace lemma 2 by

7 N
8 Ry
SNI =

Lemma 5. We havdim sup,_,,, m, <7 < 1.

p(&)
A B_j or ((Z2(i+ 1) — 22
iy - Bioror @ Z 2 (Z6+1) - Z2@)
- 4+ €l —p&) ~ y+ & —p(§) Hence we have
= Sup& >SUPL€)+.
T IE =€) = e v+ Igl - pl©) =0k |(22(1)"] > 0.

Thanks to Borell’s inequality, we have [sup€€5 Xg} < 400  \We haveE {(22(1))+} <E [1 n (22(1))2] — 2 hence we
and by symmetryP(sup, |X}| > \) < 2P(sup; X} > A), can choose, = 1/3 and we havey < 1. Now we see that for
hence we hav& {Supgeg(Xgl)Jr} <E [SUPgeE |X€1|} < 4o0o. &€ En wehave

Then we can use monotone convergence to derive 2 20T
Z 1)—-Z
xo s 130 (22041 - 220)"
T+n
lim E [sup(XZ)tT| =E | lim sup(XZ)*|.
s—oo  |gez © oo gen © hence

2 2(s
Thanks to (11), we know that for afly< e < 1 —+, there exists supXZ > supl1/3 Yico (Z2(i+1) - 2°(i)
a finite random variablé, such that T T+n

S (22 +1) - 22() "

€h>L = Z(©)+p() < (v+oléh. > lim 1/3
n—oo Tr+n
Hence for such a path, we have = 7>0.
Z(e)+ (v + )&l — pl€) In this specific case, thanks to Lemma 5, we have
v+ —p€) T z+ € — p(§) lim m, =7,
< ~v+4e Too

hence we see that inequalities (33) can not be improved and

We define the random variablé = supj¢), < Z()". We have |0 ang upper bounds will not coincide.

M < +o0 a.s. and

C. Computation of2

M
+
22p<X§) s S tarte C.1 The general case
We recall that
Hence we havéim, ... supgc=(X¥)* < v, and the result fol- oH o(H-1
LxQ(l—H) (1—p)* (1= )

2052 H2H )

lows sincem, <E supgeE(Xg)""} .0 logP(W > z) ~



)H

where(l_g’))H = U=pi)_ foranyj € S.
Thanks to lemma 4, we know that

2H
o2 > (aj)Qa:Q(H*I) sup 7 3
>0 (1+t(1—pj;))
_ (O’j)2l‘2(H71) HM

for an index; € S. Hence we have

1

-1
307 (logP(W > z))~ < 1.

In proof of Lemma 4, we showed

()22 (Hi—1)

Hence, we have

Hi)QHL' (1 _ Hi)Q(l—Hq,) .

_ \2H 2
lim fi(logP(W >x))7t > (1-~)"0

(L= pyP (1 — HPTD

(34)

T—00 20‘3 -
Thanks to equations (34) and (35), we have:

(1 — )2 HAD 52 logP(D > z)
2H 5 < lim
(L—=p)2 3 0 cs(o)) log P(W > x)
—logP(D > x)

<Tm- 2 =Y
= MogP(W > 2) =

Remarks. So far, we never use the specific structure of the n
work in the proof of Theorem 2. In fact, we proved the followin
result for the asymptotic tail distribution d&f, the stationary re-
ponse time for an open stochastic event graphs (defined in [5#

[4]):

Define
H := maxH,,
S = argmax{H,},
1—p)H
D = argmin{ﬂ}.
i€S 0;

Denote byW the workload of a single server queue with the

(= P27 ¥ jes(os

5. (35)

same parameter as one of the queuds,ithen we have

(1-7)? (1= (03)? lim logP(Z > x)
(L=pi)* 3 cs(0)? = 7 logP(W > 2)
—logP(Z > x)
<lim—=>——~ "7
< lmlogP(W SRR

where~ is the top Lyapounov exponent associated to the n

work.

C.2 The case of > d in Tandem Queueing Network

We restrict the proof to the case of 2 queues Witk 2 and

show that

(0;)2H?"

2 p2(H-1)
(1= p)" (1= HP°

O'.,E ~

11

for j € D. The general case of tandem queueing network can
be treated in the same way, though the proof will be lengthier.

Itis easy to see from the structure of the grgph(see section
[1I-B) that for any¢ € =, with the same notation as in section
llI-F.2 we have

Z(f) <var Ulzl(m) +O'2Z2(7’L),
p(§) = mp1 + npa,
& > m4n.

Hence we have

(0_1)2m2H1 + (02)27L2H2

(x+m+n—pim—pan)?

E(X{)? <

The right-hand term corresponds exactly to (27). Hence the up-
per bound follows.

C.3 General Tree Network with Window Control

Instead of considering only queues in tandem with window

control, we can consider a general tree network witlgueues
and with a window sizd.. In this context, we see that results of
section IV-B remain true since we do not use the specific struc-
ture of the tandem case. The computation of the variaide
different, but theorem 2 is true for tree networks with window
control. In section IV-C, we derive the variance of the network
of queues in tandem with window control because we can upper
bound it by the variance of queues in tandem without window
control. But the same result holds in the tree case. We can upper

ound the variance of the tree network with window control by
?e variance of the same tree network (i.e. corresponding to the

ame tree topology) without window control. Hence, thanks to
I&g results of section IlI-F.3, we see that one queue dominates
or the computation of the varianeé and we get the same up-
per and lower bound as in theorem 2 for the tail asymptotic of
the end-to-end delay.

The demonstration for the case of renewal arrival times of sec-
tion lll-G is the same in the case of tandem queues with window
control except we multiply the upper bound by a fagtor-~)2.

V. CONCLUDING REMARKS

In this paper, we studied the steady state distribution of the
end-to-end delay of a tagged flow in queueing networks where
the queues have self-similar cross traffic modeled by fractional
Brownian noises, independent of other queues. The arrival pro-
cess of the tagged flow is renewal. Two types of queueing net-
works are considered, namely, the tree networks without or with
window control.

Our analysis is based on the (max,plus) representation and
élP_e general Borell’s inequality. We have shown that the end-to-
end delay of tree networks is completely dominated by one of
the queues. The dominant queue is the one with maximal Hurst

parameter (or the maximal ratfé%)H in case of ties). Thus,
the tail distribution of the end to end delay is asymptotically
Weibullian. In the case of tandem queues with window control,
the end-to-end delay is still asymptotically Weibullian and we
give upper and lower bound for the constant that determines the
scale parameter of the corresponding Weibull distribution.
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This work shows that the long-range dependence of the cr@m$ A. Mukherjee, On the dynamics and significance of low frequency com-
traffic does have strong impact on the end-to-end delay tail Pponents of Internet loadnternetworking: Research and Experiengel.
. S . . . 5, no. 4, pp. 163-205, 1994.
asymptotic. However, this Impactis Only thrOUgh a single doer‘Z] I. Norros, A storage model with self-similar inpuQueueing Systems
inant queue that has the strongest dependence structure, i.e. thel6:387-396, 1994
queue with the highest Hurst parameter. The window contl{é?] I. Norros, A. Simonian, D. Veitch, J. Virtama\, Benes formula for a buffer

. . L. . with fractional Brownian inpyt9th ITC Specialists Seminar'95: Teletraf-
mechanisma la TCP in such networks play a minimal role in  fic Modelling and Measureﬂemg%_ P

the determination of the tail distribution of the end-to-end delalg4] K. Park and W. Willinger (Eds.Self-Similar Network Traffic and Perfor-
The fact the end-to-end delay has Weibull tail also provides a mance Evaluationlohn Wiley & Sons, New York (NY), 2000.

. . V. Paxson, End-to-End Routing Behavior in the InterndEEE/ACM
new means to the inference and prediction of end-to-end delays. Transactions on Networkin@ct 1997, vol. 5, pp. 601-615.

Indeed, this provides a parametric model for their tail distrib(z6] V. Paxson and S. Floyd, Wide-area Traffic: The Failure of Poisson Model-

: ; ing, IEEE/ACM Transactions on Networkingp.226-244, June 1995.
tion. It also connects the Hurst parameters at the routers V\tl}?] G. Samorodnitsky and M.S. Taqg8table Non-Gaussian Random Pro-

the tail asymptotics of the end-to-end delays. cesses: Stochastic Models With Infinite Varigr@eapman and Hal, New
As future work, we plan to extend current framework to studg? York (NY), 1994.

. ] F. Toomey, Large Deviations in a Class of Stochastic Discrete Event Sys-
other long-range dependent models for the cross traffic. For tems, PhD thesis, University of Dublin, 1997.

ample, one well-known model is th&/ /G /oo model. Other [29] C.H. Xia and Z. Liu. Queueing Systems with Long-range Dependent In-

possible extensions include considering tandem or general net- put Process and Subexponential Service TirResceedings of the ACM
SIGMETRICS Conferencdune, 2003.

works with dynamic/adaptive window control. [30] Z.-L.Zhang, V. J. Ribeiro, S. B. Moon, and C. Diot, Smalltime scaling be-
haviors of Internet backbone traffic: an empirical stutifsOCOM 2003
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