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ABSTRACT

We analyze the asymptotic tail distribution of stationary
waiting times and stationary virtual waiting times in a single-
server queue with long-range dependent arrival process and
subexponential service times. We investigate the joint im-
pact of the long range dependency of the arrival process and

of the tail distribution of the service times. We consider two
traffic models that have been widely used to characterize the

long-range dependence structure, namely, the M/G/co in-
put model and the Fractional Gaussian Noise (FGN) model.
We focus on the response times of the customers in a First-
Come First-Serve (FCFS) queueing system, although the re-
sults carry through to the backlog distribution of the system
with any arbitrary queueing discipline. When the arrival
process is driven by an M/G/co input model we show that
if the residual service time tail distribution Ft is lighter than
the residual session duration Ge, then the stationary waiting
time is dominated by the long-range dependence structure,
which is determined by the residual session duration Ge.
If the residual service time distribution F. is heavier than
the residual session duration G, then the tail distribution
of the stationary waiting time is dominated by that of the
residual service time. When the arrival process is modeled
by an FGN, we show that the waiting time tail distribution
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is asymptotically equal to the tail distribution of the resid-
ual service time if the latter is asymptotically heavier than
Weibull distribution with shape parameter 2-2H, where H is
the Hurst parameter of the FGN. If, however, this residual
service time is asymptotically lighter than Weibull distri-
bution with shape parameter 2-2H, then the waiting time
tail distribution is dominated by the dependence structure
of the arrival process so that it is asymptotically equal to

Weibull distribution with shape parameter 2-2H.
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1. INTRODUCTION

With more and more statistical evidence of long-range de-
pendence (LRD) observed in communication networks (see,
e.g. [21, 36]) and in Web servers (see, e.g. [10, 17, 38]), it
has become increasingly important to understand the per-
formance impact by traffic exhibiting long-range dependence
structure. Previous work in this area has been mostly fo-
cused on the dependence structure while assuming determin-

istic service times (e.g. the so called fluid queues with LRD
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inputs). Two traffic input models, the M/G/oo model of
Cox [11], and the Fractional Gaussian Noise (FGN) model,
have been used extensively to model the long-range depen-

dence structure. Studies using M/G /oo input model include



[18, 31, 29, 16, 22]; while studies using FGN input model in-
clude [26, 13, 40].

While the assumption of deterministic service times is
valid in the case of network routers serving fixed-size pack-
ets, or is a reasonable approximation when the packet sizes
have small variance, such an assumption is hardly justi-
fied in the case of Web servers where, in addition to the
long range dependency of the arrival process, requests vary
largely in their sizes and service demands, often having non-
traditional (subexponential) tail distributions, [1, 10, 12, 17,
23]. Therefore, how would the performance be influenced by
the LRD input process and the non-traditional service time
distributions remains an open question, important both in
theory and practice such as Web server performance and
QoS concerns.

Our goal in this paper is to examine the asymptotic behav-
ior of the response time tail distributions under both LRD
arrival processes and general (light-tailed or subexponen-
tial) service times. That is, we consider LRD/GI/1 queues,
where the arrival process is long-range dependent (LRD)
and the service times are independent and identically dis-
tributed (i.i.d.) random variables, independent of the arrival
process. We focus on the response times of the customers in
a First-Come First-Serve (FCFS) queueing system, although
the results carry through to the backlog distribution of the
system with any arbitrary queueing discipline. It is worth
to mention that the asymptotic behavior of response time
tail distribution under other service disciplines is also a very
rich subject. Studies on performance under other service
disciplines such as processor sharing or generalized proces-
sor sharing can be referred to e.g. [4, 20, 41] and references
therein. We shall only focus on FCFS service discipline in
this paper.

Our study pertains on two models that are widely used
to characterize LRD input processes, namely, the M /G /oo
input model and the FGN model. We present a system-
atic study on the asymptotic tail distribution of the station-
ary waiting time which illuminates the different dominating
components that influence server performance under various

conditions.
Performance impact due to subexponential service times

(while assuming i.i.d. interarrival times) has been explored
extensively over the past decades. A fundamental result

(due to Pakes [27]) shows that, for GI/GI/1 queues with

service time distribution (d.f.) F and finite mean p~*

, and
traffic intensity p < 1, if the integrated (service-time) tail

distribution F'. is subexponential, then the stationary wait-

ing time W is also subexponential, and

P W > a] ~ =T o(a), ()

where F., the integrated tail distribution of F', is defined by
Fe(z) = M/ F(y)dy.

Note that F. can also be viewed as the tail distribution of
the stationary residual service times. Therefore, in GI/GI/1
queues, when the residual service times are subexponential,

the tail distribution of the service times will dominate the
tail behavior of the stationary waiting times.

The above result has later been generalized to Markov-
modulated G/GI/1 queues [19], and for short range depen-
dent arrival processes [2]. In particular, when the arrival
process is stationary and ergodic, but can otherwise be de-
pendent, [2] provided a sufficient condition under which (1)

still holds. It was also shown that the condition is automat-
ically satisfied when the arriving process is short range de-

pendent, such as the stationary autoregressive process which
coincides with the results developed in [18].

Our results in the paper further extend the work of [2].
We show that under long-range dependent arrival process
and subexponential service times, the performance is not
always dominated by the service times as in (1), and there
are situations where the long-range dependence structure
could dominate the performance.

When the arrival process is driven by an M/G/oco model,
the so-called infinite on-off source Poisson model with ses-
sion (i.e. on-period) duration distribution G, we show that
the asymptotic tail distribution of the response times is dom-
inated by the heavier one of the residual service time and
the residual session duration. That is, the waiting time dis-
tribution is asymptotically equal to the tail distribution of

the residual service time if the latter is heavier than that of
the residual session duration time. If instead the residual
service time is asymptotically lighter than the residual ses-

sion duration Ge, then the long-range dependence structure
dominates and the waiting time is asymptotically equal to
the residual session duration G.. Note that these results
are compatible with those of [25], where this kind of asymp-
totic dominance was found for a centered process under some
suitable scaling in an infinite-source Poisson network model.

When the arrival process is modeled by an FGN, we show
that (1) holds if the residual service time is asymptotically
heavier than Weibull distribution with shape parameter 2-
2H, denoted as Weibull(2-2H), where H is the Hurst param-
eter of the FGN; that is, the waiting time tail distribution



is dominated by the tail distribution of the residual service
time. If, however, this residual service time is asymptoti-
cally lighter than Weibull(2-2H), then the waiting time tail
distribution is dominated by the dependence structure of
the arrival process so that it is asymptotically equal (in log
scale) to Weibull(2-2H). These results further extended the
preliminary lower bounds developed in [39].

The rest of the paper is organized as follows. Preliminaries
and some key properties and new developments for subex-
ponential functions are presented in Section 2. In Section 3,
we derive an asymptotic lower bound for stationary wait-
ing time tail distribution under general (dependent) arrival
process and i.i.d. subexponential service times. We then
present our in-depth asymptotic analysis of the stationary
waiting time tail behavior in Section 4 and Section 5, where
Section 4 focuses on M/G/oo inputs, and Section 5 focuses
specifically on FGN inputs, Finally, concluding remarks are

provided in Section 6.

2. PRELIMINARIES

We say that the random variable X is stochastically smaller
than the random variable Y, written X <¢t Y, if P [X > q] <
P[Y > a], for all a.

Given a nonnegative random variable X with distribution
function (d.f.) F on [0, 00). We denote the tail distribution
by F(x) = 1— F(x). A d.f. G is said to have a “lighter” tail
than d.f. F (or, equivalently, F' has a “heavier” tail than

G), if limg 0o ggg = 0. Throughout the paper we use the
notation a(z) ~ b(x) as x — oo to denote limg— oo % =1

we also use a(z) > b(x) for limsup,_, Z((:)) > 1, and

a(z) = b(z) for liminf, .o % < 1.

A distribution F on [0, c0) is said to belong to £, the class
of long-tailed distributions if F(z + y) ~ F(z) as & — oo,
for any fixed y. It can be proved that any r.v. X € L has
infinite moment generating function [33]: E(e’*) = 00,0 >
0. We will therefore refer to any r.v. X has a light tail if
E(e’™) < oo for some @ > 0. In other words, a light tailed
distribution has its tail distribution decays in the same order
or even more rapidly than exponential, where a long tailed
distribution decays slower than exponential.

A d.f. F on [0,00) is said to be subezponential, denoted

as F e S, if
F2(x)

lim — =2,

where F*2 denote the 2-fold convolution of F. For conve-

nience, we also use F' € S to denote F € S.

The class of subexponential distributions was first intro-
duced by Chistakov [6]. It is known that S C £. Exam-
ples of subexponential distributions include Pareto, Weibull
(with shape parameter in (0,1)) and lognormal distributions.
A nice presentation for the properties of subexponential dis-
tribution functions can be referred to, e.g. [33].

We say that F' is regularly varying with index a (a > 0),
denoted as F € R(—a), if F(z) ~ 27 *L(x), as 2 — oo,

L(tx)
L(x)

where L is slowly varying so that limz_, =1, for any

t>0.
Here we quote some well-known properties that will be

used later, proofs can be referred to, e.g. [8].

LEMMA 1. Let F and G be d.f.s on [0,00) such that F(zx) ~

cG(x), with constant ¢ > 0. Then F € S if and only if
GeS.

LEMMA 2. If G € S and F is any d.f. such that F(x) ~
cG(z) with constant 0 < ¢ < oo, then
Fx+G(z) ~ (1+c)G().

We first establish the following lemma. Detailed proof can
be referred to the technical report [37].

LEMMA 3. Consider d.f. G on [0,00) with density func-
tion g and hazard rate function q(z) = g(z)/G(x). Define
Ge(z)=1—-G(z)".
If G €S, and limg—o q(x) exists, then
Ge €S, for all € > 0.

The next lemma shows convolution properties for tail dis-

tributions that are equivalent in log-scale.

LEMMA 4. Consider d.f.s F, G and H on [0,00). As-

sume similar conditions hold for G as in Lemma 8. Suppose

log F(x) ~ log G ().

a) If for all sufficiently small € > 0, G ‘e S, and

i 7?(3:) =a 00
ach—m)o Gy ™ < oo. (2)
Then
log F  H(z) ~ log G(z). (3)

b) If H € S, and for all sufficiently small € > 0,

1—e
lim G(_L

=0. (4)



Then
PRroOF. Since log F(z) ~ log G(z), by definition, for fixed
€ (0 < € < 1), there exists zo such that
5(31:)1Jr6 < F(z) < E(x)H, for x > xo.

Define respectively

Gl(z) = min{G(z) ", F(x)},
and
G (z) = max{G(z)' ", F(z)}.

—€

It follows that for large = (> o),

Glz)~G(2)", G . (x)~Clx) " (6)

In addition,

F(z) < G__(x), forallz >0.

{Q
&
IA

Let X¢, X_¢, Y and Z be mutually independent random
variables on [0,00) with tail distributions GL(z), @(m),
F(z), and H(z), respectively. Then

Xe Sgt ¥V St Xe

It follows from properties of stochastic ordering [34] that

Xe+72 < Y+ Z <4 X_c+ Z; or equivalently,

G+ H(z) < FrH(z) < G__* H(x). (7)

Proof of a). Based on Lemma 3, G'"° € S. It follows from
(2), (6) and Lemma 2 that, for large z,

GlxH(z) ~ (1+a)G(z)' . (8)
In addition (2) implies that

H il

) m
PG Gy O

Since G'“ € S, from (6) and Lemma 2, it follows that, for
large x,

G+ H(x) ~ ) 9)
Combine (7), (8) and (9), we then have

1+e€

(14 a)G(x)™* = FxH(z) < Gz)' "

Take the logarithm of the left hand side, then yield

(1+a)G(z) "

0 > log——=
F x H(z)

= log(l+ac)+ (14 ¢€)logG(z) —log F * H(x).

Since log G(z) — —o0 as x — oo, it follows that

log F x H(x)

im — <l+e
z—oo  logG(z)

Similarly by taking the logarithm of the right hand side,

we have

im M >1—e
z—oo  log G(x)
Letting € go to zero, (3) then follows.
Proof of b). Since H € S, from (4) (6) and Lemma 2, we

have

G .+ H(z) ~ H(x).
Similarly, since
al 1+e al 1—e
lim GE:) = lim GE:) G(z)* =0,

from (6) and Lemma 2, it follows that

G.x H(z) ~ H(x).

Combine with (7), we then have (5). [

3. LOWERBOUNDS UNDER SUBEXPONEN-

TIAL SERVICE TIMES

Consider a single-server queueing system where jobs ar-
rive at random times 0 < I'y < I's < ..., and the service
times {Sn}n>1 are i.i.d. random variables with d.f. F, in-
dependent of the arrival process. Let T, = I', — ',
n = 1,2, ..., be the interarrival times. Throughout this pa-
per, we shall assume that the service discipline is FCFS, and
that the sequence {T}, }nZ; is stationary and ergodic, which
implies that the sequences {S, }n=; and {Tn }n=; are jointly
stationary and ergodic. We can then define the stationary
extension of the sequences {Sn }nz_ o and {1, }n=_ o which
again are jointly stationary and ergodic.

Denote A(t) the cumulative number of arrivals in time
[0,t). Under the above mentioned assumption, the process

A(t) is stationary and ergodic such that lim;— # =\
Note that the arrival process A(t) could be dependent or
even long-range dependent. In addition, arrivals could be in
batches so that interarrival times for jobs within a batch are
zeros. We consider only stable systems where p = % < 1.

Let A"(t) to be the cumulative number of arrivals in time

[—t,0), U"(t) to be the cumulative amount of workload ar-



rived during time [—t,0), so that

AT (¢)

We are interested in the tail behavior of two stationary
variables, namely, the stationary waiting time, expressed in

Loynes’ schema ([24]) as

n +
oo—<SUpZS k=T g ) ,

n>1k 1
and the stationary virtual waiting time (or stationary back-
log)

Ve = (sup(() - t>>+, (10)

t>0

where g denotes the equality in distribution.

The following lemma follows immediately.
LEMMA 5.
Voo <gt Woo <gt Voo + S1. (11)
In particular, for zero-delayed system, i.e. when I'y = 0,
then Ve g Weo.

We next develop lower bounds for the tail distributions
of the stationary waiting time W and of the stationary
virtual waiting time Vo. We will first need the following
lemma, which can be considered as an extended version of
Lemma 3.1 in [2].

LEMMA 6. Let D,, n = 1,2,... be a sequence of ran-

Dy
n

dom wvariables such that as n — oo, — d with proba-
bility(w.p.) 1. For arbitrary e,e’ > 0, there exists a constant

¢ > 0 such that

P|({Dn<n(d+e)+c}| >1-¢. (12)
and
P|({Dw=n(d—e) —c}| >1-¢. (13)

PROOF. Inequality (12) is basically the result of Lemma
3.1. in [2]. Noticing that =22 — —d w.p. 1, inequality (13)
simply follows from applying (12) on the sequence —D,. [

THEOREM 7

with FCFS, where the input process is stationary and ergodic

(LowER BOUNDS). Consider a G/GI/1 queue

Al)

such that lim:_ o0 :

= AX. The service times are subexpo-

nential i.5.d. random variables with mean p~ " and d.f. F.
Denote p = %, and assume p < 1.
a). If Fe € S, then
P[Wa > 1] = —2—F.(2). (14)

1=,
In this case, the same (corresponding) result also holds
for V.

b). Let VE/PI e the stationary virtual waiting time of
the associated G/D/1 queues where the arrival pro-
cess is the same but service times are deterministic

and equal to p= . If for all sufficiently small € > 0,

G/D_¢/1

Ve €L, (15)

where D_. denotes deterministic service times equal to

ut—e, then

P[We > 2] > P[Voo > a] = P[VOS/D“ > x} . (16)

PROOF. a). Since the input process is stationary and
ergodic, it follows immediately that ;‘ﬂ:nl—T’ - A1 wp. L
Applying Lemma 6 yields that for arbitrary €,¢ > 0, there

exists a constant ¢ > 0 such that P[B] > 1 — €, where B

denotes the event set

= ﬂ {i Tk <nA "' +e) +c}.
n>1 k=1

We then have

P [Wo > z

sup{z S_p— Z T i} > x]
n2l o k=1

> P[B]-P|sup{) S x—» T}>z |B
nzl Ty k=1

> (1-€)P sup{ZSk—(A +el} >z+c |B
n>1,C 1

= (1-)P sup{zsk—u +ol} >zte
n>1,C 1

’ /1/71 al
~ (176)7)\_1+6_M_1F€(m+c),

where the last equality comes from the fact that the ar-
rival process (thus event B) is independent of the service

times. The last ~-equivalence is obtained by applying (1) to



D/GI/1 queues with deterministic interarrival times A™" +e.
Since F. € S C L, Fe(x + ¢) ~ Fe(z). Hence, (14) follows

by letting € and € go to 0.

Based on Lemma 5 and the fact that lim;_ o ;(—3) =0,
the same corresponding result for Vo, follows immediately.
b). Since Si’s are i.i.d. random variables, by the strong

ZZ=1 S—k 1
n

law of large numbers, w.p. 1 as n — oo.

— U
Applying Lemma 6 entails that for arbitrary e, €’ > 0, there
exists a constant ¢ > 0 such that P [B’] > 1 — €/, where B’

denotes the event set

B = Sk=nu'—e-ch

n>1 k=1
Therefore,
P [V > z]
A" (t)

P |su S_;j—tt>ux
tgg{; J }

AT (1)

> P[B']-P |su S_j—t}>az |B

= [ ] tzg{j; J } |

> 1-)P {sup{AT(t)(u_l—e)—t}>x+c |B’
>0

- (1—5')P[V£/D_"/1>x+c],

where the last equality follows from the fact that the service

times (thus event B’) is independent of the arrival process.

G/D_./1

Since Vo € L, we have

P [Vﬁ/D—€/1 > x—l—c} ~P [VOCO;/D_"/l >z .

By letting € and € go to 0, (16) then follows. [

Theorem 7 a) shows that under dependent arrival process
and subexponential service times, the tail distribution of the
stationary waiting time will be at least as heavy as that by
replacing the arrival process with its independent version.

Similar lower bounds were obtained for the case of deter-
ministic service times in [35] via supermodular ordering for

FGN, on-off sources and M/G /oo models.

Theorem 7 b) shows that the tail distribution of the sta-
tionary waiting time will be at least as heavy as that re-
sulting from the dependence structure of the arrival process
alone (i.e. with deterministic service times) if the impact
is non-negligible. The next immediate question, how would

the performance be under both the impact of subexponential

service times and long-range dependence arrival process? In
the next two sections, we answer this question separately for

FGN input and M/G/oco input process.

4. M/G/~ INPUTS

A frequently used model to characterize dependent traffic
is the so-called Cox model, or M /G /oo input model [11]. A
queueing system with M /G /oo inputs is the one where cus-
tomer arrivals characterized by the number of busy servers
of an infinite server queueing system M /G /oo with Poisson

arrivals and i.i.d. service times with distribution G. The
M/G/oo arrival model is a versatile process as it can be ap-

plied to generate both short-range and long-range dependent
traffic by properly selecting the service time distribution G,
which is also referred to as the session time distribution (see
remark below).

In this section, we consider a single-server queue fed by
M /G /oo arrivals, where each arrival incurs a random service
demand S;. We assume the service times S;’s are i.i.d. ran-
dom variables with finite mean p~! and distribution F. For
convenience, we simply denote such systems as MG*/GI/1
queues and we are interested in the asymptotic tail distri-
bution of response times in such queues.

More formally, define an M /G /oo input process with Pois-
son arrival process at rate Ao and i.i.d. session times with
mean v~ ! and common distribution G. Denote b; the num-
ber of busy servers at time ¢. Suppose each busy server in
the M/G /oo system sends out r requests (in batch) at the
beginning of each time slot, where r is an integer and r > 1.

Then the number of arrivals at time ¢ is

t=0,1,2,... (17)

ag = Tbt,

Note that the process is completely specified by the triplet
(Mo, G, ). We will simply say that this process is an M /G /oo
input process with parameters (Ao, G, 7).
Remark: Consider the above M /G /oo model in the context
of infinite on-and-off sources, the distribution G is then the
distribution of the on-period or the session duration. We
will simply call G the session duration distribution.

It is known that in steady-state, by ~ Poisson(\o/v).
Therefore the MG*° /GI/1 system should have request ar-

rival rate A = r\o/v, and traffic intensity p = % Let

t A(t)
At)=> as and U(t)=)_ S,
s=1 n=1

be respectively the cumulative number of requests and the

cumulative amount of workload in time [0, ¢). Let A" (¢) and



U"(t) be the corresponding quantities for the time interval
[—t,0).

Define W; as the waiting time of the first job arrived at
time ¢ (since arrivals can occur in batches). Similarly we can
define V; to be the virtual waiting time observed by the first
job arrived at time ¢. We know from [24] that the stationary

virtual waiting time satisfies

d +
Voo = (sup(UT(t) - t)) .
t>0

In order to state our main results, we need to introduce
the notion of intermediately regularly varying distributions.
A distribution function F' is intermediate regular varying
FeIRif

F(at)

lim lim inf — =1
all t—oo F(t)

Various properties of ZR distributions can be found in [9].
Basic properties of ZR include: ZR C S, R C ZR. Also,
F € IR and [° F(y)dy < oo, implies F. € IR. Pareto
distributions are well known examples of ZR. In addition,
if F € TR, then there exists a > 0 and a finite constant C
such that for all z > 0, F(z) < 4.

The next Lemma summarizes some known results on fluid
queueing models (i.e. when all arrivals have constant service

demands). Studies on this model can be found in [18, 31,
29, 16, 22|, etc. Here we quote the latest result based on

[31, 18]. We restate the result here in the context of queues.

LEMMA 8. Consider an MG* /D/1 queue with determin-

—1

istic service times S = pu The arrival process is an

M/G /oo input process with parameters (Mo, G,7). If G €
IR, a > 1, and
p<l<r/p+p, (18)

then the stationary virtual waiting time

Voo = sup(u ™ A" (t) — t)

t>0

must satisfy,

X
r/p+p—1

P[Voo > .T] ~ @e( ) (19)

1—p '
Now consider random i.i.d. service times {S;} with d.f.

F. We claim the following;:

THEOREM 9. Consider an MG*/GI/1 queue where the
service times {S;}’s are i.i.d. random variables with mean

w~t and distribution F. We assume similar conditions hold

as in Lemma 8.

a) If F is light-tailed or if Fe € S such that

li

Jim = =0 (20)

Then, (19) holds.

b) If F. € S and it is heavier than Ge, i.e.

lim — =0, (21)
—00 Fe(x)
then
P T
P[Va > a] ~ 72 Fe(a). (22)

c) If Fe € S and it is tail equivalent to Ge, i.e. Fe(x) ~
cGe(x) for some constant ¢ > 0, then there exists b >

0, such that
ﬁfe(x) < PlVo >z] 2b-Fe(). (23)
PROOF. Proof of a). If we can show that condition (15)
holds, then the = part of (19) will follow immediately from

Theorem 7 part b).

Let u—e = 1/(u~" —¢). Denote VOZZIGOO/D*E”

ary virtual waiting time of the associated with MG*°/D_./1

the station-

queues where the service times are deterministic and equal
to 1/pu—. By choosing € small enough so that p—_. satisfies
(18), we obtain from Lemma 8 that

MG®/D_./1 p-c = x

P[Voo >z| o~ -G
1—p_c e(r/ufe +p_e—1

)7

where p_« = A/pu—c. Since G € IR and a > 1, we have

Jo G(y)dy < oo; thus Ge € TR C 8§ C L. Therefore

condition (15) holds.
It remains to show the < part of (19). We use the follow-

ing decomposition

v 4 (sup(UT(t) - t)> :

t>0

AT +

Af '
sup{d> (S —pc )+ _p ' -1}

t20 i—1

< Me+Ye,

where u-' = u~! + € for some small € > 0, and

" +
M, = (supZ(S—i — u/e_l)> )

n21 =1



and
Al +
Y6 = Ssu 6_1 - t
tzg(izzl pet =)
It follows that
P [V > 2] <P [M. + Y. > a], (24)

Note that Y corresponds to the stationary virtual waiting
time of a MG*°/D/1 queue with service rate p.. Thus, by
choosing € small enough so that u. satisfies (18), and by

applying Lemma 8, we obtain

Pe .G m ), (25)

P[v. ~ :
Ye>a] ~ g G5

where pe = A/ pte.

Similarly, M. corresponds to the stationary waiting time
of a D/GI/1 queue with the service time distribution F'. If
F is light-tailed, then so is M. (see, e.g. [15]). If F. € S,
then the results in [27] implies that

P[M. > z] ~ %E(x), (26)

where p(M.) = ﬁ
In either cases, the tail of M is lighter than that Y. due to
condition (20). The convolution rule in Lemma 2 therefore

implies that
PMc+Ye>z]~P[Ye>z].

Letting € goes to 0, we then have the < part of (19).
Proof of b). Since F, € S, from Theorem 7 part a), we know
that (14) holds for V.

To show the upper bound, note that

P[Ve >2] <P[M +Y! > 1],

where
n +
ME/ = S S_k — )\e_l ’
(sg}g{kz:l[ k }>

AT +
Y= [sup(}_ A" -0) |
SO
and A\7' = A7 — ¢ for some small € > 0.

Observe that Y/ corresponds to the stationary virtual
waiting time of a MG*°/D/1 queue with service rate A.
By choosing € small enough so that (18) holds for u = A,
and by applying Lemma 8, we obtain

— T

’ Pk
P [Y! > z] GE(T/AE-I-pé—l

1—p.

) (27)

where p,. = A/Ae =1 — Jde.
Since F, € S, Pakes’ result [27] implies that

p(M) — -
lfp(Mé)Fe( ) (28)

P[M.>z]~
where p(M!) = Ac/u. Applying (21) and the convolution

rule in Lemma 2 yields

/
P[M 4+Y!>ax]~ %Fg(w).

By further letting e go to 0, we then obtain the desired upper
bound.

Proof of ¢). The lower bound for ¢) follows similarly as
in the proof for b). Since Fe(z) ~ c¢Ge(z) for ¢ > 0, the
constant b in upper bound follows from the convolution rule
of M/ and Y/ based on (28) and (27). O

Note that, thanks to Lemma 5, the statements of Theorem
9 hold true when the stationary virtual waiting time Vi is
replaced by the stationary waiting time Wao.

In summary, for MG*/GI/1 queues, where the service
times are i.i.d. r.v.s with distribution F', and the arrival
process is driven by the queue length process of an M/G/oco
queue with parameter (Ao, G,r), Theorem 9 says that the
asymptotic tail behavior of the stationary waiting time and
the stationary virtual waiting time are of two folds: if the
residual service time tail distribution Fe is lighter than the
residual session duration G., then the tail distributions of
the stationary waiting time and of the stationary virtual
waiting time are dominated by the residual session dura-
tion G, i.e. the dependent input process dominates the
performance and impact due to the subexponential service
times becomes negligible; on the other hand, when the resid-
ual service time distribution F, is heavier than the residual
session duration Ge, then the tail distributions of the sta-
tionary waiting time and of the stationary virtual waiting
time are dominated by that of the residual service time, in
which case, the performance impact due to the input traffic
dependence structure becomes negligible.

Based on the computation for the integrated tail distribu-
tions Fe(:) for different subexponential distribution families
(vefer to, e.g. [22]), we can easily check whether condition

(20) or (21) is satisfied. The next corollary is immediate.

COROLLARY 10. Consider MG™ /GI/1 queues, where the

service-times are i.i.d. random variables with distribution F.
Assume similar conditions hold for the input process as in
Theorem 9.

i) If F' is light-tailed, lognormal, Weibull, or F € R (—&)
with & > «, then (20) holds, and the tail distributions of the



stationary waiting time and of the stationary virtual wait-
ing time are dominated by the long-range dependence of the
mput process.

it) If F € R (—&) with 1 < & < «, then (21) holds, and
the tail distributions of the stationary waiting time and of
the stationary virtual waiting time are dominated by the tail

of the residual service times.

5. FGNINPUTS

Besides M/G/oco model, fractional Gaussian noise (FGN)
is another popular model that is frequently used to model
long-range dependent traffic, mostly due to its mathematical
simplicity. In this section, we concentrate on the case when
the arrival traffic is FGN. A detailed treatment of FGN pro-
cesses can be found in [32]. Its use for traffic modeling is
discussed in [26] and in [28] (and references therein).

Suppose requests arrive at discrete times ¢t = 0,1,2, ...,
where the number of arrivals at time slot ¢ is denoted by
integer as. Assume that {a:} is a stationary FGN sequence
with mean ), variance o, and Hurst parameter H (€ [3,1).
In other words, a; = A + o N, where {N{"} is a zero-mean
standard (fraction) Gaussian sequence with (auto)covariance

function

1
Lr(k) = 5(k + 1P =20k + |k — 1),

Consider a FGN/GI/1 queue with arrival process {a+ }$< _ oo,

the service times for the requests {S;}2_..’s are i.i.d. ran-
dom variables with finite mean p~! and general distribution
G. Since jobs arrive in batches (at the beginning of each
slot), here we are interested in the stationary waiting time

of the first job in a batch, which can expressed as follows:

1 d *
wi 4 (swn( ) - 0)
>0
where U™(t) = XA S, and A(t) = X! a—s.

In what follows, we study the asymptotic performance
of the FGN/GI/1 queue, where the arrival process is FGN
as defined above, and the service times are subexponential

iid. random variables with finite mean p~' and general
distribution F.

5.1 FGN Inputs with Deterministic Service Times

Note that the cumulative number of arrivals of the FGN
process is the so-called FGN process, denoted as B(t), which

can be expressed as follows,

B(t) =AXt+0oZ(t), t€ (—o00,00),

where Z(+) is a normalized fractional Gaussian process, with
mean 0 and variance 1, it also has a covariance function
Fluid queues with FGN inputs have been studied in [26,
13]. A lower bound on the tail probability of the stationary
workload was first obtained in [26]. It has been shown later
in [13] to be asymptotically exact in log scale using large

deviation principle. Their results can be restated as follows.

LEMMA 11. The variable VE 4 (sup,>o{n ' B(t) — lt})Jr

satisfies

lim z % log P [V£ > m] = -9, (29)

T — 00

where 3=2—2H, p= 2

w’

_ 1 (1-p)(—H)\*
6_2p272(1*H)2( H ) 00

2

and v? = % is the coefficient of variation of B(-).

The above lemma says that under input process A(t) and
deterministic service times, the queueing behavior is basi-
cally dominated by the long-range dependence, and the tail
distributions of the stationary waiting times and stationary
virtual waiting times are in log-scale equivalent to Weibull

distribution with shape parameter 3 =2 — 2H.

5.2 FGN Inputs with Subexponential Service
Times

In this section, we focus on systems under the FGN arrival
process and subexponential service times. Again, we are

interested in two quantities:

Fo(z):=P sup{i(Sk —Tx)} >z,

nZL =1
and

A(t)
Fy(z):=P |su S —tt>x|,
(@)= P sup(d 51— 1)

which are, according to Loynes’ schema [24], the stationary
waiting time and the stationary virtual waiting time distri-

butions.
We show that the tail distribution of stationary waiting

times is of two folds. When F.(z), the tail distribution
of the residual service times, is heavier than the Weibull
distribution with shape parameter 8 = 2—2H, (1) still holds;
i.e. the service time dominates the performance. However,
when Fe(z) is lighter than Weibull(2-2H), the tail behavior
of the stationary waiting time is then dominated by the long-

range dependence of the arrival process.



THEOREM 12. Consider an FGN/GI/1 queue with Hurst
parameter H € (5,1). The service times {S;}’s are i.i.d.
with distribution F' and Fe € S. Let 8 = 2 —2H and ¢
defined by (30).

a) If there exists n > 0, such that

lim 7F€(x)

T—00 67(5+n)93ﬁ - an < 0, (31)

then the tail distributions of the stationary waiting time

must satisfy (29).
b) If

B
lim SR (32)
r—00 Fe(x)
for all sufficiently small n > 0, then (1) holds, i.e.
the tail distribution of the stationary waiting time is

dominated by the residual service time distribution.

In either case, the same (corresponding) results also hold for
Vs

PRrROOF. The proof is based on similar techniques as used
for proving Theorem 9 in Section 4. More details can be
referred to the technical report [37]. [

Remark: Part b) of Theorem 12 can be considered as a
special case of the result in [2]. Using a similar decompo-
sition approach as in the proof of Theorem 12, [2] provides
a sufficient condition under which (1) still holds so that the
stationary waiting time tail distribution is dominated by the

residual service time.
From Theorem 12, we see that if F. is in the same order

or lighter than Weibull(2 — 2H + ¢€) for arbitrarily small e,
then the queueing performance is dominated by the LRD
properties of the input process. On the other hand, if F.
is in the same order or heavier than Weibull(2 — 2H — ¢)
for arbitrarily small €, then the queueing performance is
dominated by the residual service time.

The following corollary is immediate.

COROLLARY 13. Consider an FGN/GI/1 queues, where
the arrival process is long-range dependent with Hurst pa-
rameter H € (3,1), and the service-times are i.i.d. subez-
ponential.

i) If the service time distribution is regularly varying with
finite mean, or lognormal, or Weibull with parameter v €
(0,2 — 2H), then (1) holds; that is, the tail distributions

of the stationary waiting time and of the stationary virtual

waiting time are dominated by the tail of the residual service
time distribution;

it) If the service time distribution is Weibull with shape
parameter v € (2—2H,1), or v =2—2H and a > §, where
d is given by (30), then (29) holds; that is, the tail distri-
butions of the stationary waiting time and of the stationary
virtual waiting time are dominated by the long-range depen-

dence.

6. CONCLUDING REMARKS

In this paper, we presented a study of the asymptotics
of the tail distributions of the stationary waiting time and
of the stationary virtual waiting time of LRD/GI/1 queues,
where two widely-used LRD models, namely the FGN model
and the M/G /oo model, were used to capture the long-range
dependence structure of the arrival process. By looking into
different families of tail distributions of the service times,
we show the combined impact on the tail probabilities of
the stationary waiting time and of the stationary virtual
waiting time by both the long-range dependence structure
of the input traffic and the tail properties of the service
times.

For MG* /GI/1 queues, where the service times are i.i.d.
r.v.s with distribution F', and the arrival process is driven
by a M/G/oo input model, the asymptotic tail behavior of
these stationary performance metrics is of two folds: if the
residual service time tail distribution Fe is lighter than the
residual session duration G., then they are dominated by
the residual session duration G.. On the other hand, when
the residual service time distribution F. is heavier than the
residual session duration G., then they are dominated by

that of the residual service time.
When the arrival process is modeled by a fractional Gaus-

sian noise model, we show that if the service times are subex-
ponential, and the integrated service time is asymptotically
heavier than Weibull(2-2H), then the tail distributions of the
stationary waiting time and of the stationary virtual waiting
time are dominated by the residual service time distribution.
On the other hand, if the service times are light-tailed, or
if the service times are subexponential, but its integrated
tail distribution is asymptotically lighter than Weibull(2-
2H), then the tail distributions of the stationary waiting
time and of the stationary virtual waiting time are asymp-
totically equivalent to Weibull(2-2H) (in log-scale), i.e., the
long-range dependence structure of the arrival process dom-
inates the performance.

Although these results were established only for two LRD

models, we conjecture that such asymptotic dominance by



either the arrival process or the service time holds for other

models as well. The service discipline that was considered

in this paper is FCFS. It would be interesting to study

LRD/GI/1 queues with other service disciplines such as Pro-

cessor Sharing. Some preliminary investigations show that

the analysis of processor sharing queueing systems with de-

pendent arrivals tends to be much more involved.
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