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Abstract the core of these applications is a stream processing en-

gine that performs resource allocation and management to

A fundamental problem in a large scale decentralized support continuous tracking of queries over collections of
stream processing system is how to best utilize the availabl physically-distributed and rapidly updating data streams
resources and admission control the bursty and high volumeDistributed stream processing architecture has emerged as
input streams so as to optimize overall system performancean appealing solution in response to these applications. In
We consider a distributed stream processing system censistrecent years, a humber of stream processing systems have
ing of a network of servers with heterogeneous capabili- been developed, see, for example, Borealis [1], Medusa [9],
ties that collectively provide processing services to iplat GATES [8], and System S [12].
data streams. Our goal is to design a joint source admission
control, data routing, and resource allocation mechanism
that maximizes the overall system utility. Here resoumes i

In most of today’s distributed stream processing sys-
tems, massive numbers of real-time streams enter the sys-
) i tem through a subset of the processing nodes. The process-
clude both link bandwidths and processor resources. Theing nodes may be co-located within a single cluster, or geo-

problem is formulated as a utility optimization problem. We graphically distributed over wide areas, hence both nétwor

describe an extended graph representation that unifies bOthand processor resources are constrained. The streams have
types of resources seamlessly and present a novel sche

o NeM&iverse processing and transmission requirements, the re-
that transforms the admission control problem to a routing g4 of \yhich are directed to sinks. In order to carry out the

probIeT bﬁ.mttr%dltjcéng dlé_mnlybnodzs ?t sc_)tl;]rcetsh. Y\(fethenprocessing, the limited computational resource of a node
present a distributed gradient-based algorithm that 1tera 045 15 pe divided among the possibly multiple streams

gwtely utpdatlfls tr;]e Io;:;tltresoulrce _r#:ocatlon b?SEd 0?_ I|nll< passing through the node either using time-sharing of the
atarates. Ve show that our aigorithm guarantees optima- processor, or a parallel processing mechanism. The rates at

ity and demonstrate its performance through simulation. which data arrive can be bursty and unpredictable, which
can create a load that exceeds the system capacity during
times of stress. Even when the system is not stressed, in
the absence of any type of control, the initiation of these
) streams is likely to cause congestion and collisions as they
1 Introduction traverse interfering paths from the plurality of sources to
the sinks. Given that each node has only local knowledge
Enable by recent advances in computer technology andof the network condition, it is difficult to determine the bes
wireless communications, a new set of stream processingontrol mechanism at each node in isolation. The system
applications flourish in a number of fields ranging from en- needs to coordinate processing, communication, buffering
vironmental monitoring, financial analysis, and system di- and the input/output of neighboring nodes so that the over-
agnosis to surveillance/security and industrial contet. all system performance is optimized. The design of such a
joint admission control, data routing, and resource aloca
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for avoiding overload or simple schemes for load-shedding  We then present a distributed algorithm to solve the re-
(e.g. [15, 3, 7]). To the best of our knowledge, the joint sulting routing problem and show that our algorithm con-

problem of dynamic admission control and distributed re- verges to the optimal solution. The algorithm can be consid-
source management that maximizes overall system utility ered as a generalization of [10], which is a gradient-based

has not yet been fully studied. algorithm that iteratively updates the local resourcecalio
In this paper, we present a distributed algorithm for tion based on link data rates. _
the optimal joint allocation oprocessingandcommunica- The rest of the paper is organized as follows: Sections 2-

tion resources in a generic stream processing system. To3) present the model and transform the original problem
make the problem concrete, we consider a stream procesghto an equivalent but more tractable formulation. Section
ing network consisting of many servers, collectively pro- presents a distributed algorithm that solves the problem.
viding processing services for multiple data streams. EachThe performance of the proposed algorithm is then demon-
stream is required to complete a series of operations on varstrated through numerical examples in Section 6. Finally,
ious servers. The stream data rate may change after eachoncluding remarks are presented in Section 7.

operation. For example, a filtering operation may shrink the

stream size, while a decryption operation may expand the2 The Stream Processi ng Model and Problem
stream size. Thu; our Correspondmgl flow network differs Formulation

from the conventional flow network since flow conserva-
tion, in the classical sense, no longer holds. We assume all

servers have finite computing power and all communication . - .
processing system consisting of a network of cooperating

links have finite available bandwidth. We further assume . .
) ; servers. We model the underlying physical network as a
that the performance of a stream is captured by an increas-

ing concave utility function that takes the stream dataaate capacitated directed grapfy = (No, &) where N de-
: . . - .. notes the set of processing nodes, sensors (data sources),
its argument. Our goal is to design a joint source admission

. ) ) and sinks, and;, denotes the connectivity between the var-
control, data routing, and resource allocation mechanesm s . . . . :
e o ious nodes. Associated with each node is a processing con-
as to maximize the sum of utilities.

straint, C,, © € Ny and with each link a communication

Our approach is to map the problem into a multicom- 4 qwidth, , (i,k) € &. We assume that sources can
modity flow network and then address the admission controlprocess data whereas sinks cannot; they only receive data.

and resource allocation simultaneously for general wtilit Hence we find it useful to separate them into $e@nd.7
functions. Such approaches have been used to solve Variou\?/here/\/o — P U J. GraphG, can be arbitrary.
routing problems in the areas of networking [10, 13]. Our CommaoditiesCorresponding to the multiple concurrent

work differs from these efforts in multiple aspects. applications or services supported by the system, the sys-
First, we generalize the multicommodity model [4] t0 tem needs to process various streams and produce multiple
the stream processing setting which allows flow shrink- tynes of eventual information or query products for differ-
age and expansion. Multicommodity flow problems have gnt end-users. We assume that queries are processed in-
been studied extensively in the context of conventional flow dependently of each other, although they may share some
networks. Readers are referred to [4, 2] for the solution common computing/communication resources. We refer to
techniques and the related literature. Traditional maitie these different types of eventual processed information as
modity flow networks require flow conservation, which no  -ommoditiesWe assume there afedifferent types of com-
longer holds with flow shrinkage/expansion. modities,J = |.7|, each associated with a unique source
The traditional wired/wireless network optimization for- node,s; € P and a unique sink nodg € 7. We assume
mulation [10, 13]. often assumes constraints on link-level that sources; can generate data up to a maximum rate
capacities. In our problem, in addition to the link band\widt Each commodity is required to complete a series of oper-
constraints, we also have processing power constraints forations or tasks on various servers before reaching the-corre
each server. We present an extended graph representation @ponding sink. A task may be assigned to multiple servers,
the problem that unifies the two different types of resourcesand tasks belonging to different commodities may be as-
and the resulting network only has resource constraints Onsigned to the same server. Effective placement of various
the nodes. tasks onto the physical network itself is an interestindpro
We present a novel scheme that maps the admission contem and useful techniques can be referred to [14]. Here, we
trol problem into a routing problem, using the so-called assume the task to server assignment is given. For simplic-
dummy nodes to accommodate the (initially unknown) ity, we assume a server is assigned to process at most one
source input rates. This also enhances our earlier work [6],task for each commodity.
which handles linear utility functions and assumes that the  Based on the task to server assignment, the tasks of each
desired source input rates are known. commodity stream form alirected acyclic graph(DAG)

The System ModelWe consider a distributed stream



Gj = (./\/j,gj) Where/\fj - No andEj - 50,j cJ.

Generic Graph representationWe can now represent
the problem using a generic (directed) graph= (N, €)
whereG = Ujc7G;. Here N C N, which consists of
source/processing nodes and sink nodes,&nd . An
edge(i, k) € & for serveri indicates that a task resides on
nodek that can handle data output from nodér some
commodity. Graph= is assumed to be connected. Note
that G itself may not be acyclic, however, the subgraphs
corresponding to individual streams are DAGs.

Consider, for example, a system wighservers and
streams. Stream S1 requires the sequential processing

Property 1 For any two distinct pathg = (ng, n1, ..., n)
andp’ = (ng,nj,...,n},) that have the same starting and
ending points, i.e.y = ny andn; = n},, we must have, for

s -1 j -1 j
any commodity, 112 47, = 1 5,

For a given node, € A/, defineg,, () to be the product of
the 51'(11)’5 along any path from sourcg to noden. That
is, no matter which path it takes, the successful delivery of

one unit of commodity from sources; to noden results in
gn(j) amount of output at node. Clearly,g,,(j) = 1. If

dpoden is not reachable frons;, we also sey,(j) = 1.

Tasks A, B, C, and D, and Stream S2 requires the sequencyen??g”(j) is always positive and defined for all com-
of Tasks G, E, F, and H. Suppose the tasks are assigne('inOd't'es and all nodes.

suchthatly = {A}, . = {B}, Ts = {B, E}, Ts = {C},
T, = {C.F}, Ts = {D}, Tr = {G}, Ts = {H}, whereT;
denotes the set of tasks that are assigned to senren
the directed acyclic sub-graph of the physical network is
shown in Figure 1, where the sub-graph composed of solid

links corresponds to stream S1 and the sub-graph composeB

of dashed links corresponds to stream S2. It is easily veri-
fied that the sub-graphs corresponding to individual steeam
are directed acyclic graphs (DAG).

Stream S1

StreamS2 = =

Figure 1. Physical Server Graph

We assume that it takes computing powéjfl for
nodeu € N to process one unit of commodigyflow for
downstream node with (u,v) € £. Each unit of com-

modity j input produces@fﬂl(> 0) units of output after
processing. This parametgronly depends on the task be-
ing executed for its corresponding stream. We shall refer
to the paramete,ﬁi(g) as ashrinkage factorwhich repre-
sents the shrinkage (# 1) or expansion (it> 1) effect in
stream processing. Thus flow conservation may not hold in
the processing stage.

Itis possible for a stream to travel along different paths to

Utility Function: Our goal is to design a joint admission
control, data routing, and resource allocation mechanism
such that the overaihformation delivered by the stream
processing network is maximized. We distinguish here be-
tween data and information in the following sense. &gt
e the rate at which data from sourceis delivered to sink
J- A utility function Uj (a;) quantifies thevalueof this data
to the data-consuming applications. We assumelthas
a concave and increasing function, reflecting the decreas-
ing marginal returns of receiving more data. As discussed
below, our goal is to maximize the overall system utility
U =>_,Uj(a;), rather than the rate at which data is deliv-
ered.

Since the system is constrained in both computing power
and communication bandwidth, each server is faced with
two decisions: first, it has to allocate its computing poweer t
multiple processing tasks; second, it has to share the band-
width on each output link among the multiple flows going
through it.

Problem Formulation The problem can be formulated
as the following utility optimization problem.

Given: networkG = (N, &), resource budgef, re-

source consumption rate shrinkage factops, and data

input rateA.

Maximize: Overall system utilityt = > U;(a;).

Constraints:

1) Per node resource constraint;

2) Per link bandwidth constraint;

3) Flow balance constraints that account for
shrinkage factors;

4)a; < Nj, Vi,

wherea; denotes the admission rate of commoditifow
atsources;,j =1,...,J.

reach the sink. Resource Consumption may also vary a|0ng The flow balance constraints e-nSUre that in-COI’ning flows
the different paths. However, the resulting outcome doesarrive at the same rate as outgoing flows being consumed

not depend on the processing path. This leads to the follow-(SO as to be processed) at each node for each commodity.
ing assumption o: Note that due to the shrinkage and expansion effects, for one

unit of commaodity; flow on nodei heading towards node



k, after processing, it becomég) units of actual outgoing  to transform the capacity constraints in the original peofol

flow to downstream nodke. to the objective function. The addition of dummy nodes is
similar to that in [5], which was originally proposed in[11]
3 Problem Transformation For each source node;,

we introduce a dummy nodg.

The problem presented above requires the optimal al-?iNi (a_lso a)ld;jn;adglrjnnr]nnz lgﬁcm@/
location of two different resources (computing power per A y network

node and communication bandwidth per link). Moreover, ference link(s;, j) as shown in

. : o . . ' Figure 3. The dummy nodg

it requires admission control at sources since the optimal :

S . . . has no resource constraint, I'E'

injection ratez; is not known until one solves the optimiza- igure 3. Dummy node.

tion problem. In this section, we present ways to unify the —*

different two resources and also transform the joint reseur We make the dummy nodg the new source for com-

allocation and admission control problem into a tangible modity j, where traffic of commodity arrives at nods; at

routing problem. afixedrate\;. Nodes; sends traffic across linfs;, s;) at
Bandwidth Node We next present a scheme to extend ratea;, and the remainder of the incoming traffi¢ — a;

the original graph so that we can address the two differentacross the dummy difference lir{k;, j) to sinkj. Define

resources (computing power and link bandwidth) in a uni- the cost of carrying flowt over link (5;, j) to be the utility

fied way. We do so by introducing a bandwidth node, de- loss over the link, i.e.

noted as;x, for each edgéi, k) € £. We also add directed

edges(i, nix) and(n;x, k) (see Figure 2). We assume that Yis,. ) (@) = Uj(Nj) = Uj(Aj — ). (1)

bandwidth node:;;, has a total resourc@,,,, = B;;. The o N _

role of a bandwidth node is to transfer flows. It requires one The problem of maximizing the utility/ = >, Uj(a;) is

unit of its resource (bandwidth) to transfer one unit of flow, equivalentto minimizing the utility loss over all dummy dif

which becomes one unit of flow for the downstream node. ference links i.e.

In otherwordsﬁ @) k= 1 c( ) .. = 1. In addition, we set

NONC) R e minY =Y Y5, (A — ).
znlk_ zk’ g MPik c j

With the addition of the bandwidth nodes (and corre-
sponding links), the original problem of allocating two-dif  Since the utility functiorl/; is concave and increasing, the
ferent resources is transformed a unified resource altmtati cgst functiony” is convex and increasing.
problem with a single resource constraint on each node. In  For convenience, we defirg; ) (z) = 0 for all other

the new system, each node only has a single resource coninks (other than the dummy dlfference links). Denote by

straint associated with it. If it is a bandwidth nOde then it ( ) the (externaD |nput traffic rate vector for Commodjty
constrained by bandwidth; if it is a processing node, then it \where

is constrained by the computing resource. The new system
is then faced with a unified problem: finding efficient ways ri(j) = Aj ifi=35; o)
of shipping allJ commaodity flows to their respective des- ! 0  otherwise

tinations subject to the (single) resource constraintselh e
node. We denote by = (V, £) the resulting new graph, where

C. C V denotes the extended node set (including the bandwidth
\ 8% L B [ nodes and dummy nodes) addhe extended edge set (in-
%@ 0 4@ cluding the added dummy input links and dummy differ-
ence links). Last, for nodé let L;(i) denote the set of
Figure 2. Extended graph. links that terminates at itLy (¢) the set of links that em-
anates from it, and.(i) = L;(i) U Ly (i) the set of links
adjacent to nodé
Dummy Node An algorithm for the continuous flow Clearly, after the above transformation, an original graph
problem isstableif it is able to deliver in the long run the G with N nodes,M edges and/ commodities produces a
injected flow at rate:; at sources;, j = 1,..., J. However, new graphg with N + M + J nodes2M + 2J edges and
the optimal injection rate; is not known until one solves J commodities. We work on the new gragtfrom here on.
the optimization problem. We resolve this by introducing  We next introduce convex and increasing penalty func-
additional dummy nodes and dummy links, and then presenttions to account for the per node resource constraints. For
an algorithm that determines the optimal ratg's automat- a usage: of resource at nodg a penaltyD;(z) will be in-
ically for the continuous problem. To do this, we also need curred. We assumB;(z) is convex and increasing inand



D;(z) = =~—. Note thatD; = 0 for all dummy nodes )
ti() )+ Z tu(§)ui (4) 3] €)
Let D = 3, .\~ Di(z;) wherez; denotes the resource
nodes and resource penalty function, the problem then bejntg a node (after the shrinkage/expansion) is equal to the

lim, ¢, D;(z) — oo, whereC; is the total resource bud- produceﬁfg) unit of commodity; flow due to the shrinkage
get at node. Such a penalty function can be, for example, factor. We have the following flow balance equations:

. Ci_z . . . .
since they have infinite capacity. i
usage on nodé The overall system utility then becomes  Equation (3) implicitly expresses the balance of flow at each
Y 4 €D, wherec is a tunable parameter. With the dummy  node accounting for the shrinkage factors: the total flow rat
comes a routing problem with the objective to minimize the
total cost

A=Y +eD.

The use of penalty functions results in an allocation that
is notstrictly identical to the optimal solution to the original
problem before the penalty function was introduced. How-
ever, by selecting appropriately, this standard approach
typically results in a solution that is nearly the optimal so
lution to the initial problem formulation. A penalty func-
tion may also prevent a node resource (or a link capacity)
from being completely allocated. In practice, such remain-

ing capacity could be used to better accommodate changing

rate out of the node for each commodijtylt can be shown
that equation (3) has a unique solutiont gfivenr andq.

Now let f;;. be the total expected resource usage rate
from node: by all (commodity) flows across edde, k),
andf; the total resource usage rate on nodé/e have,

fik Z ti(7)pir(J (J)

> e

(i,k)eLy(7)

(4)

fi (5)

Clearly, a feasible set of flowsmust satisfy the capacity

demands, or for faster recovery in the case of node or link constraints.

failures.
With the above transformation, we now have the follow-
ing utility optimization problem on the new grajgh.

Given: networkG = (V, £) resource budget, resource

consumption rate, shrinkage factoys, and data inpu

rateA.

Minimize: Cost Functiodd =Y + eD.

Constraints:

1) Per node resource constraint;

2) Flow balance constraints (need to factor in
shrinkage factors);

3) a; S )\ja v_]

—

4 Distributed Problem Formulation for Joint
Routing and Resource Allocation

The continuous version of the above (static) optimiza-
tion problem can be interpreted as a flow problem in which
sources; pumps commodity flow into the system at rate
Aj. In order to solve this problem using a distributed al-
gorithm, we reformulate the problem using local routing
fractions as control variables. The resulting problem then
becomes a joint routing and resource allocation problem.

Let ¢;(j) denote the total expected traffic rate at nede
for commodityj. Let¢;; () denote the fraction df; (; )that
will be processed over linki, k). We call¢p = {¢ix(j)

i,k € V,j = 1,...,J} the routing decision, i) > 0,
>k ®ik(j) = 1 for each non-sink nodeand¢; (j) = 0 if
(i,k) ¢ &€ oriis asink node for one commodity.

Note that it takes resouraf,fi) from nodei to process

a unit of commodity; flow, and once across edgge k), it

fi<Ciy 1€V (6)
To account for the shrinkage factor, the flow conserva-
tion at each node using flow variable geis given as fol-

lows. Forf;x(j) >0, (i,k) € E,j €V,

S - > (B =

(i,k)eLy (i) (1,1 €Ly (4)

ri(j), i#j. (7)
We further decompose codt into node-level local costs.
For a given flow sef, the node cost,A;(f), fori € V, is
defined as follows:

Ai(f) = eDi(fi) + Z Yiir (fix), (8)
(i,k)ELu (i)
wheref; = >, 1yer, (i) fir IS the total resource usage rate

at nodei. Clearly, A = 3., A;

The joint data routing and resource allocation problem
is then reformulated using routing variable geds control
variables:

Given: networkG = (V, L), resource budget,
resource consumption rate shrinkage factors,
and data input rata

Minimize: CostA =3, A;.

Constraints: Flow setf is implemented by rout
ing variable set.

5 A Distributed Algorithm for Routing Opti-
mization

In the previous section, for given fixed set of routes,
nodes can achieve the optimal resource allocation through



independent node-level resource optimization, and calcu- Let us see how nodecan calculaté A% (¢) /0r;(j). De-
late the marginal global cost through local sensitivitylana fine nodemn to be downstream from nodgwith respect to
ysis and communication between neighbor nodes. Now, wedestinationy) if there is a routing path fromito j passing
focus on routing optimization. We generalize Gallager'sre throughm (i.e., a path with positive routing variables on
sult [10] and propose a distributed routing algorithm that each link). Similarly, we defing as upstream fromn if
converges to the optimal routing solution. m is downstream from. A routing variable set is loop
For given routing decisiow and the resulting resource free if for each destinatiop, there is na, m(i # m) such
usage rate, let A{(f) (orAf’(qS)) denote the costincurred that: is both upstream and downstream far The pro-
at nodei. Denote byA7(f) (or A?(¢)) the corresponding  tocol used for an update, now, is as follows: for each des-
total cost. Similar to [10], we compute the partial deriva- tination nodej, each node waits until it has received the
tives of A? with respect to the inputsand the routing vari-  valuedA®(¢)/dr,,(j) from each of its downstream neigh-
ablesy as follows. borsm # j. Nodei then calculate®A?(¢)/dr(5) from
(9) (using the convention thaA?(¢)/0r;(j) = 0) and
9A%(¢) _ S 6 (i) 2AL(f) RO 9A%(¢) _(j)] ©) broadcasts this to all of its neighbors. It is easy to see that
ori(j) 4 Ofu 7 or(§) T |7 this procedure is deadlock-free if and onlyifs loop free.
We shall later define a small but important detail that has

DA% (9) — () AL (f) ) 4 8 (qﬁ)ﬂm (10) been omitted so far in the update protocol between nodes:
obir(j) Ofi Tk (5) a small amount of additional information is necessary for
the algorithm to maintain loop freedom. It is necessary, for
here based 8), (5) and (1),
where based on (8), (5) and (1) each destinatiop and each nodg to specify a seB;(j) of
AL (f) Utk — fir) ifi=35; andk = j blocked node# for which ¢, (j) = 0 and the algorithm is
Afin = { eDL(f:) else 11) not permitted to increasg; () from 0. We first define and

discuss the algorithm and then define the €&tg).
One can further show the following necessary and sufficient  The algorithmI', on each iteration, maps the current
conditions to minimize4¢ over all feasible sets of routes.  routing variable sep into a new set' = I'(¢). The map-
ping is defined as follows. Fdr € B;(j),
Theorem 2 Let F' be a convex and compact set of flow sets,
which is enclosed byZ| planes (each of which corresponds $ir(4) =0, Aw(j) =0. (14)
to fi; = 0, (4,j) € E), and a boundary envelopE...
Assume thatd/ is convex and continuously differentiable

for f € F\F, Let¥ be the set of for which the resulting Fork ¢ Bi(j), define

set of flpv_v rateg I|e_|_n setF\FOO_. '_I'hc_en th¢e necessary (but e aA! (f) 0 DA%() ;)
not sufficient) condition fop to minimizeA? overWV is that, ik (J) Ofun Ck + o (j) Bik
forall i # j, (i, k) € E: ' ;
Comin 24D 0, 0A%@) py | g
DA% (9) { =Xij ¢w(j) >0 (12) m@BG) | Ofim T Orm(G)
9¢i(j) L = Xij  din(j) =0. Au(j) = min[pw(s), naw()/t: ()] (16)
The sufficient condition is that, for all* j, (i, k) € E, where is a scale parameter df to be discussed later.
; Let k(i, j) be a value ofn that achieves the minimization
OAL(S) ), 0A° (9) 56 > A%(¢) @3  in(16). Then
ofu. % T o) T T 37‘z(J) , .
- iy oL () = { Pir(5) — Dir(9) k # k(i,7) an
Based on the above sufficient condition, we now develop ~* Gin(F) + 2oy Die(d) k= k(i, 7).

a gradient-based algorithm by generalizing the algorithm

presented in [10]. Each nodenust incrementally decrease  The algorithm reduces the fraction of traffic sent on non-
those routing Va“ab|e$zk( ) for which the marginal cost  optimal links and increases the fraction on the best linke Th
AL (f )/8fzkclk + 0A%(9)/0rk(5) B, B9 is large, and in-  amount of reduction, given bXAm( 7), is proportional to
crease those for which it is small. The algorithm divides «;x(j), with the restriction that}, () cannot be negative.
into three components: a protocol between nodes to cal-In turna;,(j) is the difference betweenthe marginal cost to
culate the marginal costs, an algorithm for calculating the nodej using link(i, k) and using the best link. Note that, as
routing updates and modifying the routing variables, and a condition (13) is approached, the changes become smaller,
protocol for forecasting the flow rates of next iteration and as desired. The amount of reduction is also inversely pro-
allocating resources to support them. We discuss the protofortional to¢;(j). The reason for this is that the change
col to calculate the marginal costs first. in link traffic is related taA;x (7)¢;(j). Thus whert;(5) is



small, A;.(j) can be changed by a large amount without 6 Numerical Examples

greatly affecting the marginal cost. Finally the changes de

pend on the scale facter Forn very small, convergence In this section, we illustrate through a particular exam-
of the algorithm is guaranteed, but rather slowly. sAm- ple the convergence speed of the proposed algorithm. For
creases, the speed of convergences increases but the dangasnvenience, we refer to it as the gradient-based algorithm
of no convergence increases. In the next section, we igentif We compare the performance with that of the back-pressure

particular values of; through simulation. algorithm presented in our earlier work [6].

We now complete the definition of algorithihby defin- Here we briefly review the back-pressure algorithm pro-
ing the block setsB;(j). See [10] for further reasoning on posed in [6]. Each node maintains local input and output
how this definition guarantees the loop free properties. buffers for each commodity. Each node also maintains a

Definition: The setBy(j) is the set of nodek for which potential function The algorithm is iterative in nature and
both ¢ (j) = 0 andk is blocked relative to destination at each iteration, a node only needs to know the buffer lev-
A nodek is blocked relative tg if k£ has a routing path to  els at its neighboring nodes. It then uses this information t
J containing some linkl, m) for which ¢;,,,(j) > 0, and  determine the appropriate resource allocation that resluce

DA?(¢)/0r(j) < 0A?(¢)/Orm(j), and the potential at that node by the greatest amount. This lo-
cal control mechanism can be shown to lead to the global

, n | 0AL(f) )  0A%() ;) OA%(¢) optimal solution.
S () = ti(5) | Ofim Cim orm() 7 ar(g) | We apply both the gradient-based algorithm and the
(18) back-pressure algorithm on a synthetic (random) network

containing40 nodes, and3 source and sink pairs corre-

The protocol required for a nodeto determine the ~ SPonding to a-commodity problem. The system utility
set B;(j) is as follows. Each nodé when it calculates IS taken to be the total throughput of thecommodities,
0A?(4)/0r,(j), determines, for each downstream if Both the link capacities and node computing capacities are
bim(§) > 0, anddA? (¢)/0r,(j) < DA®(¢)/Orm(5), and generated from independent uniform random samples in the
satisfy (18). If any downstream neighbor satisfies these@nge[1,100]. Theg; parameters are real numbers uni-
conditions, nodd adds a special tag to its broadcast of formly distributed in[1,10], from which we then obtain the
dA?(¢)/0ri(j). The nodel also adds the special tag if ~shrinkage parameter by settinit), = Z—’; based on Prop-

the received valu®A?(¢)/dr,,(j) from any downstream erty 1. The resource consumption parameterare real
m contained a tag. In this way all nodes upstrearhalko numbers uniformly distributed ift, 5].
send the tag. The sé;(j) is then the set of nodess for The red curve in Figure 4 shows the system through-
which the receivedA®(¢)/dr.(j) was tagged. put achieved by the gradient-based algorithm as a function
Finally, we describe the protocol for forecasting the flow of the number of iterations in log-scale. The horizontal
rates for the next iteration and allocating resources te sup line represents the optimal throughput obtained using an
port the updated traffic. Assume that each nodan es-  optimization solver. Here we set the penalty cost coeffi-
timate the demand rate se{(j) entering fromi. First, for  ciente = 0.2, scale factom = 0.04, we see that about
each destination node each nodésignals the downstream 1000 iterations are required to achieve a utility that is within
nodes undep' (the set of routes for the next iteration) so  95% of optimal. As we mentioned in the previous section,
that each nodé gets a list of upstream nodes undef. the choice of the scale factgrhas great impact the conver-
Second, for each destination nogeeach node waits until gence speed. With a smaj) the algorithm will eventually
it has received the forecasted valfj(j) from each of its  converge to the optimum but at a slow rate. In practice, it is
upstream nodeg, under¢'. For each downstream node  possible to choose gmuch larger to expedite the conver-
underp’, each nodethen calculateg;j (j) from (3)(4)and  gence, e.g. in hundreds of iterations.
sends it tok. Nodei also calculates forecasted, from The green curve in Figures 4 shows the performance un-
(5). Based on the forecasted link data rates of incoming der the back-pressure algorithm. Observe that for both al-
and outgoing linksf!, each node finds locally the resource gorithms, the total throughput improves monotonically un-
allocation by minimizing its node-level cost function. til it eventually reaches the optimum. The number of it-
We have proposed a distributed algorithm for routing op- erations required by the gradient-based algorithm is on the
timization. Note that in each iteration, the resource aloc scale of hundreds or thousands (depending on the choice
tion is also optimized through local independent resource of n), while the back-pressure algorithm requires almost
optimization at all nodes. Combining the collective rogtin 100, 000 iterations to reach within 95% of optimal. The
optimization, and independent local resource optimiratio gradient-based algorithm is therefore more efficient in hum
at all nodes, we have achieved the optimal cost over all fea-ber of iterations as each time it tries the steepest decent fo
sible resource allocation and routing combinations. the overall utility function.
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