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Abstract

A fundamental problem in a large scale decentralized
stream processing system is how to best utilize the available
resources and admission control the bursty and high volume
input streams so as to optimize overall system performance.
We consider a distributed stream processing system consist-
ing of a network of servers with heterogeneous capabili-
ties that collectively provide processing services to multiple
data streams. Our goal is to design a joint source admission
control, data routing, and resource allocation mechanism
that maximizes the overall system utility. Here resources in-
clude both link bandwidths and processor resources. The
problem is formulated as a utility optimization problem. We
describe an extended graph representation that unifies both
types of resources seamlessly and present a novel scheme
that transforms the admission control problem to a routing
problem by introducing dummy nodes at sources. We then
present a distributed gradient-based algorithm that itera-
tively updates the local resource allocation based on link
data rates. We show that our algorithm guarantees optimal-
ity and demonstrate its performance through simulation.

Keywords: Stream Processing, Distributed Algorithms,
Multicommodity Flow Model, Gradient Methods

1 Introduction

Enable by recent advances in computer technology and
wireless communications, a new set of stream processing
applications flourish in a number of fields ranging from en-
vironmental monitoring, financial analysis, and system di-
agnosis to surveillance/security and industrial control.At
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the core of these applications is a stream processing en-
gine that performs resource allocation and management to
support continuous tracking of queries over collections of
physically-distributed and rapidly updating data streams.
Distributed stream processing architecture has emerged as
an appealing solution in response to these applications. In
recent years, a number of stream processing systems have
been developed, see, for example, Borealis [1], Medusa [9],
GATES [8], and System S [12].

In most of today’s distributed stream processing sys-
tems, massive numbers of real-time streams enter the sys-
tem through a subset of the processing nodes. The process-
ing nodes may be co-located within a single cluster, or geo-
graphically distributed over wide areas, hence both network
and processor resources are constrained. The streams have
diverse processing and transmission requirements, the re-
sults of which are directed to sinks. In order to carry out the
processing, the limited computational resource of a node
needs to be divided among the possibly multiple streams
passing through the node either using time-sharing of the
processor, or a parallel processing mechanism. The rates at
which data arrive can be bursty and unpredictable, which
can create a load that exceeds the system capacity during
times of stress. Even when the system is not stressed, in
the absence of any type of control, the initiation of these
streams is likely to cause congestion and collisions as they
traverse interfering paths from the plurality of sources to
the sinks. Given that each node has only local knowledge
of the network condition, it is difficult to determine the best
control mechanism at each node in isolation. The system
needs to coordinate processing, communication, buffering,
and the input/output of neighboring nodes so that the over-
all system performance is optimized. The design of such a
joint admission control, data routing, and resource alloca-
tion mechanism is therefore of great importance.

Previous work on resource management for distributed
stream processing systems has focused on either heuristics



for avoiding overload or simple schemes for load-shedding
(e.g. [15, 3, 7]). To the best of our knowledge, the joint
problem of dynamic admission control and distributed re-
source management that maximizes overall system utility
has not yet been fully studied.

In this paper, we present a distributed algorithm for
the optimal joint allocation ofprocessingandcommunica-
tion resources in a generic stream processing system. To
make the problem concrete, we consider a stream process-
ing network consisting of many servers, collectively pro-
viding processing services for multiple data streams. Each
stream is required to complete a series of operations on var-
ious servers. The stream data rate may change after each
operation. For example, a filtering operation may shrink the
stream size, while a decryption operation may expand the
stream size. Thus our corresponding flow network differs
from the conventional flow network since flow conserva-
tion, in the classical sense, no longer holds. We assume all
servers have finite computing power and all communication
links have finite available bandwidth. We further assume
that the performance of a stream is captured by an increas-
ing concave utility function that takes the stream data rateas
its argument. Our goal is to design a joint source admission
control, data routing, and resource allocation mechanism so
as to maximize the sum of utilities.

Our approach is to map the problem into a multicom-
modity flow network and then address the admission control
and resource allocation simultaneously for general utility
functions. Such approaches have been used to solve various
routing problems in the areas of networking [10, 13]. Our
work differs from these efforts in multiple aspects.

First, we generalize the multicommodity model [4] to
the stream processing setting which allows flow shrink-
age and expansion. Multicommodity flow problems have
been studied extensively in the context of conventional flow
networks. Readers are referred to [4, 2] for the solution
techniques and the related literature. Traditional multicom-
modity flow networks require flow conservation, which no
longer holds with flow shrinkage/expansion.

The traditional wired/wireless network optimization for-
mulation [10, 13]. often assumes constraints on link-level
capacities. In our problem, in addition to the link bandwidth
constraints, we also have processing power constraints for
each server. We present an extended graph representation of
the problem that unifies the two different types of resources
and the resulting network only has resource constraints on
the nodes.

We present a novel scheme that maps the admission con-
trol problem into a routing problem, using the so-called
dummy nodes to accommodate the (initially unknown)
source input rates. This also enhances our earlier work [6],
which handles linear utility functions and assumes that the
desired source input rates are known.

We then present a distributed algorithm to solve the re-
sulting routing problem and show that our algorithm con-
verges to the optimal solution. The algorithm can be consid-
ered as a generalization of [10], which is a gradient-based
algorithm that iteratively updates the local resource alloca-
tion based on link data rates.

The rest of the paper is organized as follows: Sections 2-
3) present the model and transform the original problem
into an equivalent but more tractable formulation. Section4
presents a distributed algorithm that solves the problem.
The performance of the proposed algorithm is then demon-
strated through numerical examples in Section 6. Finally,
concluding remarks are presented in Section 7.

2 The Stream Processing Model and Problem
Formulation

The System Model: We consider a distributed stream
processing system consisting of a network of cooperating
servers. We model the underlying physical network as a
capacitated directed graphG0 = (N0, E0) whereN0 de-
notes the set of processing nodes, sensors (data sources),
and sinks, andE0 denotes the connectivity between the var-
ious nodes. Associated with each node is a processing con-
straint,Cu, u ∈ N0 and with each link a communication
bandwidthBi,k, (i, k) ∈ E0. We assume that sources can
process data whereas sinks cannot; they only receive data.
Hence we find it useful to separate them into setsP andJ
whereN0 = P ∪ J . GraphG0 can be arbitrary.

Commodities: Corresponding to the multiple concurrent
applications or services supported by the system, the sys-
tem needs to process various streams and produce multiple
types of eventual information or query products for differ-
ent end-users. We assume that queries are processed in-
dependently of each other, although they may share some
common computing/communication resources. We refer to
these different types of eventual processed information as
commodities. We assume there areJ different types of com-
modities,J = |J |, each associated with a unique source
node,sj ∈ P and a unique sink nodej ∈ J . We assume
that sourcesj can generate data up to a maximum rateλj .

Each commodity is required to complete a series of oper-
ations or tasks on various servers before reaching the corre-
sponding sink. A task may be assigned to multiple servers,
and tasks belonging to different commodities may be as-
signed to the same server. Effective placement of various
tasks onto the physical network itself is an interesting prob-
lem and useful techniques can be referred to [14]. Here, we
assume the task to server assignment is given. For simplic-
ity, we assume a server is assigned to process at most one
task for each commodity.

Based on the task to server assignment, the tasks of each
commodity stream form adirected acyclic graph(DAG)



Gj = (Nj , Ej) whereNj ⊆ N0 andEj ⊆ E0, j ∈ J .
Generic Graph representation: We can now represent

the problem using a generic (directed) graphG = (N , E)
whereG = ∪j∈J Gj . HereN ⊆ N0, which consists of
source/processing nodes and sink nodes, andE ⊆ E0. An
edge(i, k) ∈ E for serveri indicates that a task resides on
nodek that can handle data output from nodei for some
commodity. GraphG is assumed to be connected. Note
that G itself may not be acyclic, however, the subgraphs
corresponding to individual streams are DAGs.

Consider, for example, a system with8 servers and2
streams. Stream S1 requires the sequential processing of
Tasks A, B, C, and D, and Stream S2 requires the sequence
of Tasks G, E, F, and H. Suppose the tasks are assigned
such thatT1 = {A}, T2 = {B}, T3 = {B, E}, T4 = {C},
T5 = {C, F}, T6 = {D}, T7 = {G}, T8 = {H}, whereTi

denotes the set of tasks that are assigned to serveri. Then
the directed acyclic sub-graph of the physical network is
shown in Figure 1, where the sub-graph composed of solid
links corresponds to stream S1 and the sub-graph composed
of dashed links corresponds to stream S2. It is easily veri-
fied that the sub-graphs corresponding to individual streams
are directed acyclic graphs (DAG).
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Figure 1. Physical Server Graph

We assume that it takes computing powerc
(j)
u,v for

nodeu ∈ N to process one unit of commodityj flow for
downstream nodev with (u, v) ∈ E . Each unit of com-

modity j input producesβ(j)
u,v(> 0) units of output after

processing. This parameterβ only depends on the task be-
ing executed for its corresponding stream. We shall refer
to the parameterβ(j)

ik as ashrinkage factor, which repre-
sents the shrinkage (if< 1) or expansion (if> 1) effect in
stream processing. Thus flow conservation may not hold in
the processing stage.

It is possible for a stream to travel along different paths to
reach the sink. Resource consumption may also vary along
the different paths. However, the resulting outcome does
not depend on the processing path. This leads to the follow-
ing assumption onβ:

Property 1 For any two distinct pathsp = (n0, n1, ..., nl)
andp′ = (n′

0, n
′
1, ..., n

′
l′) that have the same starting and

ending points, i.e.n0 = n′
0 andnl = n′

l′ , we must have, for

any commodityj,
∏l−1

i=0 β
(j)
ni,ni+1

=
∏l′−1

i=0 β
(j)
n′

i
,n′

i+1

.

For a given noden ∈ N , definegn(j) to be the product of

the β
(j)
ik ’s along any path from sourcesj to noden. That

is, no matter which path it takes, the successful delivery of
one unit of commodityj from sourcesj to noden results in
gn(j) amount of output at noden. Clearly,gsj

(j) = 1. If
noden is not reachable fromsj, we also setgn(j) = 1.
Hencegn(j) is always positive and defined for all com-
modities and all nodes.

Utility Function: Our goal is to design a joint admission
control, data routing, and resource allocation mechanism
such that the overallinformation delivered by the stream
processing network is maximized. We distinguish here be-
tween data and information in the following sense. Letaj

be the rate at which data from sourcesj is delivered to sink
j. A utility function Uj(aj) quantifies thevalueof this data
to the data-consuming applications. We assume thatUj is
a concave and increasing function, reflecting the decreas-
ing marginal returns of receiving more data. As discussed
below, our goal is to maximize the overall system utility
U =

∑

j Uj(aj), rather than the rate at which data is deliv-
ered.

Since the system is constrained in both computing power
and communication bandwidth, each server is faced with
two decisions: first, it has to allocate its computing power to
multiple processing tasks; second, it has to share the band-
width on each output link among the multiple flows going
through it.

Problem Formulation: The problem can be formulated
as the following utility optimization problem.

Given: network G = (N , E), resource budgetC, re-
source consumption ratec, shrinkage factorβ, and data
input rateΛ.
Maximize: Overall system utilityU =

∑

j Uj(aj).
Constraints:
1) Per node resource constraint;
2) Per link bandwidth constraint;
3) Flow balance constraints that account for

shrinkage factors;
4) aj ≤ λj , ∀j,

whereaj denotes the admission rate of commodityj flow
at sourcesj , j = 1, ..., J .

The flow balance constraints ensure that incoming flows
arrive at the same rate as outgoing flows being consumed
(so as to be processed) at each node for each commodity.
Note that due to the shrinkage and expansion effects, for one
unit of commodityj flow on nodei heading towards node



k, after processing, it becomesβ
(j)
ik units of actual outgoing

flow to downstream nodek.

3 Problem Transformation

The problem presented above requires the optimal al-
location of two different resources (computing power per
node and communication bandwidth per link). Moreover,
it requires admission control at sources since the optimal
injection rateaj is not known until one solves the optimiza-
tion problem. In this section, we present ways to unify the
different two resources and also transform the joint resource
allocation and admission control problem into a tangible
routing problem.

Bandwidth Node: We next present a scheme to extend
the original graph so that we can address the two different
resources (computing power and link bandwidth) in a uni-
fied way. We do so by introducing a bandwidth node, de-
noted asnik, for each edge(i, k) ∈ E . We also add directed
edges(i, nik) and(nik, k) (see Figure 2). We assume that
bandwidth nodenik has a total resourceCnik

= Bik. The
role of a bandwidth node is to transfer flows. It requires one
unit of its resource (bandwidth) to transfer one unit of flow,
which becomes one unit of flow for the downstream node.
In other words,β(j)

nik,k = 1, c
(j)
nik,k = 1. In addition, we set

c
(j)
i,nik

= c
(j)
ik , β

(j)
i,nik

= β
(j)
ik .

With the addition of the bandwidth nodes (and corre-
sponding links), the original problem of allocating two dif-
ferent resources is transformed a unified resource allocation
problem with a single resource constraint on each node. In
the new system, each node only has a single resource con-
straint associated with it. If it is a bandwidth node, then itis
constrained by bandwidth; if it is a processing node, then it
is constrained by the computing resource. The new system
is then faced with a unified problem: finding efficient ways
of shipping allJ commodity flows to their respective des-
tinations subject to the (single) resource constraints at each
node.

ii kk nik

CiCi CkCk

Bik

β
(j)
ik

β
(j)
i,nik

β
(j)
nik,k

Bik

∞ ∞

Figure 2. Extended graph.

Dummy Node: An algorithm for the continuous flow
problem isstableif it is able to deliver in the long run the
injected flow at rateaj at sourcesj , j = 1, ..., J . However,
the optimal injection rateaj is not known until one solves
the optimization problem. We resolve this by introducing
additional dummy nodes and dummy links, and then present
an algorithm that determines the optimal ratesaj ’s automat-
ically for the continuous problem. To do this, we also need

to transform the capacity constraints in the original problem
to the objective function. The addition of dummy nodes is
similar to that in [5], which was originally proposed in [11].

For each source nodesj ,
we introduce a dummy nodēsj .
We also add a dummy input
link (s̄j , sj) and a dummy dif-
ference link(s̄j , j) as shown in
Figure 3. The dummy nodēsj

has no resource constraint, i.e.
Cs̄j

= +∞.

j
networksj

s̄j

Figure 3. Dummy node.

We make the dummy nodēsj the new source for com-
modityj, where traffic of commodityj arrives at nodēsj at
a fixedrateλj . Nodes̄j sends traffic across link(s̄j , sj) at
rateaj , and the remainder of the incoming trafficλj − aj

across the dummy difference link(s̄j , j) to sink j. Define
the cost of carrying flowx over link (s̄j , j) to be the utility
loss over the link, i.e.

Y(s̄j ,j)(x) = Uj(λj) − Uj(λj − x). (1)

The problem of maximizing the utilityU =
∑

j Uj(aj) is
equivalent to minimizing the utility loss over all dummy dif-
ference links i.e.

min Y =
∑

j

Y(s̄j ,j)(λj − aj).

Since the utility functionUj is concave and increasing, the
cost functionY is convex and increasing.

For convenience, we defineY(i,k)(x) = 0 for all other
links (other than the dummy difference links). Denote by
r(j) the (external) input traffic rate vector for commodityj,
where

ri(j) =

{

λj if i = s̄j

0 otherwise
(2)

We denote byG = (V ,L) the resulting new graph, where
V denotes the extended node set (including the bandwidth
nodes and dummy nodes) andL the extended edge set (in-
cluding the added dummy input links and dummy differ-
ence links). Last, for nodei, let LI(i) denote the set of
links that terminates at it,LU (i) the set of links that em-
anates from it, andL(i) = LI(i) ∪ LU (i) the set of links
adjacent to nodei.

Clearly, after the above transformation, an original graph
G with N nodes,M edges andJ commodities produces a
new graphG with N + M + J nodes,2M + 2J edges and
J commodities. We work on the new graphG from here on.

We next introduce convex and increasing penalty func-
tions to account for the per node resource constraints. For
a usagez of resource at nodei, a penaltyDi(z) will be in-
curred. We assumeDi(z) is convex and increasing inz and



limz→Ci
Di(z) → ∞, whereCi is the total resource bud-

get at nodei. Such a penalty function can be, for example,
Di(z) = 1

Ci−z
. Note thatDi = 0 for all dummy nodes

since they have infinite capacity.
Let D =

∑

i∈N ′ Di(zi) wherezi denotes the resource
usage on nodei. The overall system utility then becomes
Y + εD, whereε is a tunable parameter. With the dummy
nodes and resource penalty function, the problem then be-
comes a routing problem with the objective to minimize the
total cost

A = Y + εD.

The use of penalty functions results in an allocation that
is notstrictly identical to the optimal solution to the original
problem before the penalty function was introduced. How-
ever, by selectingε appropriately, this standard approach
typically results in a solution that is nearly the optimal so-
lution to the initial problem formulation. A penalty func-
tion may also prevent a node resource (or a link capacity)
from being completely allocated. In practice, such remain-
ing capacity could be used to better accommodate changing
demands, or for faster recovery in the case of node or link
failures.

With the above transformation, we now have the follow-
ing utility optimization problem on the new graphG′.

Given: networkG = (V ,L) resource budgetC, resource
consumption ratec, shrinkage factorβ, and data input
rateΛ.
Minimize: Cost FunctionA = Y + εD.
Constraints:
1) Per node resource constraint;
2) Flow balance constraints (need to factor in

shrinkage factors);
3) aj ≤ λj , ∀j.

4 Distributed Problem Formulation for Joint
Routing and Resource Allocation

The continuous version of the above (static) optimiza-
tion problem can be interpreted as a flow problem in which
sources̄j pumps commodityj flow into the system at rate
λj . In order to solve this problem using a distributed al-
gorithm, we reformulate the problem using local routing
fractions as control variables. The resulting problem then
becomes a joint routing and resource allocation problem.

Let ti(j) denote the total expected traffic rate at nodei
for commodityj. Letφik(j) denote the fraction ofti(j) that
will be processed over link(i, k). We callφ = {φik(j) :
i, k ∈ V , j = 1, . . . , J} the routing decision, ifφ ≥ 0,
∑

k φik(j) = 1 for each non-sink nodei andφik(j) = 0 if
(i, k) /∈ E or i is a sink node for one commodity.

Note that it takes resourcec(j)
ik from nodei to process

a unit of commodityj flow, and once across edge(i, k), it

producesβ(j)
ik unit of commodityj flow due to the shrinkage

factor. We have the following flow balance equations:

ti(j) = ri(j) +
∑

l

tl(j)φli(j)β
(j)
li , (3)

Equation (3) implicitly expresses the balance of flow at each
node accounting for the shrinkage factors: the total flow rate
into a node (after the shrinkage/expansion) is equal to the
rate out of the node for each commodityj. It can be shown
that equation (3) has a unique solution oft givenr andφ.

Now let fik be the total expected resource usage rate
from nodei by all (commodity) flows across edge(i, k),
andfi the total resource usage rate on nodei. We have,

fik =
∑

j

tl(j)φik(j)c
(j)
ik . (4)

fi =
∑

(i,k)∈LU (i)

fik. (5)

Clearly, a feasible set of flowsf must satisfy the capacity
constraints.

fi ≤ Ci, i ∈ V (6)

To account for the shrinkage factor, the flow conserva-
tion at each node using flow variable setf is given as fol-
lows. Forfik(j) ≥ 0, (i, k) ∈ E, j ∈ V ,

∑

(i,k)∈LU (i)

fik(j) −
∑

(l,i)∈LI (i)

fli(j)β
(j)
li = ri(j), i 6= j. (7)

We further decompose costA into node-level local costs.
For a given flow setf , the nodei cost,Ai(f), for i ∈ V , is
defined as follows:

Ai(f) = εDi(fi) +
∑

(i,k)∈LU (i)

Y(i,k)(fik), (8)

wherefi =
∑

(i,k)∈LU (i) fik is the total resource usage rate
at nodei. Clearly,A =

∑

i∈V Ai.
The joint data routing and resource allocation problem

is then reformulated using routing variable setφ as control
variables:

Given: networkG = (V ,L), resource budgetC,
resource consumption ratec, shrinkage factorβ,
and data input rateΛ
Minimize: CostA =

∑

i Ai.
Constraints: Flow setf is implemented by rout-
ing variable setφ.

5 A Distributed Algorithm for Routing Opti-
mization

In the previous section, for given fixed set of routes,
nodes can achieve the optimal resource allocation through



independent node-level resource optimization, and calcu-
late the marginal global cost through local sensitivity anal-
ysis and communication between neighbor nodes. Now, we
focus on routing optimization. We generalize Gallager’s re-
sult [10] and propose a distributed routing algorithm that
converges to the optimal routing solution.

For given routing decisionφ and the resulting resource
usage ratef , let Af

i (f) (or Aφ
i (φ)) denote the cost incurred

at nodei. Denote byAf (f) (or Aφ(φ)) the corresponding
total cost. Similar to [10], we compute the partial deriva-
tives ofAφ with respect to the inputsr and the routing vari-
ablesφ as follows.

∂Aφ(φ)

∂ri(j)
=

∑

k

φik(j)

[

∂Af
i (f)

∂fik
c
(j)
ik +

∂Aφ(φ)

∂rk(j)
β

(j)
ik

]

, (9)

∂Aφ(φ)

∂φik(j)
= ti(j)

[

∂Af
i (f)

∂fik
c
(j)
ik +

∂Aφ(φ)

∂rk(j)
β

(j)
ik

]

, (10)

where based on (8), (5) and (1),

∂Af
i (f)

∂fik
=

{

U ′
k(λk − fik) if i = s̄j andk = j

εD′
i(fi) else

(11)

One can further show the following necessary and sufficient
conditions to minimizeAφ over all feasible sets of routes.

Theorem 2 LetF be a convex and compact set of flow sets,
which is enclosed by|E| planes (each of which corresponds
to fij = 0, (i, j) ∈ E), and a boundary envelopeF∞.
Assume thatAf is convex and continuously differentiable
for f ∈ F\F∞, LetΨ be the set ofφ for which the resulting
set of flow ratesf lie in setF\F∞. Then the necessary (but
not sufficient) condition forφ to minimizeAφ overΨ is that,
for all i 6= j, (i, k) ∈ E:

∂Aφ(φ)

∂φik(j)

{

= λij φik(j) > 0
≥ λij φik(j) = 0.

(12)

The sufficient condition is that, for alli 6= j, (i, k) ∈ E,

∂Af
i (f)

∂fik
c
(j)
ik +

∂Aφ(φ)

∂rk(j)
β

(j)
ik ≥

∂Aφ(φ)

∂ri(j)
. (13)

Based on the above sufficient condition, we now develop
a gradient-based algorithm by generalizing the algorithm
presented in [10]. Each nodei must incrementally decrease
those routing variablesφik(j) for which the marginal cost

∂Af
i (f)/∂fikc

(j)
ik + ∂Aφ(φ)/∂rk(j)β

(j)
ik is large, and in-

crease those for which it is small. The algorithm divides
into three components: a protocol between nodes to cal-
culate the marginal costs, an algorithm for calculating the
routing updates and modifying the routing variables, and a
protocol for forecasting the flow rates of next iteration and
allocating resources to support them. We discuss the proto-
col to calculate the marginal costs first.

Let us see how nodei can calculate∂Aφ(φ)/∂ri(j). De-
fine nodem to be downstream from nodei (with respect to
destinationj) if there is a routing path fromi to j passing
throughm (i.e., a path with positive routing variables on
each link). Similarly, we definei as upstream fromm if
m is downstream fromi. A routing variable setφ is loop
free if for each destinationj, there is noi, m(i 6= m) such
that i is both upstream and downstream form. The pro-
tocol used for an update, now, is as follows: for each des-
tination nodej, each nodei waits until it has received the
value∂Aφ(φ)/∂rm(j) from each of its downstream neigh-
borsm 6= j. Nodei then calculates∂Aφ(φ)/∂rk(j) from
(9) (using the convention that∂Aφ(φ)/∂rj(j) = 0) and
broadcasts this to all of its neighbors. It is easy to see that
this procedure is deadlock-free if and only ifφ is loop free.

We shall later define a small but important detail that has
been omitted so far in the update protocol between nodes:
a small amount of additional information is necessary for
the algorithm to maintain loop freedom. It is necessary, for
each destinationj and each nodei, to specify a setBi(j) of
blocked nodesk for whichφik(j) = 0 and the algorithm is
not permitted to increaseφik(j) from 0. We first define and
discuss the algorithm and then define the setsBi(j).

The algorithmΓ, on each iteration, maps the current
routing variable setφ into a new setφ1 = Γ(φ). The map-
ping is defined as follows. Fork ∈ Bi(j),

φ1
ik(j) = 0, ∆ik(j) = 0. (14)

Fork /∈ Bi(j), define

aik(j) =
∂Af

i (f)

∂fik
c
(j)
ik +

∂Aφ(φ)

∂rk(j)
β

(j)
ik

− min
m/∈Bi(j)

[

∂Af
i (f)

∂fim
c
(j)
im +

∂Aφ(φ)

∂rm(j)
β

(j)
im

]

(15)

∆ik(j) = min[φik(j), ηaik(j)/ti(j)] (16)

whereη is a scale parameter ofΓ to be discussed later.
Let k(i, j) be a value ofm that achieves the minimization
in (16). Then

φ1
ik(j) =

{

φik(j) − ∆ik(j) k 6= k(i, j)
φik(j) +

∑

k 6=k(i,j) ∆ik(j) k = k(i, j).
(17)

The algorithm reduces the fraction of traffic sent on non-
optimal links and increases the fraction on the best link. The
amount of reduction, given by∆ik(j), is proportional to
αik(j), with the restriction thatφ1

ik(j) cannot be negative.
In turnαik(j) is the difference between the marginal cost to
nodej using link(i, k) and using the best link. Note that, as
condition (13) is approached, the changes become smaller,
as desired. The amount of reduction is also inversely pro-
portional to ti(j). The reason for this is that the change
in link traffic is related to∆ik(j)ti(j). Thus whenti(j) is



small, ∆ik(j) can be changed by a large amount without
greatly affecting the marginal cost. Finally the changes de-
pend on the scale factorη. For η very small, convergence
of the algorithm is guaranteed, but rather slowly. Asη in-
creases, the speed of convergences increases but the danger
of no convergence increases. In the next section, we identify
particular values ofη through simulation.

We now complete the definition of algorithmΓ by defin-
ing the block setsBi(j). See [10] for further reasoning on
how this definition guarantees the loop free properties.

Definition: The setBk(j) is the set of nodesk for which
bothφik(j) = 0 andk is blocked relative to destinationj.
A nodek is blocked relative toj if k has a routing path to
j containing some link(l, m) for which φlm(j) > 0, and
∂Aφ(φ)/∂rl(j) ≤ ∂Aφ(φ)/∂rm(j), and

φlm(j) ≥
η

ti(j)

[

∂Af
l (f)

∂flm
c
(j)
lm +

∂Aφ(φ)

∂rm(j)
β

(j)
lm −

∂Aφ(φ)

∂rl(j)

]

.

(18)

The protocol required for a nodei to determine the
set Bi(j) is as follows. Each nodel, when it calculates
∂Aφ(φ)/∂rl(j), determines, for each downstreamm, if
φlm(j) > 0, and∂Aφ(φ)/∂rl(j) ≤ ∂Aφ(φ)/∂rm(j), and
satisfy (18). If any downstream neighbor satisfies these
conditions, nodel adds a special tag to its broadcast of
∂Aφ(φ)/∂rl(j). The nodel also adds the special tag if
the received value∂Aφ(φ)/∂rm(j) from any downstream
m contained a tag. In this way all nodes upstream ofl also
send the tag. The setBi(j) is then the set of nodesk for
which the received∂Aφ(φ)/∂rk(j) was tagged.

Finally, we describe the protocol for forecasting the flow
rates for the next iteration and allocating resources to sup-
port the updated traffic. Assume that each nodei can es-
timate the demand rate setri(j) entering fromi. First, for
each destination nodej, each nodei signals the downstream
nodes underφ1 (the set of routes for the next iteration) so
that each nodek gets a list of upstream nodes underφ1.
Second, for each destination nodej, each nodei waits until
it has received the forecasted valuef1

li(j) from each of its
upstream nodes,l, underφ1. For each downstream nodek
underφ1, each nodei then calculatesf1

ik(j) from (3)(4) and
sends it tok. Nodei also calculates forecastedf1

i , from
(5). Based on the forecasted link data rates of incoming
and outgoing linksf1, each node finds locally the resource
allocation by minimizing its node-level cost function.

We have proposed a distributed algorithm for routing op-
timization. Note that in each iteration, the resource alloca-
tion is also optimized through local independent resource
optimization at all nodes. Combining the collective routing
optimization, and independent local resource optimization
at all nodes, we have achieved the optimal cost over all fea-
sible resource allocation and routing combinations.

6 Numerical Examples

In this section, we illustrate through a particular exam-
ple the convergence speed of the proposed algorithm. For
convenience, we refer to it as the gradient-based algorithm.
We compare the performance with that of the back-pressure
algorithm presented in our earlier work [6].

Here we briefly review the back-pressure algorithm pro-
posed in [6]. Each node maintains local input and output
buffers for each commodity. Each node also maintains a
potential function The algorithm is iterative in nature and,
at each iteration, a node only needs to know the buffer lev-
els at its neighboring nodes. It then uses this information to
determine the appropriate resource allocation that reduces
the potential at that node by the greatest amount. This lo-
cal control mechanism can be shown to lead to the global
optimal solution.

We apply both the gradient-based algorithm and the
back-pressure algorithm on a synthetic (random) network
containing40 nodes, and3 source and sink pairs corre-
sponding to a3-commodity problem. The system utility
is taken to be the total throughput of the3 commodities,
Both the link capacities and node computing capacities are
generated from independent uniform random samples in the
range[1, 100]. The gj

n parameters are real numbers uni-
formly distributed in[1, 10], from which we then obtain the

shrinkage parameter by settingβj
ik =

g
j

k

g
j

i

based on Prop-

erty 1. The resource consumption parametersr are real
numbers uniformly distributed in[1, 5].

The red curve in Figure 4 shows the system through-
put achieved by the gradient-based algorithm as a function
of the number of iterations in log-scale. The horizontal
line represents the optimal throughput obtained using an
optimization solver. Here we set the penalty cost coeffi-
cient ε = 0.2, scale factorη = 0.04, we see that about
1000 iterations are required to achieve a utility that is within
95% of optimal. As we mentioned in the previous section,
the choice of the scale factorη has great impact the conver-
gence speed. With a smallη, the algorithm will eventually
converge to the optimum but at a slow rate. In practice, it is
possible to choose aη much larger to expedite the conver-
gence, e.g. in hundreds of iterations.

The green curve in Figures 4 shows the performance un-
der the back-pressure algorithm. Observe that for both al-
gorithms, the total throughput improves monotonically un-
til it eventually reaches the optimum. The number of it-
erations required by the gradient-based algorithm is on the
scale of hundreds or thousands (depending on the choice
of η), while the back-pressure algorithm requires almost
100, 000 iterations to reach within 95% of optimal. The
gradient-based algorithm is therefore more efficient in num-
ber of iterations as each time it tries the steepest decent for
the overall utility function.



It is unfair, however, to compare the two algorithms
solely based on the number of iterations given that the two
algorithms do completely different things during each iter-
ation. An iteration in the gradient-based algorithm is gen-
erally more expensive since each node needs to wait until
it has received the value∂Aφ(φ)/∂rm(j) from each of its
downstream neighborsm( 6= j) for each destination nodej
in order to update its own value of the partial derivative.
This can be time consuming. It takesO(L) number of mes-
sage exchanges to update all nodes, whereL represents the
length of the longest path in the network. An iteration in
the back-pressure algorithm is much faster. Each node sim-
ply exchanges the buffer levels with its neighboring nodes
and then makes the resource allocation decision locally. All
nodes do this in parallel and independently, and it takes
just O(1) number of message exchanges. Therefore, the
gradient-based algorithm may be better when the depth of
the graph is not large, or else the back-pressure algorithm
may be favored. Further study is needed to more care-
fully determine the conditions under which each algorithm
is fastest to converge.

7 Conclusion

In summary, we have studied the problem of how to
distribute the processing of a variety of data streams over
the multiple cooperative servers in a communication net-
work. The network is resource constrained in both com-
puting power at each server and in bandwidth capacity over
the various communication links. We present a graph rep-
resentation of the problem and show how to map the origi-
nal problem into an equivalent multicommodity flow prob-
lem. We have developed distributed algorithms and pre-
sented both theoretical analysis and numerical experiments.
We show that the proposed distributed algorithms are able
to achieve the optimal solution in the long run.
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