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Abstract

We study the problem of the reconstruction of a Gaussian fielddefined in[0, 1]
usingN sensors deployed at regular intervals. The goal is to quantify the total data
rate required for the reconstruction of the field with a givenmean square distortion.
We consider a class of two-stage mechanisms which a) send information to allow the
reconstruction of the sensor’s samples within sufficient accuracy, and then b) use these
reconstructions to estimate the entire field. To implement the first stage, the heavy
correlation between the sensor samples suggests the use of distributed coding schemes
to reduce the total rate. Our main contribution is to demonstrate the existence of a
distributed block coding scheme that achieves, for a given fidelity criterion for the
sensor’s measurements, a total information rate that is within a constant, independent
of N , of the minimum information rate required by an encoder thathas access to
all the sensor measurements simultaneously. The constant in general depends on the
autocorrelation function of the field and the desired distortion criterion for the sensor
samples.

1 Introduction
Recent advances in wireless communications and micro-electro mechanical systems have
fueled the development of technologies on wide area sensor networks. Low-powered in-
expensive sensors can be dispersed on a large geographical scale and organized into net-
works so as to monitor physical phenomena over a large field. However, the design of
such distributed sensing and networking schemes involves many challenges pertaining to
the scarcity of power, bandwidth, and computing resources.Some natural questions in-
clude: How many sensors should be deployed? At what rate should data be sampled and
how should the data be compressed? Is the communication network formed by the sensing
nodes capable of transferring the generated data rate? Or ingeneral, is such sensor network
feasible? Effective design of distributed sensor networkstherefore requires a fundamental
understanding of the tradeoffs between the communication resources (such as the effective
data rate between a typical sensor and the data collector), and the amount of data required
for effective sensing.

In this paper we give an upper bound to the total data rate required for the reconstruction
of the random field. The model under consideration is one in which a large number of
sensors are deployed for data collection, while the processing of data is performed at a
central location. This model has recently received much attention in the context of data
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gathering sensor networks [1], [2]. A question that has beenthe central subject in [1], [2]
is whether the wireless network formed by the links between the sensor nodes is capable of
supporting the communication of the data gathered by the sensor nodes to the fusion center.

It is not difficult to see that in such a scenario, there is a communication bottleneck at
the central processing unit. In fact, under any model of communication in which there is
an upper bound on the number of bits that can be conveyed to thecenter per unit time (for
example, the protocol model in [3]), the average data rate that can be guaranteed between
a sensor node and the central processing unit scales at best asΘ( 1

N
) with the numberN of

sensors. This observation has led to pessimistic results regarding the feasibility of a sensor
network composed of nodes charged with both sampling and communication [1], [2].

In this paper, we take the viewpoint that given this communication constraint, the com-
pression of sensed data is of central importance. The main contribution of this paper is
demonstrating the utility of distributed source coding as ameans of reducing the sum rate.
As the number of sensors increases, they are packed more densely, and the data of sensors
located close together becomes increasingly correlated. Reducing this redundancy in data
using the knowledge of the statistical correlation betweensensor observations is therefore
attractive. We prove that for a given distortion requirement, the rate required by distributed
coding stays no more than a constant away from the rate required by joint coding of all
the samples as the number of sensors becomes large. The increasing correlation between
the data can be utilized in such a way that the rate-penalty ofdistributed coding does not
grow unboundedly as the number of samples being coded grows.Our proof has the pleas-
ing feature of showing directly that as the number (and therefore the density) of samples
increases, we can make do with increasingly coarsely quantized estimates of those samples
at the fusion center.

Finally, a note about the organization of this paper. We define the problem precisely
in Section 2, and also discuss a simple reconstruction scheme. In Section 3, we consider
different coding schemes, point to point, distributed, andcentralized, and find expressions
for the coding rates of the point to point and centralized schemes. The rate of distributed
coding is analyzed in detail in Section 4. We present some numerical examples in Section 5.
We make some conclusing remarks in Section 6.

2 Preliminaries
2.1 Problem formulation
We take a discrete time model, and assume (as in [1]) that at each time i, the field of
interest is modeled by a stationary (in space) Gaussian random processX(i)(s) defined on
the segment[0, 1]. We assume that the processX(i) at timei is independent of the process
X(j) at timej 6= i, and has identical statistics. In the rest of the paper, we omit the time
superscript when doing so does not lead to any confusion.

Consider the scenario wheren sensors are placed at regular intervals in the segment
[0, 1], with sensork being placed atsk = 2k+1

2N
for k = [0, 1, . . . , N − 1]. Each can observe

the valueX(i)(sk) of the field at the point where it is located. Sensork encodes a block
of m observations,[X(1)(sk), X

(2)(sk), . . . , X
(m)(sk)] into an indexIk chosen from the set

{1, 2, . . . , 2mRk}, whereRk is the rate of sensork, which we state in the units of nats per
discrete time unit (which we refer to as a “snapshot” of the field). We assume that the
blocklength is the same at all sensors and that all sensors are synchronized. The messages
of the sensors are assumed to be communicated to the fusion center over a shared, rate
constrained, noiseless channel. The fusion center then uses the received data to produce a
reconstructionX̃(i)(s) of the field.

We will refer toE(X(i)(s)−X̃(i)(s))2 as the mean square error (MSE) of the reconstruc-
tion of the field at points and timei. We are interested in the average (over a blocklength)
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integrated MSE of the reconstruction defined as

JMSE(m) =
1

m

m
∑

i=1

∫ 1

0

E
(

X(i)(s) − X̃(i)(s)
)2

ds. (1)

The goal is to use the quantized measurements available at the fusion center to reconstruct
the entire field in such a way that for some specified positive constraintDnet,

lim
m→∞

JMSE(m) ≤ Dnet.

Due to communication constraints, we want to achieve this goal with the least total rate
∑N−1

k=0 Rk of communication from all the sensors to the fusion center.
In addition to the stationary requirement, we make some verymild assumptions on the

random fieldX(·). For simplicity, we takeE [X(s)] = 0 and Var(X(s)) = 1 for all s ∈
[0, 1]. Thus the covariance matrix ofX(·) is the same as the autocorrelation matrix. Denote
the autocorrelation function ofX(·) by ρ(τ) = E [X(s)X(s + τ)]. Clearly,ρ(0) = 1. We
assume that the processX(·) is mean square continuous, and thatρ(τ) is positive and non
increasing in a neighborhood ofτ = 0. Note that the mean square continuity ofX(·) is
equivalent [4] to the continuity ofρ(τ) at τ = 0.

While we focus exclusively on one dimensional fields in this paper, it will be clear
from our proofs that the results only rely on the fact that data located at points that are
close together is increasingly correlated, and therefore the results proved here extend to
higher dimensions.

2.2 Data Reconstruction Model
We consider a two step reconstruction model in which the fusion center decodes the sensor
information to obtain quantized estimates of the sensor measurements, and then uses these
values to estimate the entire field.

For a precise description it suffices to consider the reconstruction of the field at timei;
we omit the time superscript in the following. Denote theN samples seen by the sensors
as a vectorX = [X(s0), . . . , X(sN−1)]

T . If the exact values of the sensor samplesX are
given, then under the assumption of Gaussianity, the minimum mean square error (MMSE)
estimator for any points in the field is the linear minimum mean squared error estimator:
E [X(s)|X] = ΣX(s)XΣ−1

X
X, whereΣX(s)X = E [X(s)XT ] and ΣX = E [XX

T ]. This
estimator minimizes the MSE for everys, and therefore minimizesJMSE.

For simplicity of analysis, however, consider a simpler (ingeneral sub-optimal) estima-
tor, which estimates the fieldX(s) at any points using only the measurement taken at the
sampling locationn(s) closest tos. Formally, for anys, definen(s) = 2k+1

2N
if s ∈ [ k

N
, k+1

N
).

Using this notation, the estimator we consider isE [X(s)|X(n(s))] = ρ(s− n(s))X(n(s)).
Denote the noisy estimates of the sensor samples by{X̃

(

2k+1
2N

)

}k. If s 6= n(s), our
reconstruction function uses the quantized estimates in place of the true measurements in
the estimator derived above:̃X(s) = ρ(s − n(s))X̃(n(s)), s 6= n(s).

2.3 Error analysis
The error attained by this procedure can be written as

X(s) − X̃(s) = [X(s) − ρ(s − n(s))X(n(s))] +
[

ρ(s − n(s))(X(n(s)) − X̃(n(s))
]

= ES(s) + EQ(s),
3



which can be interpreted as saying that the total error can bewritten as the sum of the error
in interpolation from the sample value and the error in the estimation of the sample value

itself. Averaging over time,JMSE(m) = 1
m

∑m
i=1

∫ 1

0
E
(

E
(i)
S (s) + E

(i)
Q (s)

)2

ds.

In the coding schemes that we consider in this paper, two cases arise, as we shall see
in Section 3. In the first caseES(s) andEQ(s) are independent, and soJMSE can be written
as

JMSE(m) =
1

m

m
∑

i=1

∫ 1

0

E
(

E
(i)
S (s)

)2

+ E
(

E
(i)
Q (s)

)2

=
1

m

m
∑

i=1

∫ 1

0

[

1 − ρ2(n(s))
]

+ E
[

X(i)(n(s))) − X̃(i)(n(s))
]2

ρ2(s − n(s)).

Further, since in each segment
(

k
N

, k+1
N

)

, k = 0, . . . , N−1, 1−ρ2 (s − n(s)) ≤ 1−ρ2
(

1
2N

)

andρ2 (s − n(s)) ≤ 1 we get

JMSE(m) ≤
{

1 − ρ2

(

1

2N

)}

+ J ′
MSE(m), (2)

where

J ′
MSE(m) =

1

N

N−1
∑

k=0

1

m

m
∑

i=1

E
[

X(i)(sk) − X̃(i)(sk)
]2

. (3)

In the second case, independence betweenES(s) andEQ(s) does not hold. In this case
using the Cauchy-Schwarz inequality [4],E|XY | ≤

√
EX2EY 2, we obtain

E
(

E
(i)
S (s) + E

(i)
Q (s)

)2

≤ E
(

E
(i)
S (s)

)2

+ E
(

E
(i)
Q (s)

)2

+ 2

√

E
(

E
(i)
S (s)

)2

E
(

E
(i)
Q (s)

)2

.

Averaging over the time index, using the Jensen’s inequality and the concavity ofy(x) =√
x, and assuming thatN is large enough so thatρ2

(

1
2N

)

≥ 1
2

(so that fors ∈
(

k
N

, k+1
N

)

ρ2(s − n(s))(1 − ρ2(s − n(s)) ≤ ρ2( 1
2N

)(1 − ρ2( 1
2N

))), we get

JMSE(m) ≤
{

1 − ρ2

(

1

2N

)}

+ J ′
MSE(m) +

√

ρ2(
1

2N
)(1 − ρ2(

1

2N
))J ′

MSE(m), (4)

with J ′
MSE(m) as in (3).

3 Data compression: rates of three coding schemes

We consider three schemes for the coding of the sensor samples. At one extreme is point
to point coding, in which the coding scheme at the sensors does not make any use of the
correlation between the samples. At the other extreme is thecentralized coding rate, which
an encoder that had access to all the sample values would havecoded at. A distributed
coding scheme, on the other hand, makes use of the statistical correlation of the data so
that the sensors can, while encoding their samples without any collaboration, can achieve
smaller rates than the rate of point to point coding.

In this section, we use the bounds onJMSE derived in Section 2.3 to find the error
constraint that is imposed on coding in these schemes.
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3.1 Point to point coding

The scheme considered here usesN encoders{fk}N−1
k=0 andN decoders{gk}N−1

k=0 with the
property thatX̃(1,··· ,m)(sk) = gk(fk(X

(1,··· ,m)(sk))). The encoding/decoding pairs will be
chosen to be a good standard lossy block code for Gaussianm-vectors with parameters to
be discussed shortly.

Due to the orthogonality principle [4] and the stochastic independence of the field real-
izations at different time instances, for everys ∈ [0, 1] and all timesi, j ∈ {1, . . . , m}, the
estimation errorE(i)

S (s) is independent of the dataX(j)(n(s)), and hence also of the esti-
matesX̃(j)(n(s)) and the quantization errorE(i)

Q (s). Therefore, we can use the error bound
in (2). Now, ifN is large enough then1−ρ2

(

1
2N

)

< Dnet. Therefore, from (2), the rateRk

at sensork is that required for1
m

∑m
i=1 E

[

X(i)(sk) − X̃(i)(sk)
]2

≤ D′(N) whereD′(N) =

Dnet −
(

1 − ρ2
(

1
2N

))

. This can be found from the rate distortion function of a Gaussian
source with a quadratic error distortion criterion, which for a source varianceσ2 is given by
R(D) = 1

2
log σ2

D
, for 0 < D ≤ σ2, (andR(D) = 0 for D > σ2). Therefore, if each sensor

usesb nats per observation, then we require thatb = −1
2
log
(

Dnet −
(

1 − ρ2
(

1
2N

)))

, in
which case the sum rate is

Nb = −N

2
log

[

Dnet −
(

1 − ρ2

(

1

2N

))]

nats. (5)

3.2 Distributed coding of the sensor measurements
As before, we haveN encoder and decoder pairs. Each encoder produces its codewords by
observing sensor samples at a its own location. Nevertheless, in this case the compression
mechanism takes into account the correlation of the sampleswith the goal of reducing the
rate requirements and thus in general the decoders may use the information sent by all the
encoders to produce their reconstruction:

X̃(1,··· ,m)(sk) = gk(f0(X
(1,··· ,m)(s0)), · · · , fN−1(X

(1,··· ,m)(sN−1)))

Since all observations are used in coming up with the estimate X̃(n(s)), independence
betweenES(s) andEQ(s) does not hold in general, and therefore, we use the bound in (4).
So, limm JMSE(m) < Dnet is met if limm J ′

MSE(m) ≤ D′(N), where now, using (4),

D′(N) =

(

√

Dnet −
(

1 − ρ( 1
2N

)2
)2 −

√

ρ2( 1
2N

)(1 − ρ2( 1
2N

))

)2

, given thatN is large

enough so that1 − ρ2
(

1
2N

)

< Dnet.

3.3 Joint encoding of the sensor measurements
In this case we have one encoderf , which has access to all the sensor samples, andN
decoders{gk}N−1

k=0 (at the fusion center) with the property that

X̃(1,··· ,m)(sk) = gk(f(X(1,··· ,m)(s0, · · · , sN−1))).

As in the case of distributed coding, independence betweenES(s) andEQ(s) does not
hold, and thus we will rely on (4) and the distortion constraint imposed on coding would
be the value ofD′(N) found in Section 3.2.
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The study of this case provides us with a lower bound on the rates achievable through
distributed coding. The minimal rate for a given distortioncriterion for this centralized
coding scenario is given by the classical rate distortion function:

R∗
N (D) = inf

p(X̃|X)
I(X̃;X), subject to

1

N
E
[

‖X− X̃‖2
2

]

≤ D, (6)

where‖.‖2 indicates the Euclidean distance. This is the rate distortion of a vector Gaussian
source with a common distortion criterion, and can be computed numerically [5].

4 Redundancy of Distributed source coding

Slepian and Wolf [6] proved that the optimal sum rate of distributed source coding is the
same as the optimal rate of joint coding: for noiseless coding of discrete sources there is
no inherent loss in rate in distributed coding. The lossy distributed source coding (L-DSC)
problem is, however, still unsolved. In general, it is possible that the minimum total rate
required by the best lossy distributed coding is greater than the minimum total rate required
by a joint encoding of the sources. Moreover, this rate loss might increase with the number
of samples being coded. For example, the redundancy of the quantization scheme in [7]
increases linearly with the number of samples. We state the L-DSC problem and review
relevant results below.

4.1 An achievable region for multi-terminal source coding

The rate regionR(D) is defined as the set of allN−tuples of rates(R0, R1, . . . , RN−1) for

which limm
1
m

∑m
i=1

1
N

∑N−1
k=0 E

[

(

X(i)(sk) − X̃(i)(sk)
)2
]

≤ D. If a rate vector belongs

to the rate region, we say that the corresponding set of ratesis achievable.
While the rate region for L-DSC is not known even for discretesources, inner and

outer bounds on the rate region are known. An achievable region for two discrete sources
appeared in [8], and was extended to continuous sources in [7]. The extension to a general
number of Gaussian sources appears in [9]. Though the resultis stated in [9] for individual
distortion constraints on the sources, the extension to a more general distortion constraint
is straightforward. We state the achievable region for distributed source coding in the form
most useful to us in Theorem 1 below. In the statement of the theorem, we useA ↔
B ↔ C to denote a Markov-chain relationship between random variablesA, B andC, that
is, conditioned onB, A is independent ofC. Also for anyS ⊂ {0, 1, . . . , N − 1}, XS

denotes the vector of those sources the indexes of which lie in the setS andSc denotes the
complement of the setS.

Theorem 1 R(D) ⊃ Rin(D), whereRin(D) is the set ofN−tuples of rates for which
there exists aN− vectorU of random variables that satisfies the following conditions.

1. ∀ S ⊆ {0, 1, . . . , N − 1}, US ↔ XS ↔ XSc ↔ USc.

2. ∀ S ⊆ {0, 1, . . . , N − 1},
∑

i∈S Ri ≥ I(XS;US|USc).

3. ∃ X̃(U) such that

1

N

N−1
∑

i=0

E
[

(

X(si) − X̃(si)(U)
)2
]

≤ D. (7)
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Note that all the rate-constraints in Theorem 1 are tight [9](in particular, the constraint on
the sum rate is not implied by any other set of constraints).

Constructing a vectorU satisfying the conditions of Theorem 1 corresponds to the usual
construction of a forward channel for proving achievability in a rate-distortion problem. For
eachi, Ui can be thought of as the encoding ofX(si).

We now study a distributed coding scheme in which the sensorsutilize the knowledge
of the correlation between the data samples to encode them, and the fusion center jointly
decodes the messages it receives from the sensors.

4.2 Bounding the rate loss
We now use techniques similar to those in [10] to bound the redundancy of distributed cod-
ing over the rate of joint coding. Consider a random vectorZ that is distributedN(0, pI),
and is independent ofX, so that the vectorX + Z satisfies the Markov chain constraints
of Theorem 1.

Say a vectorV achieves the joint rate distortion in (6):

V = arg min
p(V|X)

I(X;V), subject to
1

N
E
[

‖X − V‖2
2

]

≤ D. (8)

Now, expandingI(X;X+Z,V) in two ways, we getI(X;X+Z)+I(X;V|X+Z) =
I(X;V) + I(X;X + Z|V), so that

I(X;X + Z) − I(X;V) ≤ I(X;X + Z|V) (9)
= I((X − V) ; (X − V) + Z|V).

SinceV ↔ (X − V) ↔ (X − V) + Z, we haveI((X− V) ; (X − V) + Z|V) ≤
I((X −V) ; (X− V) + Z). Subject to the constraint in (8),I((X −V) ; (X− V) + Z)
is upper bounded by the capacity of a parallel Gaussian channel, with noiseZ and input
W = X−V, the power constraint on which is given by1

N
E [‖W‖2] ≤ D. The capacity of

this channel is [5]C = N
2

log
(

1 + D
p

)

. Therefore, from (9) and the definition (8) ofV as

the rate-distortion achieving random vector, we get

I(X;X + Z) − R∗
N(D) ≤ N

2
log

(

1 +
D

p

)

. (10)

So, if we can construct an estimatorX̃(X + Z) that satisfies condition (7), then equa-
tion (10) gives us an upper bound on the redundancy of distributed coding over joint coding.
Further to minimize the sum rate needed by this choice ofU, we want to make the forward
channel as noisy as possible, that is, makep in (10) as large as possible, while still making
sure that the estimator̃X(X + Z) satisfies (7).

For constructing the estimator̃X of Theorem 1, we use the optimum MMSE estimator
X̃(X + Z) = ΣX(X+Z)Σ

−1
X+Z

(X + Z), which achieves an error of

Da =
1

N
tr
(

ΣX − ΣX(X+Z)Σ
−1
X+Z

Σ(X+Z)X

)

(11)

We now wish to find the largestp for which Da ≤ Dnet (we are considering the large
N case here, so thatD′(N) ' Dnet) Let us call this largest value ofp, which would be a
function of the number of samplesN , aspmax(N).
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Lemma 1 Letρ(τ) be a symmetric autocorrelation function (ρ(0) = 1) such that a thresh-
old θ > 0 exists with the properties that a)ρ(τ) is positive and non-increasing with in-
creasing values of|τ | for τ ∈ (0, θ) b) the inequality1 − ρ2(θ)/4 ≤ D holds. Then
pmax(N) ≥ θN if N ≥ 4/θ.

Proof: We call a value ofp allowable if the expected reconstruction errorDa in (11) is less
thanD. We find the largestp for the error criterion:E [(X̃(si) − X(si))

2] ≤ D for each
i ∈ {0, . . . , N − 1}, which is more stringent than the average error requirement.

Let us consider the estimation ofX(s0). SinceX̃(si) is the best linear estimate of
X(si) from the dataX + Z, any other linear estimator cannot result in a smaller expected
MSE. We take advantage of this observation and choose a linear estimator that although
suboptimal, is simple to analyze and yet suffices to establish the lemma.

Our estimator forX(s0) shall be the scaled averageα
∑

1≤i≤Nθ X(si) + Zi, whereα
will be a parameter optimized shortly. To estimateX(si) for i 6= 0, simply substitute the
samples used with those whose indexes lie in the set{i + 1, · · · , i + Nθ} (or, for samples
at the right edge of the interval[0, 1], {i−Nθ, · · · , i− 1}; this does not lead to any change
in what follows because of the stationarity of the field).

It is not difficult to see that

E
(

X(s0) − α
∑

1≤i≤Nθ

X(si) + Zi

)2

= E
[

X(s0)
2
]

− 2α
∑

1≤i≤Nθ

ρ(i/N) + α2E
(

∑

1≤i≤Nθ

X(si)

)2

+ α2E
(

∑

1≤i≤Nθ

Zi

)2

≤ 1 − 2α(Nθ − 1)ρ(θ) + α2N2θ2 + α2Nθp

=
[

1 − 2αNθρ(θ) + α2N2θ2 + α2Nθp
]

+ 2αρ(θ) (12)

by using the inequality1 ≥ ρ(τ) ≥ ρ(θ) for τ ∈ (0, θ) and the fact that the greatest integer
not greater thanNθ is at leastNθ − 1. The value ofα that makes the bracketed expression
smallest is equal toα∗ = ρ(θ)

Nθ+p
(we do not optimize the entire expression for simplicity).

Substitution of this value yields1− ρ2(θ)
1+p/(Nθ)

(

1 − 2
Nθ

)

≤ 1− 1
2

ρ2(θ)
1+p/(Nθ)

as an upper bound
in (12), where the latter is a consequence of the assumption thatNθ ≥ 4. Now suppose
thatp/N = θ, then1 − 1

2
ρ2(θ)

1+p/(Nθ)
= 1 − ρ2(θ)

4
≤ D by the assumption onθ stated at the

beginning. Note that this discussion suggests means of obtaining better (higher) allowed
values for thep/N ratio by incorporating precise knowledge of the autocorrelation function
and doing an optimization. �

The purpose of this Lemma is only to establish thatpmax(N) grows at least linearly
with N . The constants presented were chosen for simplicity of presentation.

Intuitively, as we look at more and more samples, due to the increasing correlation
between them, we can allow the looks to become more and more noisy. We now use this
lemma to bound the redundancy of distributed coding.

Proposition 1 For any givenDnet, under the assumptions of Lemma 1, the sum rate of
distributed coding is no more than a constant (that is independent ofN) away from the rate
of joint coding.

Proof: From (10) we getI(X;X + Z) − R∗
N (Dnet) ≤ N

2
log
(

1 + Dnet

θN

)

' Dnet

2θ
. Substi-

tuting (using Theorem 1)
∑N

i=1 Ri, the sum rate forI(X;X + Z), we see that
∑N

i=1 Ri ≤
R∗

N(Dnet) + Dnet

2θ
, which completes the proof. �
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Figure 1: Linear increase ofpmax for largeN : ρ(τ) = sinc(τ) (left) andρ(τ) = exp{−|τ |}
(right). Dnet = 0.1.

Note also that forV as in (8), we haveR∗
N (Dnet) = I(X;V) ≤ I(X; X̃(X + Z))

from (8). Using the data processing inequality [5],I(X;V) ≤ I(X; X̃(X + Z)) ≤
I(X;X+Z) ≤ N

2
log(1+1/(θN)), which converges to1/(2θ), thus proving thatR∗

N (Dnet)
is bounded as a function ofN .

5 Some numerical examples

The rate found in (5) forN sensors can be minimized as a function ofN to find the best
possible sum rate achievable using point-to-point coding.For example, forDnet = 0.1, the
least sum rate thus achieved is6.00 nats per snapshot forρ(τ) = sinc(τ) = sin(πτ)/(πτ),
attained with 4 sensors, and23.46 nats forρ(τ) = exp(−|τ |), attained with 12 sensors. Let
us now compare this with the rate of joint and distributed coding.

In Figure 2 we illustrate (dashed curve) the value ofR∗
N (D′(N)), the rate for joint

coding of the samples, forDnet = 0.1, with D′(N) as in Section 3.2. AsN becomes
large,D′(N) increases toDnet, and thereforeR∗

N(D′(N)) decreases. It can be seen that
the limit of R∗

N (D′(N)) for largeN is significantly smaller than the rate for point to point
coding found above. The extra rate used by distributed coding (over R∗

N(D′(N))) has
been bounded in Theorem 1. We use the MMSE estimator (11) and find the value ofpmax
numerically. We show in Figure 1 the variation ofpmax with N , and it can be seen that the
allowable growth inpmax is indeed linear inN . Using this value ofp in (10), we get the
bound on the rate of distributed coding, which is also illustrated (dotted curve) in Figure 2.

6 Conclusion
We have quantified the data required for the reconstruction of a random field using samples
taken by sensors. Also, we have shown that the sum rate can be reduced greatly by using
distributed source coding techniques. By showing that the sum rate required for achieving
JMSE ≤ Dnet is a constant that depends only on the correlation structureandDnet, we
have also answered the feasibility question posed in [1], [2] positively: the scaling of the
number of bits per sensor isΘ( 1

N
) which is the same as that of the bandwidth per sensor.

In proving tight bounds on the sum rate of distributed coding, we made full use to the
heavy correlation between data observed at positions that are close together. When the
number of sensors is large, the redundancy in their data can be utilized by coding more and
more coarsely: this corresponds to more noisy samples, and is manifested in the growth
of the noisepmax in the forward channel in Section 4.2. We believe that this technique of
bounding the sum rate is of independent interest.
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Figure 2: Rates of joint and distributed coding (in nats per snapshot) vs. number of sensors
N : ρ(τ) = sinc(τ) (left) andρ(τ) = exp{−|τ |} (right). Dnet = 0.1.

While we have presented a bound on the sum rate, we have not considered any coding
schemes for achieving these rates. For two sensors, dithered quantization has been studied
as a technique for distributed coding in [7]. Study of such schemes is an attractive area of
future research.
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