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Abstract

We study the problem of the reconstruction of a Gaussian flefthed in[0, 1]
using N sensors deployed at regular intervals. The goal is to dyahi total data
rate required for the reconstruction of the field with a giveean square distortion.
We consider a class of two-stage mechanisms which a) semniafion to allow the
reconstruction of the sensor's samples within sufficientieacy, and then b) use these
reconstructions to estimate the entire field. To implembatfirst stage, the heavy
correlation between the sensor samples suggests the ustribied coding schemes

to reduce the total rate. Our main contribution is to denmatstthe existence of a
distributed block coding scheme that achieves, for a giveeality criterion for the

sensor's measurements, a total information rate that tsmd constant, independent
of IV, of the minimum information rate required by an encoder tie access to
all the sensor measurements simultaneously. The constgenieral depends on the

autocPrreIation function of the field and the desired digiarcriterion for the sensor
samples.

1 Introduction

Recent advances in wireless communications and micrareletechanical systems have
fueled the development of technologies on wide area seretmorks. Low-powered in-
expensive sensors can be dispersed on a large geograptatsmbad organized into net-
works so as to monitor physical phenomena over a large fieloweder, the design of
such distributed sensing and networking schemes invohag/rahallenges pertaining to
the scarcity of power, bandwidth, and computing resour@sne natural questions in-
clude: How many sensors should be deployed? At what ratddlklata be sampled and
how should the data be compressed? Is the communicatioretormed by the sensing
nodes capable of transferring the generated data rate?géneral, is such sensor network
feasible? Effective design of distributed sensor netwdnksefore requires a fundamental
understanding of the tradeoffs between the communicagéisources (such as the effective
data rate between a typical sensor and the data collectwlth@ amount of data required
for effective sensing.

In this paper we give an upper bound to the total data ratenestjfor the reconstruction
of the random field. The model under consideration is one irchvh large number of
sensors are deployed for data collection, while the pracgss data is performed at a
central location. This model has recently received muaknétin in the context of data
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gathering sensor networks [1], [2]. A question that has lbercentral subject in [1], [2]
is whether the wireless network formed by the links betwéersensor nodes is capable of
supporting the communication of the data gathered by theosemdes to the fusion center.

It is not difficult to see that in such a scenario, there is amomication bottleneck at
the central processing unit. In fact, under any model of camigation in which there is
an upper bound on the number of bits that can be conveyed tetiter per unit time (for
example, the protocol model in [3]), the average data ratedhn be guaranteed between
a sensor node and the central processing unit scales atst#6f-a with the numberV of
sensors. This observation has led to pessimistic resgjsaang the feasibility of a sensor
network composed of nodes charged with both sampling andrzorication [1], [2].

In this paper, we take the viewpoint that given this commaien constraint, the com-
pression of sensed data is of central importance. The mantrilbotion of this paper is
demonstrating the utility of distributed source coding aseans of reducing the sum rate.
As the number of sensors increases, they are packed morelylenxl the data of sensors
located close together becomes increasingly correlateduétng this redundancy in data
using the knowledge of the statistical correlation betwsamsor observations is therefore
attractive. We prove that for a given distortion requiretn#re rate required by distributed
coding stays no more than a constant away from the rate sshby joint coding of all
the samples as the number of sensors becomes large. Thasimgyeorrelation between
the data can be utilized in such a way that the rate-penaltiystrfibuted coding does not
grow unboundedly as the number of samples being coded gursproof has the pleas-
ing feature of showing directly that as the number (and floeeethe density) of samples
increases, we can make do with increasingly coarsely quethéstimates of those samples

at the fusion center. L . . .
Finally, a note about the organization of this paper. We éefire problem precisely

in Section 2, and also discuss a simple reconstruction sehé&mSection 3, we consider

different coding schemes, point to point, distributed, aedtralized, and find expressions
for the coding rates of the point to point and centralizecesobs. The rate of distributed

coding is analyzed in detail in Section 4. We present someenigal examples in Section 5.

We make some conclusing remarks in Section 6.

2 Preiminaries

2.1 Problem formulation

We take a discrete time model, and assume (as in [1]) thatcht #ae ¢, the field of
interest is modeled by a stationary (in space) GaussiarmmidocessX ) (s) defined on
the segmenip, 1]. We assume that the proces$’ at timei is independent of the process

X0 at timej # i, and has identical statistics. In the rest of the paper, wit i@ time
superscript when doing so does not lead to any confusion.
Consider the scenario wheresensors are placed at regular intervals in the segment

[0, 1], with sensotk being placed at, = 22t for k = [0,1,..., N — 1]. Each can observe
the valueX ) (s;,) of the field at the point where it is located. Sensoencodes a block
of m observations,X (V) (s;), X@(s;.), ..., X(™(s;)] into an indexl;, chosen from the set
{1,2,...,2mF} whereR,, is the rate of sensdt, which we state in the units of nats per
discrete time unit (which we refer to as a “snapshot” of th&dfie We assume that the
blocklength is the same at all sensors and that all sensesyachronized. The messages

of the sensors are assumed to be communicated to the fusiber aeer a shared, rate
constrained, noiseless channel. The fusion center themtheeeceived data to produce a

reconstructionX ) (s) of the field.

We will refer to€ (X @) (s)— X @ (s))? as the mean square error (MSE) of the reconstruc-
tion of the field at point and timei. We are interested in the average (over a blocklength)
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integrated MSE of the reconstruction defined as

Tussi(m Z [ (x06) - x0) as. )

The goal is to use the quantized measurements available aigion center to reconstruct
the entire field in such a way that for some specified positrestraintD,,.;,

lim JMSE(m) < Dnet-

Due to communication constraints, we want to achieve tha gath the least total rate

k,o Rk of communication from all the sensors to the fusion center.

In addition to the stationary requirement, we make some rely assumptions on the
random fieldX (). For simplicity, we take€ [X(s)] = 0 and Va(X(s)) = 1 forall s €
[0, 1]. Thus the covariance matrix &f (-) is the same as the autocorrelation matrix. Denote
the autocorrelation function of () by p(7) = £ [X (s)X (s + 7)]. Clearly,p(0) = 1. We
assume that the proce&¥-) is mean square continuous, and th@t) is positive and non
increasing in a neighborhood of= 0. Note that the mean square continuity.f-) is
equivalent [4] to the continuity gf(7) at7 = 0.

While we focus exclusively on one dimensional fields in thégper, it will be clear
from our proofs that the results only rely on the fact thatadatated at points that are
close together is increasingly correlated, and therefoeerésults proved here extend to
higher dimensions.

2.2 Data Reconstruction M oddl

We consider a two step reconstruction model in which thesfusenter decodes the sensor
information to obtain quantized estimates of the sensoisoreanents, and then uses these

values to estimate the entire field.,
For a precise description it suffices to consider the recoaisbn of the field at time;

we omit the time superscript in the following. Denote thesamples seen by the sensors

as a vectoX = [X(sg),..., X(sy_1)]7. If the exact values of the sensor samp¥esire
given, then under the assumption of Gaussianity, the mimmean square error (MMSE)
estimator for any point in the field is the linear minimum mean squared error estimato
EX(s)X] = ExexEx' X, whereZxx = £[X(s)XT] andXx = E[XXT]. This
estimator minimizes the MSE for evesyand therefore minimize$,;sz.

For simplicity of analysis, however, consider a simplerg@meral sub-optimal) estima-
tor, which estimates the field (s) at any points using only the measurement taken at the
sampling locatiom(s) closest tos. Formally, for anys, definen(s) = ZH if s € [£ L),
Using this notation, the estimator we considef X (s)| X (n(s))] = p(s — (s))X(n(s)).

Denote the noisy estimates of the sensor sample§dy2::1)},. If s # n(s), our

reconstruction function uses the quantized estimatesaicepdf the true measurements in
the estimator derived abové((s) = p(s — n(s)) X (n(s)), s # n(s).

2.3 Error analysis

The error attained by this procedure can be written as

X(s) = X(s) = [X(s) = pls —n(s)) X (n(s))] + [P(S —n(s))(X(n(s)) — X(n(s))

= Es(s) + Eq(s),
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which can be interpreted as saying that the total error camritien as the sum of the error
in interpolation from the sample value and the error in theredion of the sample value

2
itself. Averaging over time/y;sz(m) = - Zz 1fo (E() +E()( >) ds.

In the coding schemes that we conS|der in this paper, twoscasse, as we shall see

in Section 3. In the first casBs(s) andE (s) are independent, and 9g,s can be written
as

Juse(m) = %i/lg<ES)(3)>2+5<Eg)(3)>2
- —Z / [1— 2 (n(s)] + € [XO(n(s))) = XO(n(s))] #(s — n(s).

Further, since in each segmdr, “-1), k= 0,...,N—1,1—p* (s — n(s)) < 1—p? (55)
andp? (s — n(s)) < 1 we get

Jyse(m) < {1 _ (;V)} ) )

where
2

Jsp(m Z Zs[x@ s1) = X0 ()] 3)

In the second case, mdependence betwegs) and E(s) does not hold. In this case
using the Cauchy-Schwarz inequality [#]| XY| < vV EX?2EY?2, we obtain

& (EQ(s)+ Eg'>(s))2 <€ (E(;>(s)>2 +E (Eg')(s)>2 + 2\/5 (ES( ) (E9(s)

Averaging over the time index, using the Jensen’s mequahbl the concavity of(x) =
vz, and assuming thay is large enough so that (5L-) > 1 (so that fors € (£, 2

PP(s —n(s)(1 = p*(s —n(s)) < pP(55)(1 — p*( }V))),We get

tusetm) < 1= () ]+ Thsatm) 4\ GR0 = PR sstm). @

with J},5z(m) as in (3).

3 Datacompression: ratesof three coding schemes

We consider three schemes for the coding of the sensor sanfli®ne extreme is point
to point coding, in which the coding scheme at the sensors doemake any use of the
correlation between the samples. At the other extreme isghtralized coding rate, which
an encoder that had access to all the sample values wouldcbaeel at. A distributed
coding scheme, on the other hand, makes use of the stdtsticalation of the data so
that the sensors can, while encoding their samples withoutallaboration, can achieve
smaller rates than the rate of point to point coding.

In this section, we use the bounds dfysz derived in Section 2.3 to find the error
constraint that is imposed on coding in these schemes.
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3.1 Point to point coding

The scheme considered here uBeencoders{fk . andN decoderg g, }5 -, with the

property thatX (™) (s,) = g fo(X ) (s ))) The encoding/decoding pairs will be
chosen to be a good standard Iossy bIock code for Gausshagctors with parameters to
be discussed shortly.

Due to the orthogonality principle [4] and the stochastitependence of the field real-
izations at different time instances, for every [0, 1] and all timesi, j € {1,...,m}, the

estimation erro_’ )( ) is independent of the dat&?)(n(s)), and hence also of the esti-
matesX )(n(s)) and the quantization errcE )(s). Therefore, we can use the error bound
in (2). Now, if NV is large enough theh—p ( ) < Dy Therefore, from (2), the ratg;

at sensot; is that required foe- >~ | € [X( (sp) — X(Z)(sk)] < D'(N)whereD'(N) =

Dyt — (1= p? (55))- This can be found from the rate distortion function of a Géars
source with a quadratic error distortion criterion, whiohd source varianc€’ is given by
R(D) = Llog Z,for0 < D < 02, (andR(D) = 0 for D > ¢?). Therefore, if each sensor
usesb nats per observation, then we require that —1log (D, — (1 — p* (55))). in

- - 2N
which case the sum rate is

Nb = —g log {Dmt — <1 —p? (%))} nats. (5)

3.2 Distributed coding of the sensor measurements

As before, we havéV encoder and decoder pairs. Each encoder produces its catiemo
observing sensor samples at a its own location. Neverthalethis case the compression
mechanism takes into account the correlation of the samypteghe goal of reducing the
rate requirements and thus in general the decoders mayeaiggdhmation sent by all the
encoders to produce their reconstruction:

X0 (5) = gu(fo(X ™ (s0)), -+, fv-a (X T sy -1)))

Since all observations are used in coming up with the estifYdt:(s)), independence
betweenEs(s) andEq(s) does not hold in general, and therefore, we use the bound.in (4
So, lim,, Jysg(m) < Dy is met if lim, J),sp(m) < D'(N), where now, using (4),

2
(\/Dnet_ (1—p(5)? \/p (sx)1—0p LN))) , given thatN is large
enough so that — p? (5% )<Dnet

3.3 Joint encoding of the sensor measurements

In this case we have one encodérwhich has access to all the sensor samples,/and
decoders{gk}sz‘Ol (at the fusion center) with the property that

XM () = gr(FXE™ (s, -+, sn-1)))-

As in the case of distributed coding, independence betwegr) and E(s) does not
hold, and thus we will rely on (4) and the distortion consttamposed on coding would
be the value of)’(V) found in Section 3.2.
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The study of this case provides us with a lower bound on tresrathievable through
distributed coding. The minimal rate for a given distortiaiterion for this centralized
coding scenario is given by the classical rate distortiorchon:

. 1 .
RY(D) = inf I(X;X), subject to —& [HX— X||§} <D, (6)
p(X|X) N

where||.||» indicates the Euclidean distance. This is the rate distodf a vector Gaussian
source with a common distortion criterion, and can be coegbaumerically [5].

4 Redundancy of Distributed source coding

Slepian and Wolf [6] proved that the optimal sum rate of distied source coding is the
same as the optimal rate of joint coding: for noiseless apdindiscrete sources there is
no inherent loss in rate in distributed coding. The lossyrithsted source coding (L-DSC)

problem is, however, still unsolved. In general, it is pbksthat the minimum total rate

required by the best lossy distributed coding is greatar tha minimum total rate required
by a joint encoding of the sources. Moreover, this rate logghhincrease with the number
of samples being coded. For example, the redundancy of thetigation scheme in [7]

increases linearly with the number of samples. We state tB&C problem and review

relevant results below.

4.1 An achievableregion for multi-terminal source coding
The rate regiorR (D) is defined as the set of al —tuples of rateg Ry, Ry, ..., Ry_1) for
, . 2
which lim,,, = > | + 5;)15 {(Xu)(sk) - X(Z)(sk)) } < D. If arate vector belongs

to the rate region, we say that the corresponding set of iImtehievable.

While the rate region for L-DSC is not known even for discreteirces, inner and
outer bounds on the rate region are known. An achievablemdgr two discrete sources
appeared in [8], and was extended to continuous sources i@ extension to a general
number of Gaussian sources appears in [9]. Though the restidtted in [9] for individual
distortion constraints on the sources, the extension tore peneral distortion constraint
is straightforward. We state the achievable region foritisted source coding in the form
most useful to us in Theorem 1 below. In the statement of tkerdm, we used —
B « ('to denote a Markov-chain relationship between random bkesd, B andC, that
is, conditioned onB, A is independent of”. Also for anyS < {0,1,...,N — 1}, Xg

denotes the vector of those sources the indexes of which tleisetS and 5S¢ denotes the
complement of the sef.

Theorem 1 R(D) D R, (D), whereR,,(D) is the set ofN—tuples of rates for which
there exists av— vectorU of random variables that satisfies the following conditions

1VS§{O,1,,N—1}, Us<—>X5<—>X5c<—>USc.
2.¥SC{0,1,....N-1}, S, ¢R >I(Xs; Us|Us).
3. 3 X(U) such that

N-1

Ly {(m) - ff(si)(mﬂ <D. ™



Note that all the rate-constraints in Theorem 1 are tigh{if®particular, the constraint on
the sum rate is not implied by any other set of constraints).

Constructing a vectdd satisfying the conditions of Theorem 1 corresponds to thalus
construction of a forward channel for proving achievapiiita rate-distortion problem. For
eachi, U; can be thought of as the encodingXfs;).

We now study a distributed coding scheme in which the sengdize the knowledge
of the correlation between the data samples to encode thedrthe fusion center jointly
decodes the messages it receives from the sensors.

4.2 Boundingtherateloss

We now use techniques similar to those in [10] to bound thanddncy of distributed cod-
ing over the rate of joint coding. Consider a random ve&ahat is distributedV (0, pI),
and is independent dX, so that the vectoK + Z satisfies the Markov chain constraints

of Theorem 1. _ . _ o
Say a vectoV achieves the joint rate distortion in (6):

1
V= in 1(X;V),subject to —& [|X = V||2] < D. 8
o i 1OV st 0 TS IK-VIE <D @

Now, expandind (X; X +Z, V) in two ways, we gel (X; X +Z)+ [ (X; VIX+7Z) =
I(X;V)+ I(X;X +Z|V), so that

I(X;X4+Z)-1(X;V) < I(X;X+7ZV) 9)
= I(X=V);(X=V)+ZV).

SinceV « (X —-V) « (X —-V)+Z, we havel((X-V);(X-V) + Z|V) <
I(X=V);(X—=V)+Z). Subject to the constraintin (8J((X —V);(X-V) + Z)
is upper bounded by the capacity of a parallel Gaussian @hawith noiseZ and input
W = X -V, the power constraint on which is given B¢[|W||?] < D. The capacity of

this channel is [5[ = % log (1 + %) Therefore, from (9) and the definition (8) df as
the rate-distortion achieving random vector, we get

I(X;X+7Z)— Ry(D) < glog (1+%) : (10)

So, if we can construct an estimaf®§(X + Z) that satisfies condition (7), then equa-
tion (10) gives us an upper bound on the redundancy of dig&ibcoding over joint coding.
Further to minimize the sum rate needed by this choidg ofve want to make the forward
channel as noisy as possible, that is, make (10) as large as possible, while still making

sure that the estimatot(X + Z) satisfies (7).
 For constructing the estimat®t of Theorem 1, we use the optimum MMSE estimator
X(X + Z) = Sxx+2) 5%,z (X + Z), which achieves an error of

1
Da = Ntl“ (zx - Zx(x_,_z)z;érzz(x_,_z)x) (11)

We now wish to find the largegtfor which D, < D,,.; (we are considering the large
N case here, so thd?'(N) ~ D,,.,) Let us call this largest value @f which would be a
function of the number of samplé§, asp,,.. (V).
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Lemmal Letp(r) be a symmetric autocorrelation function(() = 1) such that a thresh-
old # > 0 exists with the properties that @) 7) is positive and non-increasing with in-
creasing values ofr| for = € (0,6) b) the inequalityl — p*(8)/4 < D holds. Then

Pmax(N) > ON if N > 4/0.

Proof: We call a value op allowable if the expected reconstruction erf@yin (11)is less

than D. We find the largesp for the error criterion:£[(X (s;) — X (s;))?] < D for each
i € {0,..., N — 1}, which is more stringent than the average error requirement

Let us consider the estimation 6f (s,). Since X (s;) is the best linear estimate of
X (s;) from the dataX + Z, any other linear estimator cannot result in a smaller ebgokec
MSE. We take advantage of this observation and choose a lgstinator that although
suboptimal, is simple to analyze and yet suffices to estabiis lemma.

Our estimator forX (sq) shall be the scaled average) ..., X(s:) + Z;, wherea
will be a parameter optimized shortly. To estimaf¢s;) for i # 0, simply substitute the
samples used with those whose indexes lie in thdisetl,--- ;i + N6} (or, for samples
at the right edge of the intervll, 1], {i — N6, --- ,i — 1}; this does not lead to any change
in what follows because of the stationarity of the field).

It is not difficult to see that

5<X<SO>—a > X(sz->+zi>

1<i<NO
2 2
= &£[X(s0)*] —2a Z (i/N) +a25< Z X(sz-)> +a25< Z ZZ->
1<i<N0 1<i<N® 1<i<NO
< 1-2a(NO—1)p(0) + a*N?¢* + o*Nop
= [1 —2aN0p(0) + a®>N?0* + a2N0p] + 2ap(0) (12)

by using the inequality > p(7) > p(@) for 7 € (0, ) and the fact that the greatest integer
not greater thavé is at leastVd — 1. The value oty that makes the bracketed expression

smallest is equal ta* = o(f) (we do not optimize the entire expression for simplicity).

NO+p
Substitution of this value yields— 1+p/(<z)ve) (1-2)<1-1 1+’;/(<01)v9) as an upper bound
in (12), where the Iatter Is a consequence of the assumgtadniVty > 4. Now suppose
thatp/N = 0, thenl — 120~ — 1 — £ < D by the assumption of stated at the

beginning. Note that this discussion suggests means oinatgebetter (higher) allowed
values for they/ N ratio by incorporating precise knowledge of the autocatreh function
and doing an optimization. o

The purpose of this Lemma is only to establish that.(/NV) grows at least linearly
with N. The constants presented were chosen for simplicity ofmtasion.

Intuitively, as we look at more and more samples, due to tleesasing correlation
between them, we can allow the looks to become more and masg e now use this
lemma to bound the redundancy of distributed coding.

Proposition 1 For any givenD,,;, under the assumptions of Lemma 1, the sum rate of
distributed coding is no more than a constant (that is inaejsat of/V) away from the rate
of joint coding.
Proof: From (10) we get/(X; X + Z) — Ri(Dnet) < Jlog (1 + Luet) ~ Bret - Substi-
tuting (using Theorem 1" | R;, the sum rate fof (X; X + Z), we see thaEZ.:1 R, <
RYy(Dyer) + B2et, which completes the proof. o

8




5 25
4r 2

3t 15

PN
Pl

2 1

1t 05

ol L L L L 0 L L L L L
0 20 40 60 80 100 0 50 100 150 200 250 300
N N

Figure 1: Linear increase of,,.. for large N: p(7) = sinc(7) (left) andp(r) = exp{—|7|}
(right). D,,.; = 0.1.

Note also that foV as in (8), we haveRy (D,.) = I(X;V) < I(X;X(X + Z))
from (8). Using the data processing inequality [3]X;V) < I(X;X(X + Z)) <
I(X;X+2Z) < Zlog(1+1/(6N)), which converges to/(26), thus proving thafy (D,c:)
is bounded as a function of.

5 Somenumerical examples

The rate found in (5) forfV sensors can be minimized as a functiom\oto find the best
possible sum rate achievable using point-to-point codiny.example, foD,,., = 0.1, the
least sum rate thus achievedi§0 nats per snapshot fe(7) = sinc(7) = sin(77)/(77),
attained with 4 sensors, afd.46 nats forp(7) = exp(—|7|), attained with 12 sensors. Let
us now compare this with the rate of joint and distributedicod

In Figure 2 we illustrate (dashed curve) the valueR§f(D’(N)), the rate for joint
coding of the samples, fab,., = 0.1, with D’(N) as in Section 3.2. A3V becomes
large, D'(N) increases td),,.;, and therefore?} (D'(N)) decreases. It can be seen that
the limit of R, (D’(N)) for large N is significantly smaller than the rate for point to point
coding found above. The extra rate used by distributed gptner R} (D'(N))) has
been bounded in Theorem 1. We use the MMSE estimator (11) mtdhe value op,,.
numerically. We show in Figure 1 the variationgf.. with NV, and it can be seen that the
allowable growth inp,,., is indeed linear inV. Using this value op in (10), we get the
bound on the rate of distributed coding, which is also iliatgd (dotted curve) in Figure 2.

6 Conclusion

We have quantified the data required for the reconstrucfiarandom field using samples
taken by sensors. Also, we have shown that the sum rate cardbead greatly by using
distributed source coding techniques. By showing that time ate required for achieving
Juse < D, IS a constant that depends only on the correlation struemndeD,,.;, we
have also answered the feasibility question posed in [1jp¢2itively: the scaling of the
number of bits per sensor &+ ) which is the same as that of the bandwidth per sensor.

In proving tight bounds on the sum rate of distributed codimg made full use to the
heavy correlation between data observed at positions teatlase together. When the
number of sensors is large, the redundancy in their dataeatiltized by coding more and
more coarsely: this corresponds to more noisy samples,sannifested in the growth
of the noisep,,.. in the forward channel in Section 4.2. We believe that thititéque of
bounding the sum rate is of independent interest.
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Figure 2: Rates of joint and distributed coding (in nats papshot) vs. number of sensors
N: p(1) = sinc(7) (left) andp(7) = exp{—|7|} (right). D,,e; = 0.1.

While we have presented a bound on the sum rate, we have ngileoed any coding
schemes for achieving these rates. For two sensors, dithesntization has been studied

as a technique for distributed coding in [7]. Study of sudmesces is an attractive area of
future research.
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