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ABSTRACT
This paper investigates how the throughput of a general
fork/join queueing network with blocking behaves as the
number of nodes increases to infinity while the processing
speed and buffer space of each node stay unchanged. The
problem is motivated by applications arising from distributed
systems and computer networks. One example is large-scale
distributed stream processing systems where TCP is used as
the transport protocol for data transfer in between process-
ing components. Other examples include reliable multicast
in overlay networks, and reliable data transfer in ad hoc net-
works. Using an analytical approach, the paper establishes
bounds on the asymptotic throughput of such a network.
For a subclass of networks which are balanced, we obtain
sufficient conditions under which the network stays scalable
in the sense that the throughput is lower bounded by a pos-
itive constant as the network size increases. Necessary con-
ditions of throughput scalability are derived for general net-
works. The special class of series-parallel networks is then
studied in greater detail, where the asymptotic behavior of
the throughput is characterized.

Categories and Subject Descriptors
C.4 [Computer Systems Organization]: PERFOR-
MANCE OF SYSTEMS

General Terms
Theory, Performance
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1. INTRODUCTION
With the rapid advances in computer technology and wire-

less communications, distributed stream processing has em-
erged as an appealing solution for analyzing large amounts
of data from dispersed sources. In such a paradigm, massive
numbers of real-time streams are collected, processed, and
aggregated across a large number of interconnected devices.
The scalability of such large-scale networks is of critical im-
portance, which has been widely recognized by practitioners.
Providing a framework to assess the conditions under which
the throughputs of such networks do or do not scale is ur-
gently needed to enable the efficient design of such networks
in large scale.

The design of scalable stream processing systems has re-
ceived considerable attention in the past five years, see, for
example, Borealis [1], Medusa [12], GATES [11], IrisNet [19]
and SPC [22]. While this design problem has been addressed
by practitioners and system engineers, there has been little
effort to establish a mathematical foundation for scalable
stream processing. Since building experimental large-scale
networks is very expensive and practically infeasible, a theo-
retical approach therefore has a unique advantage in provid-
ing architects and engineers qualitative insights about the
scaling properties of various network structures.

We consider the case where stream processing networks
deploy reliable transport protocols such as TCP for data
transfer between nodes, as is the case in the SPC system [22],
as well as in increasingly more streaming applications [20,
28, 33, 29]. Further benefits of using TCP instead of UDP
for such applications include fair bandwidth sharing, in-
order delivery, and local recovery from packets losses.

Such TCP-type congestion control between nodes has also
been advocated for improving the reliability of end-system
multicast in one-to-many overlay networks [2, 10, 23, 25],
and for supporting multimedia streaming in mobile ad hoc
networks [17, 21]. In all these cases, TCP implements back
pressure mechanism between neighboring buffers to prevent
overflow. The scalability of such lossless networks has re-
ceived increasing attention [2, 16, 26].

The performance of the above lossless networks is lim-
ited by multiple factors, including processing speed, buffer-
ing/storage capacity, and the coordination of input and out-
put between various processing nodes. Without careful co-
ordination, a full buffer can block upstream processing and
result in poor overall system throughput. Such inefficiency
may be tolerable in a small network, but can accumulate
and become dominant in determining the performance of a
large network. In this regard, we investigate the behavior



of a lossless network as its size grows while the processing
speed and buffer space of each device remain constant. We
say that a network architecture is scalable, if its throughput
does not go to zero as its size grows, when the processing
speed and buffer space in each node are fixed. Such scal-
ability is also of particular importance in wireless sensor
networks, where devices typically have limited resources.

We are interested in the throughput scalability of large
stream processing systems such as SPC [22] with TCP-type
reliable data transfer. We model such a stream process-
ing system as a queueing network with fork/join mecha-
nisms and finite-capacity buffers, which we will refer to as
Fork/Join Queueing Networks with Blocking (FJQN/Bs).
Such FJQN/B models capture three key aspects common to
many practical stream processing applications: the simulta-
neous consumption of flows (join), multiple outputs (fork),
and blocking. A variety of processing functions in streaming
applications may simultaneously require multiple input data
streams and produce one or more valuable output streams.
Operations such as joins and aggregates are the core of most
stream processing [15]. For example, in the surveillance
field, one may require the synchronized processing of au-
dio and video data in order to generate accurate, up-to-date
information. Multiple output streams may also be gener-
ated in this case, as relevant segments of audio and video
data may be retained and passed to downstream processing
nodes for further analysis. Such a network can be generally
described by a directed graph, where vertices represent the
processing nodes and directed edges represent information
flows. A vertex with several incoming edges corresponds
to an operation that requires synchronization (or join). A
vertex with several outgoing edges corresponds to forking
of the output. Such a representation is similar to that of
a dataflow network [30]. Blocking of service occurs when a
buffer reaches full capacity.

Note that TCP uses a variable congestion window size
for each pair of sender and receiver. This type of window
control is not easily modeled by a queueing network with
finite buffer. However, thanks to the monotonicity property
(see [3, 6, 2]), the throughput of the TCP session is upper
and lower bounded by the cases of fixed window sizes with
the maximum and minimum windows, respectively. These
networks with fixed feedback window control mechanism can
be modeled by the queueing networks with blocking, see
more detailed discussions in the next section.

We focus on the throughput scalability of the above FJQN/B
networks as the networks grow in size. Our problem can be
considered as the throughput scalability problem for general
FJQN/Bs, which can also be cast into the various settings
of TCP-controlled one-to-many overlay networks and mobile
ad hoc networks as mentioned earlier, as well as broad ap-
plications including parallel programming, manufacturing,
supply chain management, or other microeconomic practice,
see e.g. [5, 27, 31].

Most previous works on FJQN/Bs have focused on per-
formance properties for a given FJQN/B network. For ex-
ample, [4] studied the stability condition of such networks,
[13] established duality, reversibility, symmetry properties,
[6] and [14] derived various stochastic comparison results.
Scaling properties of various networks have received increas-
ing attention in the recent years. It was shown in [7, 9] that
for IP-supported reliable multicast schemes using a TCP like
control, the group throughput decreases and tends to zero

when the group size increases. Negative results are also re-
ported in [24] in the context of lossy wireless networks where
it was shown that throughput reduces to zero in a lossy fi-
nite buffer tandem network as the number of nodes increases
to infinity. FJQN/B networks can be considered as lossless
networks where service is blocked when a buffer reaches full
capacity. [26] shows that, for a tandem network with block-
ing, throughput is lower bounded by a positive constant in-
dependent of the network size. Using (max,plus)-algebraic
simulation, [2] also reports positive results in a tree network
in the context of one-to-many TCP overlay networks.

Our contributions are three-fold.

• We provide a mathematical framework for analyzing
the throughput of general FJQN/B’s under arbitrary
network topologies. We provide upper and lower bounds
on the asymptotic throughput as the network size grow.
We further derive necessary conditions for a FJQN/B
to be throughput scalable, i.e., for its throughput to
remain bounded away from zero as the network size in-
creases. In general, throughput scalability requires the
FJQN/B network to have bounded node-degree and to
satisfy a certain “balance” condition. Such balance re-
quires the ratio of the number of nodes/buffers on two
paths between any pairs of nodes to remain within a
certain ratio.

• We study extensively the class of series-parallel net-
works, which is a special class of FJQN/Bs. We pro-
vide explicit conditions under which the throughput
scales and conditions under which it does not. In cases
that throughput does not scale, we further conduct
asymptotic analysis and derive the exact rate of the
throughput degradation.

• We report positive results for a large class of FJQN/B
networks, namely those that are “balanced” and not
too “wide”. Briefly balance refers to the relative lengths
of paths between pairs of nodes and width of a FJQN/B
refers to the maximum number of nodes that do not
have paths between them. We show that the through-
put of these networks remains bounded away from zero
regardless of their size.

Our results can also be applied to further the understand-
ing of the asymptotic behavior of general queueing net-
works with finite buffers in large scale. For example we
can show that, using the duality property, our result in a
two-branch series-parallel network can be interpreted in the
closed queueing network setting with finite buffers. Notice
that for such a general queueing network with finite buffers,
there are no explicit solutions such as the product-form of
Jackson networks.

The paper is organized as follows. The next section de-
scribes the model and the mathematical framework under
which the throughput of a FJQN/B network is defined.
Preliminary results on performance properties of FJQN/B’s
are presented in Section 3. In Section 4, various upper
and lower bounds on throughput are established for general
FJQN/B’s, and we derive necessary conditions for the sys-
tem to be throughput scalable. Detailed analysis for series-
parallel networks is presented in Section 5. In Section 6,
we establish positive scalability results for a large class of
w-wide FJQN/B networks. Concluding remarks are given
in Section 7.
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Figure 1: Example: Stream Processing Network

2. MODEL

2.1 System Model Descriptions
We consider a distributed data processing system (e.g. as

illustrated in Figure 1), consisting of N nodes connected to
each other by a set of (possibly logical) communication links.
We refer to such a system as stream processing network. For
the sake of discussions we shall assume that the network is
connected, directed and acyclic. The reader will see that
some of the results do extend to the case of cyclic networks.
The nodes without incoming links are called source nodes,
whereas those without outgoing links are called sink nodes.
Data are generated by source nodes and consumed by sink
nodes after being processed in the network. When a node
has multiple incoming links, the node needs to process a
data item from each of these links in a synchronous way, i.e.
there should be one data item available from each of these
links in order to proceed with the analysis/computation task
of that node. Similarly, when a node has multiple outgoing
links, then a data item is sent out to each of these links.
These data items need not be identical though.

Note that in a more general framework, nodes can process
the data items from incoming links in an asynchronous way
or in a partially synchronous way (with only a subset of links
to be simultaneously processed). Similarly, the production
of data items feeding downstream nodes can be performed
in an asynchronous way, i.e., data items are sent only to
a subset of outgoing links. As our main interest is in the
scalability of such systems, we shall only consider the worst
case, where the consumption and the production are both
synchronous. Such mechanisms are also called fork (simul-
taneous production) and join (simultaneous consumption)
operations in the literature.

We assume the network uses a reliable transport protocol
such as TCP for data transfer between nodes, as illustrated
in Figure 1. We shall use queueing networks with blocking
to represent the feedback control on the communication link
and back-pressure in the nodes. It is worthwhile noting that
TCP uses a variable window size which is not easily mod-
eled by a fixed-size finite buffer. However, the finite buffer
with minimum (resp. maximum) window size is the worst
(resp. optimistic) scenario in terms of the throughput of
the TCP session. Thus, the scalability (or non-scalability)
result pertaining to the lossless case with fixed buffer size
can be extended to the general case when TCP is used for
the data transfers.
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Figure 2: Dual of the Above Network.

Figure 3: Simplified network of that in Figure 1.

Consider Figure 1 for example, TCP control mechanism
is used for the data transfer between nodes a and c, and be-
tween nodes b and c. We first replace the (generally variable
in size) TCP window with a buffer of fixed size (e.g. mini-
mum window size, say B ≥ 1) and assume it is initially full.
We then convert the system into its dual system obtained
by reversing the flow direction, and replacing the jobs in the
buffer (TCP window) with holes. See Figure 2. Based on the
duality of [13], the dual system is stochastically equivalent
to the original network.

For the case of throughput lower bound, typically the min-
imum window size of TCP is 1. In this case, the network
of Figure 2 can further be simplified to that of Figure 3,
due to the fact that there is at most one packet in-between
nodes a and c, and in-between nodes b and c. Similarly, for
the throughput upper bound case, we can consider the case
where routers are not the bottleneck, so that the two parallel
paths in-between nodes a and c can be reduced to one path
with the buffer size to be equal to the smaller of the two.
The same argument holds for the paths in-between nodes b
and c. Thus, again, from topological perspective, the net-
work of Figure 3 can be used for the derivation throughput
upper bounds, which will in turn allow us to obtain neces-
sary conditions for a system to have scalable throughput.

2.2 Fork/Join Queueing Network with
Blocking

In what follows we model a stream processing network as
a fork/join queueing network with blocking (FJQN/B). Let

N = (V, E, B)

be an acyclic directed graph where V is a set of n servers,
E ⊂ V 2 is a set of directed edges indicating the flow of jobs
from servers to servers. Associated with edge (i, j) ∈ E is a
buffer with finite capacity Bi,j ∈ IN. It is convenient to refer



to the underlying graph as G = (V, E), which is assumed to
be connected. Note that in the literature, FJQN/B can be
cyclic, as in [13, 14]. In this paper, however, we restrict
ourselves to the acyclic case.

Define the set of immediate server predecessors of server
i ∈ V , p(i), to be the set of servers that have a direct link
to i,

p(i) = {k ∈ V |(k, i) ∈ E}

and the set of immediate server successors (or, the down-
stream servers) of server i ∈ V , s(i), to be the set of servers
to which i has direct links,

s(i) = {k ∈ V |(i, k) ∈ E}.

We extend both definitions to a subgraph G′ = (V ′, E′) of
G, namely,

p(G′) = {k ∈ V \ V ′|(k, i) ∈ E}

s(G′) = {k ∈ V \ V ′|(i, k) ∈ E},

where a subgraph in G, G′ = (V ′, E′) is composed of a subset
of nodes V ′ ⊆ V and edges E′ = {(i, j) : i, j ∈ V ′ ∧ (i, j) ∈
E}.

The blocking FJQN/B behaves as follows. Server i ini-
tiates a service period whenever there resides at least one
job in each of the upstream buffers and there is space for at
least one job in each of the downstream buffers. Server i is
said to be starved if at least one of the immediate upstream
buffers is empty and blocked if at least one of the immediate
downstream buffers is full. Note that the server can simulta-
neously be starved and blocked. Jobs remain in its upstream
buffers, p(i)×{i}, throughout the service period, i.e., there is
no space associated with the servers for storing jobs. At the
completion of the service period, a job is removed from each
of its upstream buffers and a job is immediately placed in
each of the downstream buffers {i}× s(i). Observe that the
blocking mechanism described above corresponds to what is
referred to as blocking before service in the literature [13].

There may be some servers for which there are no incom-
ing edges. Each such server is referred to as a source, and
is assumed to have an infinite number of jobs available to it
so that it is never starved. There may be other servers for
which there are no outgoing edges. Each such server is re-
ferred to as a sink, and is assumed to never be blocked. Each
job that completes at a sink leaves the system immediately.

An example of a FJQN/B is given in Figure 4 (servers
are represented by circles and buffers by rectangles). For
convenience, we omit the drawing of the buffers in all graphs
in the rest of the paper, simply assuming there is a finite
capacity buffer Bi,j associated with each edge (i, j) ∈ E.

Let m(t) = (mi,j(t) : (i, j) ∈ E) be the marking of the
system at time t ≥ 0 where mi,j(t) denotes the number of
jobs in buffer (i, j) ∈ E at time t. The initial marking at
time t = 0 is assumed to be m(0) = (0, . . . , 0).

The durations of the service periods at server i are given
by a sequence of non-negative service times, {σi,n}n≥1, i ∈
V . We note that service times may take value zero. The in-
troduction of servers whose service periods are of zero length
is useful for modeling synchronization mechanisms. We will
assume that each such sequence is i.i.d. and that they are
mutually independent among servers. Last, we assume the
existence of an unbounded rv, σ, that has finite mean and
that stochastically bounds σi,n from above.
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Figure 4: Example of a FJQN/B.

The performance measure of interest to us is the system
throughput which we introduce as follows.

Let Ri,n(N ) denote the time of the n-th service comple-
tion at server i in N . The evolution equations are:

Ri,1(N ) = σi,1+max

{

max
j∈p(i)

Rj,1(N ), max
k∈s(i)

Rk,1−Bi,k
(N )

}

,(1)

Ri,n(N ) = σi,n+max

{

max
j∈p(i)

Rj,n(N ), Ri,n−1(N ),

max
k∈s(i)

Rk,n−Bi,k
(N )

}

, ∀i ∈ V, n ≥ 2,(2)

where, by convention, Ri,n = 0, n ≤ 0.
Let

Rn = max
i∈V

Ri,n.

Denote by θi(N ) the (asymptotic) throughput of server i ∈
V and θ(N ) the (asymptotic) throughput of N . The through-
put can be expressed as

θi(N ) = E

[

(

lim
n→∞

Ri,n(N )

n

)−1
]

, i ∈ V, (3)

θ(N ) = E

[

(

lim
n→∞

Rn(N )

n

)−1
]

, (4)

provided the limits exist. It has been shown in [13] that
the throughput defined above exists and is unique when the
FJQN/B is deadlock free, and the service times of the servers
are jointly stationary and ergodic, and have finite means.

We are interested in the scalability properties of FJQN/Bs.
Specifically, we focus on determining conditions under which
the throughput of a FJQN/B remains bounded away from
zero as we scale up its size. In order to do so, we find it
useful to introduce some graph theoretic concepts.

Consider a directed graph G = (V, E). We define a path
from node i to node j to be a sequence of contiguous edges,
denoted by i = i0→i1→...→ik = j, such that (i0, i1),(i1, i2),
..., (ik−1, ik) are in E. A chain between i and j is a sequence
of undirected contiguous edges, denoted by i = i0↔i1↔· · ·
↔ik = j, such that either (il, il+1) ∈ E or (il+1, il) ∈ E,
l = 0, ..., k−1. A path (resp. chain) is loop-free if each node
occurs in the path (resp. chain) at most once. A subgraph
G′ is said to be complete if there exists no (loop free) chains
between two nodes, i, j ∈ V ′ that contains nodes not in G′.
Definition 1: A directed acyclic graph is said to be strongly
connected (SC) if, for every pair of nodes in V , there exist
at least two chains in the graph that do not share any nodes
except for the starting and terminating nodes.



The graph in Figure 5, for example, is not strongly con-
nected, however, the subgraph composed by nodes 1, 2, 3, 4, 5
is complete and strongly connected.

A subgraph G′ is said to be a maximal strongly connected
subgraph of G if it is strongly connected and is not contained
in a larger strongly connected subgraph of G. Note that if
G contains two or more maximal strongly connected sub-
graphs, these subgraphs share no edges in common. They
may share a node. Consider the graph in Figure 5 for exam-
ple; it contains two maximal SC subgraphs: the subgraph
composed of nodes 1, 2, 3, 4, 5, and the subgraph of nodes
5, 6, 7, 8. Note that they have one node 5 in common.

1

6

8

7

5

2

3

4

Figure 5: Maximal SC subgraphs.

3. PRELIMINARIES
In this section, we present preliminary properties of gen-

eral FJQN/Bs and existing results on FJQN/Bs of tandem
and tree topologies.

3.1 Stochastic Comparison Properties
Let L be a set of functions such that f : R

n → R for
f ∈ L. We say that random variable X is smaller than ran-
dom variable Y in the sense of partial ordering ≤L, denoted
X ≤L Y , iff for any function f ∈ L, E[f(X)] ≤ E[f(Y )].
The partial ordering used in this paper are the basic stochas-
tic ordering (when L is the set of nondecreasing functions),
the convex ordering (when L is the set of convex func-
tions), and the increasing convex ordering, (when L the set
of nondecreasing convex functions), respectively denoted by
≤st,≤cx, and ≤icx (see [32] for various properties and ap-
plications of stochastic ordering).

The following stochastic comparison properties of FJQN/B’s
have been established in [6, 14].

Lemma 1. Consider a FJQN/B N = (V, E, B) with i.i.d.
service times {~σ(n)}n := {σi,n; i ∈ V }∞n=0. We have the
following stochastic comparison properties:

a). Reducing buffer sizes only reduces throughput, i.e.

θ(N ; B + k) ≥ θ(N ; B),∀k ≥ 0.

b). Increasing service times only decreases throughput, i.e.

if {~σ(n)}n ≤icx {~σ′(n)}n, then {Dn}n ≤icx {D′
n}n,

and θ(N ) ≥ θ′(N ).

c). The more constrained (in nodes and edges) is the net-
work, the less is the throughput, i.e. for N = (V, E, B)
and N̄ = (V̄ , Ē, B) with V ⊂ V̄ , E ⊂ Ē, we have
{Dn}n ≤st {D̄n}n, and θ(N ) ≥ θ(N̄ ).

Based on the Lemma 1, in order to show that a general
FJQN/B system is throughput scalable, it suffices to show
that the corresponding homogeneous FJQN/B system (with
all buffer sizes equal to mini Bi and all service times i.i.d.
having the same distribution as the upper bound r.v. σ) is
throughput scalable.

The following two lemmas will be useful for later sections.
Detailed proofs are deferred to the appendix.

Lemma 2. Suppose Xi’s i = 0, 1, ..., are i.i.d. random
variables. Then

X1 + X2 + ... + Xn

n
≤cx X0.

Lemma 3. Consider a FJQN/B N with two different sets

of i.i.d. service time sequences, {~σ(n)}n and {~σ′(n)}n. If

there is a constant γ > 0, such that ~σ(n)
d
=γ · ~σ′(n), for all

n, then θ(N ; σ) = 1
γ
θ(N ; σ′).

The following result on the duality and reversibility prop-
erties of FJQN/B’s has been obtained in [13].

Lemma 4. Consider a FJQN/B with i.i.d. service times.

• Duality: Define the dual FJQN/B by reversing the di-
rection of the flow and changing the corresponding ini-
tial marking to the number of holes initially present.
Then the dual and the original FJQN/B have the same
throughput.

• Reversibility: Define the reverse FJQN/B to be the
network obtained by reversing the flows of jobs while
keeping the same initial marking, the reverse and the
original FJQN/B have the same throughput.

We say that a real random variable X is light tailed if
there exists a > 0 such that E[eaX ] < ∞; otherwise, X is
said to be heavy tailed.

Throughout the paper, we denote an = o(bn) if an/bn→0
as n→∞; and an ∼ bn if an/bn→r as n→∞ for some con-
stant r > 0. We will also need the following results from
extreme value theory [18].

Lemma 5. Denote Mn := max1≤i≤n Xi, where Xi’s are
i.i.d. random variables with distribution function G. Let
G = 1 − G, and bn = (G)−1( 1

n
). Then

E[Mn] ∼ bn. (5)

Hence for light-tailed X’s with exponential-tail G = e−x,
bn = ln n; and for heavy-tailed X’s with Pareto distributions

G = x−α, bn = n
1

α .

3.2 Tandem and Tree Networks with Blocking
Two special cases of FJQN/B’s that have received much

attention are open tandem queueing networks and tree net-
works. Such networks are prevalent in many systems and
applications. For example, the reliable end-to-end transfer
in a mobile ad-hoc network can be represented as a tan-
dem queue network with blocking. And a tree network with
blocking has been used in [2] to represent the reliable mul-
ticast in a one-to-many TCP overlay network.

The following result has been established in [26] for tan-
dem networks with blocking.

Lemma 6. Consider an arbitrary tandem network T (with
blocking), where all buffers are of finite capacity B, and all
service times are i.i.d. and satisfy condition

∫ ∞

0

P (σ > x)1/2dx < ∞. (6)



The throughput θ(T ) is bounded below by a positive constant,
independent of the network size. i.e. there exists η0 > 0,
such that

θ(T ) ≥ η0, for all T .

Note that condtion (6) is stronger than E[σ2] < ∞, but
slightly weaker than the requirement E[σ2+ε] < ∞ for some
ε > 0.

Using theoretical investigations and large-network simu-
lations, [8] reports that under some mild conditions, the
throughput of a tree network with blocking is bounded be-
low by a positive constant, independent of the network size.
The result is restated as follows.

Lemma 7. Consider an arbitrary tree network T R with
blocking. The fan-out degree of the tree is bounded from
above by a constant D, the buffer sizes are bounded below by
a constant B, and the service times are independent and up-
per bounded (in the stochastic ordering sense) by a random
variable σ that is light tailed. The throughput of such a net-
work is bounded below by a positive constant, independent of
the network size; i.e. there exists η1 > 0, such that

θ(T R) ≥ η1, for all T R.

In the following sections we address the throughput scal-
ability of general FJQN/B’s as the network size grows. We
will simply focus on the homogeneous case where all buffers
are of the same size B, and all service times are i.i.d. with
the same distribution as σ. Similar results can be obtained
for the non-homogeneous case using the monotonicity prop-
erties given by Lemma 1. We answer the scalability question
by providing some useful upper and lower bounds on system
throughput. These bounds then shed light on determining
conditions under which the system throughput does or does
not scale as the networks grow in size.

4. THROUGHPUT BOUNDS
In this section we obtain useful upper and lower bounds

on system throughput, that can help address the scalability
question. We consider a general FJQN/B N that has N
nodes. All service times σ are i.i.d. with finite mean. Let
D (resp. L) denote the length (in number of edges) of the
shortest (resp. longest) path in N . Denote by K the largest
out-degree or in-degree of any node in the network.

A simple upper bound is obtained by comparing the sys-
tem of interest with one where all service times are replaced
by their averages. The result follows directly from the con-
vex ordering that Eσ ≤cx σ, and Lemma 1.b).

Lemma 8 (Deterministic Bound). Let θ̄(N ) be the
throughput of the network which has the same topology as N
but replacing each random service time by its mean value.
Then

θ(N ) ≤ θ̄(N ).

We also claim the following upper bound which relates to
the maximum node degree in N .

Theorem 9 (Max Degree Bound). For a network N
with maximum (out or in)-degree K,

θ(N ) ≤
B

E max1≤i≤K σi
. (7)

Proof. Suppose K is the largest out-degree of node v0 ∈
V . Denote by vi the i-th down-stream neighbor of v0, and
B0,k the buffer between nodes v0 and vk, k = 1, ..., K. We
then have a ’fork subsystem’ composed of nodes v0, v1, ...,
and vK . It suffices to study the throughput of the ’fork
subsystem’.

Denote by Q̄ and R̄ the average number of jobs and av-
erage sojourn time of a job in the fork subsystem in steady
state. By Little’s law we have θ(fork) = Q̄/R̄. We will
bound θ(fork) by bounding Q̄ and R̄. Consider the oldest
job in all buffers B0,1, . . . , B0,K . Suppose it is job n in buffer
B0,i. There can be no more than B − 1 jobs younger than
job n in buffer B0,i. Due to the forking, no job younger
than these B − 1 jobs can be present in any of the buffers.
Therefore, Q̄ ≤ B. On the other hand, the sojourn time of
each job in the fork system is at least max1≤i≤K σi. and
R̄ ≥ E[max1≤i≤K σi]. Thus, the throughput of the fork
system satisfies:

θ(fork) =
Q̄

R̄
≤

B

E[max1≤i≤K σi]
.

The result then follows since the overall throughput can be
no higher than θ(fork).

For the case when K is the maximal in-degree of the net-
work, one can use reversibility in Lemma 4 to convert the
in-degree join with K branches into an equivalent out-degree
fork with K branches, and then apply the above argument.

We next focus on a subgraph Na,b ⊂ N , which is com-
posed of nodes and edges on all paths between a given pair
of nodes a, b ∈ V . We will refer to Na,b as a Single-Input-
Single-Output (SISO) subgraph of N since Na,b has a sin-
gle source a and single sink b. Denote by Na,b the total
number of nodes, Ka,b the maximum node (out or in) de-
gree, and Pa,b the set of all paths from a to b in Na,b.
Let Da,b (resp. La,b) denote the length of the shortest
(resp. longest) path in Na,b. For a given path p ∈ Pa,b:
a = p0→p1→· · ·→pl = b, denote by Sp

n the total service
requirement of job n along path p, i.e.

Sp
n =

l
∑

j=0

σpj ,n.

We establish the following upper and lower bounds for the
throughput of Na,b.

Theorem 10. The throughput of any SISO subgraph Na,b

satisfies:

1

E[maxp∈Pa,b
Sp

1 ]
≤ θ(Na,b) ≤

Da,b · B

E[maxp∈Pa,b
Sp

1 ]
, (8)

Proof. Observe that each job in Na,b needs to traverse
all paths p ∈ Pa,b from a to b, the minimum time a job
stays in Na,b is maxp∈Pa,b

Sp
1 . A lower bound on θ(Na,b)

can therefore be derived by allowing at most one job in the
system each time, which yields the left hand side of (8).

We next prove the right hand side of (8). Since the
shortest path in Na,b is of length Da,b, there are at most
W = Da,b · B jobs in the network at any given time. Now
consider jobs W, 2W, 3W, ..., and denote RkW the service
completion time of job kW . Note that job kW cannot start
service at source a until job (k − 1)W has left the sink b.
Since job kW then needs to traverse all paths from a to b,



we have:

RkW (N ) ≥ R(k−1)W (N ) + max
p∈Pa,b

Sp
kW . (9)

Hence, by summing up (9) for k = 1, 2, . . . , m, dividing the
sum by mW , and letting m approach infinite, we have

lim
m→∞

RmW (Na,b)

mW
≥

1

W
lim

m→∞

∑m
k=1 maxp∈Pa,b

Sp
kW

m
.

Since {maxp∈Pa,b
Sp

mW }m=1,2,... are i.i.d. random variables,
application of the law of large numbers yields the right hand
side of (8).

The result of Theorem 10 can be further generalized to
Single-Input-Multiple-Output(SIMO) or Multiple-Input-Single-
Output(MISO) subgraphs of N . Denote Vo and Vd respec-
tively the set of sources and sinks in N . A SIMO subgraph
of N consists of nodes and edges on all paths between a sin-
gle source in Vo and all sinks in Vd that are reachable from
that source. Similarly, a MISO subgraph of N consists of
nodes and edges on all paths between a single sink in Vd

and all sources in Vo that can reach that sink. We claim the
following result without proof (since the proof is essentially
the same as that of Theorem 10).

Theorem 11. Consider an arbitrary SIMO, MISO or SISO
subgraph of N , denoted by Ns. Its throughput must satisfy

1

E[maxp∈Ps Sp
1 ]

≤ θ(Ns) ≤
Ds · B

E[maxp∈Ps Sp
1 ]

, (10)

where Ps and Ds denote respectively the set of all paths and
the length of the shortest path in Ns.

For convenience, we denote Fs the family of all SISO,
SIMO, and MISO subgraphs in N . Note that an SISO sub-
graph can be between two arbitrary nodes in V , not nec-
essarily just from a source to a sink. Consider the graph
in Figure 5 for example; the subgraph composed of nodes
1, 2, 3, 4, 5, the subgraph of nodes 5, 6, 7, 8, and the whole
graph itself, are all examples of SISO subgraphs.

Combining Theorems 9 and 11, and the extreme value
theory results from Lemma 5 leads to the following corollary.

Corollary 12. Consider an arbitrary Ns ∈ Fs, with
size Ns, maximum out- or in-degree Ks, shortest and longest
path lengths Ds and Ls. There exist constants C1 and C2

such that,

C1

Ns
≤ θ(Ns) ≤ C2 · min

(

1

log Ks
,
Ds

Ls
,

Ds

log Ns

)

, (11)

when the service times are light-tailed; and

C1

Ns
≤ θ(Ns) ≤ C2 · min

(

K−1/α
s ,

Ds

Ls
, DsN

−1/α
s

)

, (12)

when the service times are heavy-tailed, with Pareto distri-
bution G = x−α, α > 1.

Proof. The result follows from (7) and (10), and by apply-
ing extreme value theory with the following two facts:
1) E[maxp∈Ps Sp

1 ] ≥ E[Slongestpath
1 ] = Ls · E[σ]; and

2) E[
∑Ns

i=1 σi,1] ≥ E[maxp∈Ps Sp
1 ] ≥ E[maxNs

i=1 σi,1].
Since the original network N has more node and edge con-

straints than any of its subnetworks, from Lemma 1, we have
θ(N ) ≤ θ(Ns) for all Ns ∈ Fs. Based on the upper bound
results from (11) and (12), we observe that the throughput

of N can decrease to zero when the number of branches goes
to infinity, or when the network is not well-balanced in the
sense that the ratio of the shortest and the longest paths be-
tween any pair of nodes goes to zero. We next define more
rigorously the requirement on such path balance in order to
make a network throughput scalable.
Definition 2: A FJQN/B N = (V, E, B) is said to be c−balanced
if the ratio of the number of buffers (edges)for any pair of
paths between all pairs of nodes is bounded from above by a
constant c (with 0 < c < ∞), in other words, for every pair
of paths p1 and p2 between any pair of nodes v1, v2 ∈ V ,

1/c ≤ N(p1)/N(p2) ≤ c.

where N(p) denotes the number of servers on path p. We call
the smallest c that satisfies the above condition the balance-
ratio of N .

We then have the following upper bounds on the through-
put of a general FJQN/B N .

Corollary 13. Consider a FJQN/B network N , with
N nodes, max out- (or in-) degree K, shortest path length
D, balance-ratio c, and i.i.d. service times with finite mean.
There exists a constant C such that

θ(N ) ≤ C · min

(

1

log K
,
1

c
, min
∀Ns∈Fs

Ds

log Ns

)

,

when the service times are light-tailed; and

θ(N ) ≤ C · min

(

K−1/α,
1

c
, min
∀Ns∈Fs

DsN
−1/α
s

)

,

when the service time are heavy-tailed with Pareto distribu-
tion G = x−α, α > 1.

We are now ready to state necessary conditions for a
FJQN/B network to have a scalable throughput.

Corollary 14 (Necessary Conditions). The follow-
ing conditions are necessary for a FJQN/B network to have
its throughput bounded away from zero:

a). all nodes must have finite (in and out) degrees, i.e.
|p(i)| ≤ K, and |s(i)| ≤ K for all i ∈ V ;

b). it must be c-balanced for some constant c;

c). there is a positive constant η > 0 such that for all
Ns ∈ Fs,

Ds

log Ns
≥ η > 0 if the service times are light-

tailed; and DsN
− 1

α
s ≥ η > 0 if the service times are

heavy tailed with Pareto distribution G = x−α.

To obtain sufficient conditions for scalability, we need bet-
ter lower bounds. Such lower bounds are derived in the next
two sections for two special families of networks. Our main
idea of achieving such lower bounds is to bound the original
network from below by either a tandem network or a tree
network, utilizing the fact that both have been proved to be
throughput scalable.

5. SERIES-PARALLEL NETWORKS
In this section, we consider the special family of series-

parallel networks. We provide conditions that guarantee the
scalability of such networks, and also show the exact order
of degradation when the network throughput decays to zero.

Throughout the rest of the paper, we assume that:



Assumption 1: The service times are i.i.d. at each
server, independent of the services at other servers. We de-
note by σ the generic service time and assume that condition
(6) is satisfied.

We start by considering a two-branch series-parallel (SP)
network, denoted by NN , as shown in Figure 6. N represents
the total number of nodes in the network. There is one
source node s and one sink node d. Denote DN and LN

respectively the lengths of the shorter and the longer paths,
with DN ≤ LN . All buffers are of size B and all service
times are i.i.d. with finite mean.

Theorem 15. The throughput of a two-branch SP FJQN/B
network NN is bounded below by a positive constant η > 0,
i.e.

θ(NN) ≥ η > 0,

independent of its size N , if there exists c < ∞, such that

lim
N→∞

LN

DN
= c. (13)

If c = ∞, then θ(NN)→0 as N→∞.

1

1′

i

i′

i + 1

(i + 1)′

DN − 1

L′
N − 1

ds

Figure 6: A Series-parallel graph with two branches

Proof. We need a lower bound for the throughput. We
can restrict to the case DN = LN and B = 1. Denote the
nodes (except the source and sink) in the top branch by
i and nodes in the lower branch by i′, i = 1, ..., DN − 1.
First, we introduce edges between nodes i′ and i + 1, and
between nodes i and (i+1)′ for i = 1, . . . , DN −1. It follows
from Lemma 1 that the throughput is lower for this more
constrained system than the original system . In this new
system, a job can only proceed to server i+1 (or server (i+
1)′) when it has completed services on both nodes i and i′. It
is easy to see that this new system is sample path equivalent
to a tandem system in which nodes i and i′ are replaced
by a single (super)node i with incoming edge (i − 1, i) and
outgoing edge (i, i + 1) with buffer sizes one, and service
time σi,n = max{σi,n, σi′,n}. Since the tandem network
throughput remains bounded away from zero for all sizes,
then based on Lemma 6, the original system throughput
must also scale.

If instead, LN = cDN , c > 1, we can similarly combine
every c nodes in the longer branch with one node in the
shorter branch and replace the group by a supernode, with

service time σS d
= max

(
∑c

i=1 σi, σ
′
1

)

. We then obtain a tan-
dem network, which has a lower throughput than the origi-
nal system. As long as c is finite, the supernode service time
stays finite, and the resulting tandem network throughput
stays bounded away from zero based on Lemma 6.

We can further generalize the results of Theorem 15 to
arbitrary K-branch (with fixed K < ∞) SP FJQN/B net-
works, using a similar argument to bound the network from
below by a tandem queueing network. Combine with the up-
per bound developed in the previous section, we then have
the necessary and sufficient condition.

Corollary 16 (Necessary and sufficient condition).
Condition (13) is necessary and sufficient for an arbitrary
K-branch SP FJQN/B network to stay throughput scalable
independent of its size.

If the throughput does not scale, i.e. when DN = o(LN ),
we can further show the throughput degradation in exact
order, which is given by the next theorem.

Theorem 17. The throughput of a K-branch SP FJQN/B
network satisfies:

θ(NN ) ∼
DN

LN
· θ(TDN

), for DN = o(LN ),

where TN denotes a N-stage tandem queueing network with
blocking with i.i.d. service times σ.

Proof. Based on (10), an upper bound on θ(NN ) is:

θ(NN ) ≤ C ·
DN

LN
∼

DN

LN
. (14)

Denote cN = d(LN − 1)/(DN − 1)e. As mentioned ear-
lier, a lower bound can be obtained by grouping every cN -
nodes in the longer branch with 1 node in the shorter branch
and replacing the cluster by a supernode with service time

σS d
= max

(
∑cN

i=1 σi, σ′
1

)

. We then have a DN -stage tandem

network, denoted by T S
DN

.
We introduce further a normalized tandem system T o

DN
,

which is derived from T S
DN

but with normalized service times

σo = σS

cN+1
. Apply Lemma 3, we then have θ(T o

DN
) = (cN +

1)θ(T S
DN

).
Based on Lemma 2, we know that

σo =
σS

cN + 1
≤

∑cN
i=1 σi + σ′

1

cN + 1
≤cx σ.

It follows from Lemma 1.b) that θ(T o
DN

) ≥ θ(TDN
), where

T o
DN

and TDN
denote the throughput of a DN -stage tandem

queueing network respectively with i.i.d. service times σo

and σ.
Therefore,

θ(NN) ≥ θ(T S
DN

) =
1

cN + 1
θ(T o

DN
) ≥

1

cN + 1
θ(TDN

). (15)

The result then follows from (14), (15) and Lemma 6.
We can further generalize the throughput degradation re-

sults of Theorem 17 for two branch SP networks to arbitrary
KN -branch SP FJQN/B networks. The proof is in similar
spirit as that of Theorem 17 and thus omitted.

Theorem 18. Consider a sequence of Series-Parallel net-
works NN , where NN is of size N , with KN -branches, short-
est path length DN , and longest path length LN .

• If LN ≤ M < ∞, then

θ(NN) ∼
1

log KN
, for large KN ,

if the service times are i.i.d. light-tailed; and

θ(NN) ∼ K
−1/α
N , for large KN ,

if the service time are heavy-tailed with Pareto distri-
bution G = x−α, α > 1.

• If KN ≤ M < ∞, then

θ(NN ) ∼
DN

LN
, for DN = o(LN ).



5.1 Scalability of Closed Queueing Networks
Our results on SP FJQN/B networks can also be ap-

plied to understand the asymptotic behavior of some large
(non-fork-join type) queueing networks with finite buffers.
Note that analyzing such large queueing networks with fi-
nite buffers is a difficult problem as there are no explicit
solutions such as the product-form solutions of Jackson net-
works.

Consider, for example, a two-branch series-parallel net-
work with initial marking 0 (no job present in any buffers
initially). All buffers are of size B. A dual of this net-
work can be obtained by reversing the direction of flow in
the shorter branch, and replacing all holes with jobs in that
branch. We then have a closed queueing network with fi-
nite buffers, where there are DN · B jobs circulating in the
system.

Based on the duality property of Lemma 4, the dual net-
work has the same throughput as the original network. Based
on the result of Theorem 17, we then obtain the follow-
ing result on the asymptotic system throughput of a closed
queueing network with finite buffers.

Corollary 19. Consider a closed-queueing network CQN
with J single server queues. All buffers are of size B. The
service times are i.i.d. with finite mean. There are M jobs
circulating in the system. The throughput must satisfy,

θ(CQN) ∼

{

M
J

/(B − M
J

), M/J ≤ B/2,
J−M

J
/(B − J−M

J
), M/J > B/2,

for large J.

The above result is consistent with the result for an infinite-
buffered closed QN with exponential service times, in which
case the throughput is M/(J + M − 1).

6. W−WIDE GRAPHS
Based on the results from the preceding section, we ob-

serve that throughput can decrease to zero in a series par-
allel graph as the number of branches goes to infinity and
that there is a need to maintain a balance in the number of
servers in each branch. Learning from these observations, we
extend Theorem 15 to a larger class of FJQN/B’s, namely
those whose underlying graphs are w−wide and c-balanced.
To show this general class of FJQN/B networks is scalable
in throughput, we provide reduction algorithms that can
bound the network from below by either a tandem queueing
network or a tree network, which we know are throughput
scalable. We assume that all buffers are bounded from be-
low by a constant B, and all service times are i.i.d. with
finite mean.
Definition 3: A directed acyclic graph(DAG) G = (V, E) is
said to have a w−wide SC component Gc = (Vc, Ec) if there
exists a set of at most w nodes, V ′ ⊆ Vc, such that there
is no path between any pair of nodes in V ′. We say that
G is a w-wide graph if it contains at least one w-wide SC
component, and there exists no (w +1)-wide SC component
in G.

A series-parallel graph with w branches is an example of
a w−wide graph.

The next lemma establishes that for a graph G, if we
replace a complete subgraph Gs by a supernode with service
time equal to the total service requirement on all nodes in
Gs, the throughput of the resulting new graph G′ will be
worse than that of the original graph G.

Lemma 20. Consider a FJQN/B N with underlying graph
G = (V, E), service times {σv,n, v ∈ V }n and identical buffer
size B. Let Gs = (Vs, Es) be a complete subgraph of G. Let
N ′ be a FJQN/B with graph G′ = (V ′, E′) such that

V ′ = (V \ Vs) ∪ {Vs},

E′ = {(v, w) : v, w ∈ V \ Vs, (v, w) ∈ E}

∪{(v, Vs) : v ∈ p(Gs)}

∪{(Vs, v) : v ∈ s(Gs)},

σ′
v,n =

{

σv, n, v ∈ V \ Vs,
∑

v∈Vs
σv,n, v = Vs

and all buffers of size B. Then

R′
Vs,n ≥ Rv,n, n = 1, 2, ...; ∀v ∈ Vs,

and

θ(N ) ≥ θ(N ′).

Proof. The result follows from Rv,n ≤ R′
v,n, v ∈ V \ Vs,

and Rv,n ≤ R′
Vs,n, v ∈ Vs, for n = 1, . . ., which we will show

next. We do so by constructing a new FJQN/B with graph
Gl = (V l, El) where vl = V . In order to define the edge set,
we topologically sort the nodes in Vs according to the set of
edges in Es. There may not be a unique topological sort of
these nodes. Pick one and label the nodes v1, v2, . . . , v|Vs|.
We now introduce the edge set as

El = E ∪ {(v, w) : v ∈ p(Gs), w ∈ Vs}

∪{(v, w) : w ∈ s(Gs), v ∈ Vs}

∪{(vi, vj) : i < j},

buffer sizes all equal to B, and

{σl
v,n, v ∈ V }n = {σv,n, v ∈ V }n.

From Lemma 1, it follows that the departure times from all
of the nodes can only decrease. Moreover, because of the
addition of edges according to the topological sort, only one
customer can receive service at any one time from any server
within Vs and it does so by traversing the sequence of nodes
v1, . . . , v|Vs|. The time to do so for the n−th customer is
∑

v∈Vs
σv,n. Thus this system behaves exactly like N ′ and

the lemma follows.
The following lemma will also prove useful.

Lemma 21. Let N be a FJQN/B whose underlying graph
consists of an in-tree feeding an out-tree. In other words,
there exists a node v ∈ V such that all predecessors of v
have out-degrees of one and arbitrary in-degrees (0, 1, or
greater), and such that all successors of v have in-degrees of
one and arbitrary out-degrees (0, 1, or greater). Let N ′ be a
FJQN/B that differs from N in that all upstream edges to v
have been reversed and all upstream buffers have been filled
with customers. Then θ(N ) = θ(N ′).

Proof. We rely on the fact that N is a fork join queue-
ing network with blocking before service (FJQN/B). We
make use of the duality property of such networks based
on Lemma 1, namely that the network obtained by revers-
ing the upstream edges to v and filling all of the buffers
in this part of the network with customers, the resulting
network has the same sample path behavior and, thus, the
same throughput as the original network. We now operate
this new network, N ′ in the following manner, we shut off
arrivals to the system and run it sufficiently long so that the



customers initially present in the system depart leaving an
empty system. As soon as this occurs, we then allow users to
enter the system at node v. As the time required to empty
the system is finite, it follows that θ(N ) = θ(N ′).

We first consider the case where N is a single input single
output (SISO) SC network.

Theorem 22. A SISO w−wide, c-balanced, SC FJQN/B
N has a throughput θ(N ) ≥ η(w, c, σ) > 0, where η(w, c, σ)
is a constant that only depends on w, c and σ.

Proof. We can assume that all of the buffers are of size one
as this provides a lower bound on the throughput for any
FJQN/B based on Lemma 1. We will construct a tandem
network N t = (V t, Et, σt) that achieves a lower throughput
than network N .

Before we describe the construction, we introduce some
notation. Denote by s and d the source and sink of N . Let
D denote the number of edges on the shortest path between
s and d. Let l(v) denote the number of hops on the longest
path between v ∈ V and d.

The reduction algorithm is as follows.

Reduction Algorithm:
Initialize. R0 = {s}, V t = {R0}; Et = ∅; S = V \{s}; i = 0;
while S 6= ∅ do

i = i + 1
Ri = {v : v ∈ s(Ri−1)}

∪ {v ∈ V : (D − i + 1)c > l(v) ≥ (D − i)c};
add ancestors of nodes in Ri not in ∪i

k=0Rk

to Ri;
S = S \ Ri;
σt

i,n =
∑

v∈Ri
σv,n;

V t = V t ∪ {Ri};
Et = Et ∪ {(Ri−1, Ri)}

endwhile

With the above construction, we claim that N t exhibits
three important properties.

1). If (v1, v2) ∈ E, then
either v1, v2 ∈ Ri, for some i = 1, . . . , D,
or v1 ∈ Ri, v2 ∈ Ri+1, i = 0, . . . , D.

2). Each Ri is a complete subgraph of G.
3). |Ri| ≤ wc for i = 1, . . . , D.
To show 1), suppose this is not true, i.e., there exists a

(v1, v2) ∈ E such that v1 ∈ Ri, v2 ∈ Rj , and j 6= i + 1. Sup-
pose that i < j. This cannot occur because our construction
of Ri+1 includes all downstream neighbors of nodes in Ri

that are not in Ri. Suppose that i > j. This cannot occur
because our construction ensures that all ancestors of nodes
in Rj lie either within Rj or Rk, k < j.

Property 2) follows immediately from 1). This is because
if there is a path between two nodes v1, v2 ∈ Rj , all nodes
on the path must also be in Rj , since all ancestors of nodes
in Rj lie either within Rj or Rk, k < j.

Property 3) follows from the assumption that the original
network is both c-balanced and w−wide.

Finally, it follows from Lemma 20 that the departure times
{Rt

i,n} for N t satisfy

Rt
i,n ≥ Rv,n, , n = 1, . . . ; v ∈ Ri

From this we conclude that N t is a tandem network whose
service times are stochastically bounded from above by the
wc-fold convolution of σ henceforth referred to as σ(wc).

Hence Lemma 6 applies here yielding the desired results.

Consider, for example, the graph in Figure 7. The al-
gorithm will result in R0 = {1}, R1 = {2, 5, 6, 7, 8}, and
R2 = {3, 4, 9, 10}.

1 42 3

5 6 7

8 9 10

Figure 7: An Example

Next, we consider a multiple input multiple output (MIMO)
FJQN/B.

Theorem 23. A MIMO, w−wide, c-balanced, SC FJQN/B
N has a throughput θ(N ) ≥ η′(w, c, σ) > 0.

Proof. The proof consists of transforming this MIMO net-
work into a SISO network and then applying the previous
theorem. As before, we can assume that all buffer sizes are
one in N as larger buffers only increase throughput.

Let Vs ⊆ V and Vd ⊆ V denote the sets of sources and
sinks respectively. We construct a new FJQN/B (see, e.g.
Figure 8), N l as follows. V l = V ∪ {s, d}, El = E ∪ {(s, v) :
v ∈ Vs}∪{(v, d) : v ∈ Vd}. We set the service times of these
two servers to zero, σl

i,n = 0, i ∈ {s, d}. All of the buffers
are set to size one. We claim without proof that

Rl
i,n ≥ Ri,n, , n = 1, . . . ; v ∈ Ri

This is because a source cannot begin to emit a new cus-
tomer until all other sources have emitted a customer with
the same index and a sink cannot emit a customer until all
of the other sinks have emitted a customer with the same
index.

AfterBefore

Figure 8: Transform a MIMO network into a SISO
network.

We now consider the case where N is an interconnection
of maximal SC FJQN/Bs. Such a network can be visualized
as a tree within which nodes may correspond to individual
servers or to SC subgraphs. If one were to replace every
maximal SC component with a single node, the resulting
graph would be a tree.

Theorem 24. Under Assumption 1 and assume further
the service times are light tailed, a ”tree” consisting of w−wide,
c-balanced maximal SC components and individual servers
with degree (in-degree + out-degree) less than or equal to k
has a throughput θ(N ) ≥ η′′(k, c, w, σ) > 0.

Proof. We will construct a FJQN/B N l whose graph Gl

is a tree with service times bounded from above by σ(wc).
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Figure 9: Transform a MIMO network with multiple
maximal SC components into a tree.

To do so, we consider each maximal SC component and
transform it into a tandem network using the construction
described in the previous two theorems. Label the maximal
SC components j = 1, . . . , M . Let Rj,i denote the set of
nodes contained in the i−th node of the reduced tandem
network associated with component j. For every node v ∈
Rj,i such that there exists a predecessor k not in component
j, add an edge from k to the i−th node in the reduced
tandem network. If k has been aggregated into some other
node, say Rj′,i′ in tandem network j′, then the edge is added
from Rj′,i′ to Rj,i. Likewise if there exists a successor, k, not
in component j, add an edge to that node (or its aggregate
node) from the i−th node in the reduce tandem network.

This construction will produce a FJQN/B consisting of
an in tree attached to an out tree. Lemma 20 is crucial
here, both to show that the reduction of SC components
to tandem networks degrades throughput and to show that
the interconnection among these tandem networks as de-
scribed above also further reduces throughput. Last, we
apply Lemma 21 to show that N l has the same throughput
as one constructed from N l by reversing all edges within
the in-tree (Lemma 21). The theorem then follows from the
throughput scalability of tree networks based on Lemma 7.

Figure 9 illustrates, for example, how a tree with two
w-wide, c-balanced maximal SC components can be trans-
formed into a tree.

7. CONCLUDING REMARKS
The prevalence of large-scale stream processing networks

has placed the network scalability as the central problem for
practitioners and system engineers. Most previous studies
address the scalability problem from the engineering per-
spective. There is an urgent need to develop the mathemat-
ical foundation for investigating the scalability problem since
conducting experimental studies on large-scale networks is
practically infeasible.

This paper adapts a mathematical framework and inves-
tigates the throughput scalability of large-scale stream pro-
cessing networks. We model such networks as general fork/join
queueing networks with blocking, where the processing speed
and buffer space of each node does not grow with the size
of the network.

We establish performances bounds on the asymptotic through-

put, from which we derive necessary conditions under which
the network stays throughput scalable. We also study in
greater detail the special class of series-parallel networks.
We present explicit conditions under which the system through-
put would scale and under which it wouldn’t. We further
provide the exact speed of the throughput degradation as
the system size grows. These results, from a mathemati-
cal perspective, potentially further the understanding of the
difficult problem of analyzing large queueing networks with
finite buffers, for which there is no general explicit solutions
such as the product-form of Jackson networks. We show as
an example that, using the duality property, our results in a
two-branch series-parallel network can be interpreted in the
closed queueing network setting with finite buffers.

Finally, we report positive results for a large class of FJQN/B
networks, namely those that are “balanced” and not too
“wide”. It is shown that throughput of these networks is
bounded below by a positive number independent of the
size.

Although the positive results currently rely on the ’bounded-
width’ condition, we believe it is not necessary. We con-
jecture that our necessary conditions are also sufficient to
guarantee scalable throughput. In other words, if the net-
work is well balanced and all nodes have bounded degrees,
we conjecture that the system throughput will be bounded
below by a positive number regardless of the network size.
Some preliminary investigations show that the proof of such
sufficiency will be much more involved.
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Appendix
8.1 Proof of Lemma 2 and Lemma 3.

The vector x ∈ R
n is said to be majorized by the vec-

tor y ∈ R
n, written x ≺ y, iff

∑k
i=1 x[i] ≤

∑k
i=1 y[i], k =

1, . . . , n − 1, and
∑n

i=1 x[i] =
∑n

i=1 y[i], where x[i] (resp.
y[i]) denotes the i-th largest component of x (resp. y).

A function φ : R
n 7→ R is called Schur convex if φ(x) ≤

φ(y) for all x ≺ y. A function that is symmetric and convex
in each pair of arguments is known to be Schur convex.
Proof of Lemma 2. It suffices to prove the lemma for
n = 2. (The same argument can be repeated for higher
dimensions). Denote Y = X1+X2

2
. Then (Y, Y ) ≺ (X1, X2).

For any convex function f : R 7→ R, it is easily checked
that φ(x, y) = f(x)+f(y) is a Schur convex function, which
preserves the ≺-ordering. Hence,

E[f(Y )] =
1

2
E[φ(Y, Y )] ≤

1

2
E[φ(X1, X2)] = E[f(X0)].

We then have Y ≤cx X0.
Proof of Lemma 3. Let Rn(N ; σ) (resp. Rn(N ; σ′) ) de-
note the service completion time of job n in the FJQN/B N

with service time sequence {~σn}n (resp. {~σ′
n}n).

For a FJQN/B N = (V, E,B) with initial marking M,
[14] defines (see Definition 5.1 and Definition 5.2 of [14]) a
precedence graph GN = (V, E) associated with FJQN/B N ,
where

V = {(i, n)|n ≥ 1, i ∈ V },

E = {(i, n)→(j, m)|(i, n), (j, m) ∈ V, (i, n) ≺N (j, m)},

and the relation (i, n) ≺N (j, m) holds iff one of the following
relations is satisfied: n = m − Mi,j , i ∈ p(j); or n = m −
1, i = j; or n = m− (Bj,i −Mj,i), i ∈ s(j). Note that such a
precedence graph depends only on the network topology N ,
the buffer sizes B, and the initial marking M .

Let P denote the set of all paths in GN . Define

S1,n(σ) = max
p=((i1,n1)→...→(ik,nk))∈P:n1=1,nk=n

k
∑

h=1

σik,nk
.

(16)
Based on Theorem 5.6 in [14], there exists a constant µσ

such that

µσ = lim
n→∞

Rn(N ; σ)

n
= lim

n→∞

S1,n(σ)

n
, almost surely.

(17)

Under service time sequence {~σ′
n}n, one can similarly define

S1,n(σ′) and µσ′ . Since ~σn
d
=γ · ~σ′

n, it follows easily from (16)
that

S1,n(σ)
d
=γ · S1,n(σ′). (18)

Combine (4), (17) and (18), then yields θ(N ; σ) = 1
γ
θ(N ; σ′).


