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This paper covers the material from my talk at CTW 2009, Parisam in-
debted to the Scientific Committee and to Leo Liberti and thelomembers of the
Organizing Committee for the opportunity to present thiggra

Nonlinear discrete optimization, in its broadest senssjngly the study of
optimization models involving nonlinear functions in diste variables. This is so
hopelessly broad as to be a subject ripe for charlatans amksr Sober individ-
uals cannot hope to devise efficient methods — practical ewréttical — for the
entire class of such problems. So we set out some reasonadikeig the hope of
delineating some of the boundary between tractable anakitatile.

In §1, we look at polynomial optimization in integer variableerh a com-
plexity point of view. We summarize some key hardness resuitl also describe
positive algorithmic results. More details regarding thet@nial on polynomial op-
timization is collected in [14].

In §2, we take a different slice across nonlinear discrete apétion. In the
context of a structured parametric nonlinear discretenmpttion model, we de-
scribe some hardness results and also several broad cegdsdb we can give ef-
ficient exact or approximation algorithms. Much of that miates from [4; 19; 5].
| am enormously indebted to Shmuel Onn and Robert Weismtontallowing me
to survey some of our joint work which is the essencgfA full treatment of that
material, which is only summarized here, will appear in cantHcoming mono-
graph [20]. Further thanks are due to Yael Berstein who wss alkey player in
the development of some of that material.

* Cologne Twente Workshop 2009, 8th Cologne-Twente Workgirosraphs and Com-
binatorial Optimization, Ecole Polytechnique and CNAMriBaFrance June 2-5, 2009.

CTWO09, Ecole Polytechnique & CNAM, Patris, France. June 2—4, 2009



Finally, in §3, we describe a recent effort to implement one of the morenov
algorithms from§2, using ultra-high precision arithmetic on a high-perfanoe
computational platform. | owe considerable gratitude tonJGunnels and Susan
Margulies who were partners of mine in the work [10] summetimn §3.

1. Polynomial optimization

Polynomial optimizatiomn continuous or integer variables refers to the model
min /max {fo(z) : fi(x) <0,i=1,...,m; x € D"},

where thef; : R — R are polynomials, and is eitherR or Z. Often one looks
at the special case in which the constraint functifns. ., f,,, are affine functions,
and so the feasible region is either a polyhedron or the a@ntpgints in a poly-
hedron. Polynomial optimization in integer variables ¢dates a very broad and
natural class of nonlinear discrete optimization probleAs we shall soon see,
some very simple subclasses are intractable, while forh@ndiroad subclass we
get tractability, and for another broad subclass we gehgtepproximability.

First, we point out how hardness of nonlinear discrete agttion also im-
plies hardness for nonlinear continuous optimization.c8pally, the max-cut
problem can be modeled as minimizing a quadratic form owerctibe[—1, 1]",
and Hastad [12] demonstrated inapproximability for mak-d’hus we have the
following result:

Theorem 1.1. Polynomial optimization in continuous variables over gopes in
varying dimension is NP-hard. Moreover, there does not exfally polynomial-
time approximation scheme, unléds= NP.

However, polynomial optimization in continuous variabte®r polytopes can
be solved in polynomial time when the dimension is fixed. Toi®ws from Rene-
gar’'s general result on the complexity of approximatingisohs to general alge-
braic formulae over the reals (see [23]).

For integer variables, hardness sets in for very low dinten®ased on reduc-
tion from the NP-complete problem of determining if therésexa positive integer
r < cwith z2 = a (mod b), we have the following (see [9; 6]):

Theorem 1.2. The problem of minimizing a degreepolynomial over the integer
points of a convex polygon is NP-hard.

Moreover, hardness sets in with a vengeance. The negahivesoof Hilbert's
tenth problem by Matiyasevich [21; 22], building on earliark by Davis, Putham
and Robinson [7], implies that nonlinear integer prograngraver unbounded fea-
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sible regions is incomputable. Due to Jones’ strengthefli6gof Matiyasevich’s
negative result, there also cannot exist any such algoffithithe cases of feasible
regions for even a small fixed number of integer variables [6]:

Theorem 1.3. The problem of minimizing a linear form over polynomial con-
straints in at most 10 integer variables is not computable f®cursive function.

Another consequence, as shown by Jeroslow [15], is thatieteger quadratic
programming is incomputable.

Theorem 1.4. The problem of minimizing a linear form over quadratic coasits
in integer variables is not computable by a recursive famcti

So far, we have painted a rather bleak picture for polynoopéimization. But
the inherent difficulty is related to non-convexity, and écbmes worse in vary-
ing dimension. On the positive side, Khachiyan and Porkbiae demonstrated
that in fixed dimension, the problem of minimizing a convekpomial objective
function over the integers, subject to polynomial constsadescribing a convex
body, can be solved in time polynomial in the encoding lergjtthe input [17].
This result was strengthened by Heinz [13] to achieve tHeviahg result based on
generalizing Lenstra’s algorithm for linear integer optiation in fixed dimension
[18].

Theorem 1.5. Let the dimensiom be fixed. The problem of minimizing,(z) on

the set of integer points satisfyinfg(z) < 0,7 =1,2,..., m, where thef; : R" —

R are quasi-convex polynomials with integer coefficients,ife- 0,1,...,m, can
be solved in time polynomial in the degrees and the binarpéing of the coeffi-
cients.

Owing to the difficulty, already, of optimizing (non-conyakegree-4 polyno-
mials over the integer points in a convex polygon (Theore®), the best that we
can hope for, in fixed dimension without a convexity assuamptin the objective, is
an approximation result. In fact, a very strong result — nigradully polynomial-
time approximation scheme — has been established (see [6]):

Theorem 1.6. Let the dimensiom be fixed. LetP C R"™ be a rational convex
polytope. Letf be a polynomial with rational coefficients that is non-negabn
PNZ", given as a list of monomials with rational coefficiengsencoded in binary
and exponent vecto8 € Z’ encoded in unary. Then we can find a feasible solu-
tionxz € PNZ" with f.x — f(z) < €fmax, iN time polynomial in the input and

1/e.
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2. Parametric Nonlinear Discrete Optimization

In this section, we take another view across the landscapertinear discrete
optimization. While in the last section our viewpoint wasléok at specializa-
tions of mathematical programming models, in the presecti®seour viewpoint
more closely aligned with that taken in combinatorial optiation. From this dif-
ferent viewpoint, we will see other aspects of the boundatyben tractable and
intractable nonlinear discrete optimization models.

We consider th@arametric nonlinear discrete optimizatiomodel
min /max {f(Wz) : =z € F},

whereW € Z¥", f : RY — R is specified by a comparison oracle, aAd- Z" is
well describedi.e., we have access to an oracle for optimizing an arlyifiaear
objective onF). One motivation for the study of such a model is multi-objex
optimization, where we view each row bf as specifying a linear objective, and
then the nonlineay balances the competing linear objectives. Besides this ap-
pealing motivation, the structure of this model also presgic nice structure for
exploring the boundary between intractable and tract&iein the remainder of
this section, we will expose some of this boundary, as we kgpptheses oif, W
andr.

We make some brief comments about our general hypothesfs, dmat it is
well described. Usually such a term would be formally defiasaneaning that we
have a separation oracle fasnv(F). But of course the polynomial equivalence of
separation and optimization is well known (see [11]). Hindhe hypothesis that
we can optimize arbitrary linear functions on the discrete’s is very natural,
from both the theoretical and practical viewpoints, as wedrift up to nonlinear
discrete optimization.

One of our primary complexity levers is the encoding@f We will see that
typically for binary-encodedil’, we will have intractability, and so to obtain posi-
tive results we will need to hypothesize that the number wabrdis fixed, and that
the entries ofl are somehow small. The exact hypotheses vary over thesdisatt
we present, so we lay out here the possibilities: (i) unagodmg of thew;;, (ii)
w;j € {a1,...,a,}, wherep is fixed and they, € Z are binary encoded input, (iii)
wy; € {ay,...,a,}, whereas, ... a, € Z, are fixed, (V)w;; = >, \ax, wherep
is fixed, theu,, € Z are binary-encoded input, and thg are unary-encoded input.
In this last case, we say thif has aunary encoding ovefay, ..., a,}.

The following three results demonstrate the strong inaaitity of parametric
nonlinear discrete optimization. The results emphasizeows, because fdmear
objectives such problems averyeasy — the greedy algorithm works.
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Theorem 2.1. Computing the optimal objective value of
min / max {f(wz) : z € F},

whend = 1, w € Z, f is a univariate function presented by a comparison oracle,
andF is the set of bases of a uniform or graphic matroid omaiement ground
sets, cannot be done in time polynomiakiand the binary encoding af.

Theorem 2.2. Computing the optimal objective value of
min /max {f(Wzx) : = € F},

whend =n, W =1, f : R — R presented by a comparison oracle, & the
set of bases of a uniform or graphic matroid onraalement ground sets, cannot
be done in time polynomial in.

Theorem 2.3. Determining whether the optimal objective value is zero for
min {f(wz) : v € F},

whend = 1, binary-encodedy € Z", f is the explicit convex univariate function
f(y) == (y — uy)?, and.F is the set of bases of a uniform or graphic matroid on an
n-element ground sets, is NP-complete.

Despite the strong intractability of the general model, weeable to get posi-
tive complexity results for broad classes of interest. \Weadnle to do this, for the
most part, by fixing the number of rows Bf and restricting the encoding of its en-
tries. Depending on the precise restrictionslBnwe are able to address different
types of functionsf.

Theorem 2.4. If F is well describedf is quasi-convex, and’ has a fixed number
of rows and has a unary encoding over binary encdded. . ., a,}, then there is
an efficient deterministic algorithm fenax {f(Wzx) : = € F}.

Theorem 2.5. If F is well describedf is a norm, andV has a fixed number of
rows and is binary-encoded and non-negative, then thereeffiaient determinis-
tic constant-approximation algorithm farax {f(Wz) : x € F}.

A function f : RY — R is ray concavef
M) < fOu)foru e RE, 0< A< 1.

For example, iff is a norm oriR?, then it ray-concave and non-decreasingrin.
As a further examplef(u) := ||u|l; — ||u||s , for any integers > 1 or infinity, is
ray-concave and non-decreasingkth. Notice that already fof = 2 ands = oo,
f(u) is not a norm — indeed, for this cag¢u) = min(uy, us) .
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Theorem 2.6. If F is well described,f is ray concave and non-decreasing, and
W has a fixed number of rows and has a unary encoding over bimagded
{a1,...,a,}, then there is an efficient deterministic constant-appnation algo-
rithm formin {f(Wz) : = € F}.

Turning to general functiong, we must be much more modest in our ex-
pectations. The next results establishes very strongciatodity. Anindependence
systemF C {0, 1}" has the property that far € F andy € {0, 1}" with y < z,
we havey € F.

Theorem 2.7. There is no efficient algorithm for computing an optimal o
of the one-dimensionahonlinear optimization problemin / max {f(wz) : = €
F} over a well-described independence system, Wifliesented by a comparison
oracle, and single weight vectar € {2, 3}".

Still, we can establish a positive result, using a new notibapproximation
that is appropriate for general functiofisWe say that* € F is r-bestfor

min /max {f(Wz) : z € F},

if at mostr better values thafi(IW x*) are achievable a&(1W x), over pointsc € F.
A p-tuplea is primitiveif its entries are distinct positive integers having gcd 1.

Theorem 2.8. For every primitivep-tuple a, there is a constant(a) and an effi-

cient algorithm that, given any well-described indepemaesysteny C {0, 1}",

a single weight vectow € {ay, ..., a,}", and functionf : Z — R presented by a

comparison oracle, finds atfa)-best solution tanin / max {f(wzx) : = € F}.
Moreover, (i) ifa; dividesa;; fori =1, ..., p— 1, then the algorithm provides

an optimal solution; (ii) fop = 2, that is, fora = (a4, az), the algorithm provides

an(ajay — a; — ag)-best solution.

Even though the situation for arbitrary well described peledence systems is
tough, for a matroid even presented by an independencespvaehave an efficient
algorithm for optimizing general functions

Theorem 2.9. If F is the set of characteristic vectors of bases or indepersgtsit
of a single matroid presented by an independence oratle, Z" is binary en-
coded,f is arbitrary and given by a comparison oracle, dndn» matrix W has a
fixed number of rows and has entries in binary encofled. . . , a, } with p fixed,
then there is an efficient deterministic algorithmiiain / max {cz+f(Wz) : = €
F}.

Turning to vectorial matroids (over the rationals so as t&eraur complexity
statements simple), and modifying the assumptions on tbed#mg of 11/, we are
able to again get an efficient algorithm.
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Theorem 2.10.If F is the set of characteristic vectors of bases or indepersa¢sit
of a single rational vectorial matroid represented by atyt@coded integer ma-
trix A, f is arbitrary and given by a comparison oracle, &idas a fixed number
of rows and is unary encoded, then there is an efficient datestic algorithm for
min /max {f(Wz) : v € F}.

Finally, for matroid intersection, again for vectorial mats, we are able to
get an efficientandomizedalgorithm for generaf.

Theorem 2.11.If F is the set of characteristic vectors of common bases or inde-
pendent sets of a pair of rational vectorial matroids, regméed by binary-encoded
integer matricesi; andA,, on a common ground set,is arbitrary and given by a
comparison oracle, and” has a fixed number of rows and is unary encoded, then
there is an efficient randomized algorithm foin / max {f(Wzx) : = € F}.

3. Supercomputing

In §2, we have omitted the algorithms and analyses that form tbefg of
the theorems. Many of the algorithms are not particularbtesc, so the range of
parameters for which they are practical is mostly apparent.

But this generalization has some exceptions. The algosttimat form the
bases of the proofs of Theorems 2.10 and 2.11 might seem tiododyaheoretical
interest. In this section we describe the algorithm fromgieof of Theorem 2.10,
and a bit about how we have implemented it, in ultra-high isren arithmetic on
a Blue Gene/L supercomputer [1].

Without loss of generality, we can assume thais non-negative and that we
are optimizing over the bases df (the case of arbitrarif” and independent sets is
treated, easily, in [20]). Lefl € Z™*" be the matrix representation of the (rational)
vectorial matroidV/, and letF be the set of characteristic vectors of bases/of

It turns out that it is sufficient to be able to efficiently aallgte an optimalV «
— there is a simple methodology for recovering an associatéithe motivating
idea of the algorithm is to determine, in one go, the entit@Epoints

U :={Wz : zisthe characteristic vector of a base\df}.

We observe thal/ is a subset of := {0,1,--- , 7w} By our assumptionsZ| is
bounded by a polynomial in the size of the data encoding. Gtg wve havé/, we
can easily determine an optimidlz using the comparison oracle ¢f
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Define the following polynomial il variablesy,, . . ., y4:

d
g=9u) =>_ g ][ "
uez k=1

where the coefficieng, corresponding ta € 7 is the non-negative integer
u = Z {detQ(Ax) creF, Wax= u} ,

whereA, is ther x r submatrix ofA indicated by the 0/1 vectar. Now, det?(A,)
is positive for everyr € F . Thus, the coefficieny, corresponding ta, € 7 is
non-zero if and only if there exists anc F with Wz = u . So the desired sét
is precisely the set of exponent vectarsf monomials[T¢_, »* having non-zero
coefficientg, in g .

Next, a simple lemma provides a key ingredient for our athaomi

Lemma 3.1.
g(y) = det(AY AT) .

Finally, the key idea is that we can determine the coeffisignf the mono-
mials in g indirectly, by using the lemma to evaluajeat enough points. Thus we
get Algorithm 1.

Algorithm 1 : Efficient enumeration of the image &f underiv/
input: full row-rank A € Z™" (binary encoded)iy € Z+*" (unary encoded);
letw := maxw;;,s:=rw+landZ = {0,1,--- ,rw}?;
let Y := diag, (ITL, v,") ;
fort=1,2,...,s%do
let Y'(¢) be the numerical matrix obtained by substitutifig’ for y;
(=1,2,...,d)inY;
computedet(AY (t)AT);
end
computethe unique solution,,, v € Z, of the square linear system:
et g = det(AY (H)AT), t=1,2,...,s;
retun U :={ue Z : g, > 0}.

We would like to view the system of equations from the aldomta bit more
concretely in the form

Vig=b, (3.1)

whereV is an orders? square matrixg is an s? vector of real variables, and
the right-hand sidé is an s?-vector of constants. Clearly we will lgt, :=
det(AY (t)AT), fort = 1,2,...,s? . As for the variables, we need a numbering
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of the elements of . A natural numbering is viathe : Z — {1,2,...,s%} de-

fined by¢(u) := 1+ X%, u;s' 1. In fact this map is just a lexical ordering of the

elements of ; for exampleg((0,0,...,0)") = 1andg((rw, rw, . .., rw)T) = 4.
With this notation, we can now view the linear system as

gd

Nt g =b, t=1,2,...,5"% (3.2)
j=1

Lettingk := s¢ , we let thek x k matrix V7 be defined by
VE ==t for1 <t j<k.

With this definition ofVV7, (3.2) has the form (3.1).

In this form, we see thal’ is a (special) Vandermonde matrix (so it is invert-
ible), and the system (3.1) that we wish to solve is a so-ddteal problem.” We
propose to solve it simply by evaluating !, and lettingg := V~7b .

Our Vandermonde matrix is a very special one. It even hassed|éorm for
the inversé/ ! :

i+k 1 s .
Do, J=k;

iV vt 1< <k,

Vf.l =

Z?]

where{’;?j:ﬂ denotes a Stirling number of the first kind (see [8], thougdyttiefine

things slightly differently there). The form fdr " indicates how each row 6f
can be calculated independently, with individual entriakwalated from right to
left, albeit with the use of Stirling numbers of the first kivdle note that the Stirling
number used foVij1 does not depend on the row so the needed number can be
computed once for each colurjin The (signed) Stirling numbers of the first kind
can be calculated in a “triangular manner” as follows (s&@)[For—1 < j < k,
we have

RS > -1, =k;
J+1

k k .

HELIFIRL e =

A remark is in order concerning the practicality of workingtiwlarge Van-

dermonde systems and Stirling numbers. The numerics waubklg get out of
hand, using ordinary limited-precision arithmetic, wher- s? is even modest in
magnitude. So, the practical implementation of [10] usesuttra-high precision
arithmetic library ARPREC (see [2; 3]).
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Finally, it is easy to see that there is enormous potentrgbéoallelism in the
calculation of the needed Stirling numbers and in the foilonaand use of the
Vandermonde inverse (see [10] for details).

4. Remarks

It is not the case that algorithms and implementations hkes¢ described in
§3 are currently very practical. After all, not everyone hasupercomputer, and
even for the lucky few, there remains a large gap betweeanoss that we would
like to solve and those that we can currently handle. Howévepe that we have
demonstrated that as computational platforms evolve, imuv gf what is possible
and eventually practical for discrete optimization shoeddlve accordingly. We
have only worked out the details and implemented one algaorit+— the one for
Theorem 2.10. An algorithm for Theorem 2.11, though moreplarated, is based
on similar ideas, and there is clearly the potential to makeftective implemen-
tation for it. Certainly, a broad paradigm for solving dist&r optimization based on
matrix algebra in ultra-high precision on supercomputesslal be very attractive.
We hope that this work is a first step in such a direction.
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