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Often device-indepen- 
dent plotting packages 
do not use high-resolu- 
tion output devices effi- 
ciently. Where such 
packages use an un- 
wieldy point file t o  de- 
scribe a plot, our 
method produces a conic 
spline t o  approximate 
the plot of the function. 

M ost device-independent plotting packages produce intermediate files 
where many points describe the plot of a function. This, for example, is the 
form found in Postscript (from Adobe Research) files produced by 
Mathematica (from Wolfram Research). Such files tend to be quite large and 
may not allow the best possible use of such high-resolution output devices as 
phototypesetters. Here we present an alternate method Given a mathemat- 
ical description of a function, we produce a conic spline approximating the 
plot of the function. Representations by arcs of curves are more economical 
than approximations by points and allow better use of high-resolution out- 
put devices, because the plot of the primitive curves can be fine-tuned for 
each device. But this feature also has a disadvantage: In all device drivers 
you must include a plotter for the primitive curves. 

We selected conic arcs as the primitive curves for several reasons: There 
are simple incremental plotting algorithms for conics,'32 and they are already 
included in some device drivers, although not in Postscript. There are simple 
algorithms for local approximations by conics, as we show here. Discussions 
of other advantages of conics and earlier work in this area can be found in 
the literature."6 

A critical problem in spline fitting is selecting the knots. In this article, we 
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present a new split-and-merge algorithm for choosing the knots 
adaptively, according to shape analysis of the original function 

be both accurate and efficient. 
Before we go into the details of our algorithm, let us formally 

state the problem it addresses: Given the parametric expres- 
sions of a function x( t ) ,  y( t ) ,  their first-order derivatives x’(t), 
y’(t), and a range of the parameter t [L ,  RI, find a conic spline 
approximation to the plot of the function defined on the given 
range. This statement distinguishes our problem from others3 
where a conic spline is used to approximate a set of data points 
{xi, yi). 

based on its first-order derivatives. Split-and-merge proves to B 

A U,X+U,Y +U o=O 

Figure 1. Guided conic. 

Review of conics 
Here we review conics briefly. More information is available 

The general implicit equation for a conic is 

segment between them. Different sets of Wi’s with the same 
in the literature.*-‘ value of 

wow2 
~ 

f(x,y) = ay2 + 2hxy + by2 + dx + ey + c = 0 (1) w: 

We assume without loss of generality that a > 0. The conic 
represented by Equation 1 is an ellipse if ab > h2, a hyperbola if 
ab < h2, and a parabola if ab = h2. This is the usual formulation 
in incremental plotting algorithms and error estimation. 

The guided implicit form3 is the most convenient for curve 
fitting. Let A and C be the endpoints of a conic arc and A B ,  BC 
be the tangents at them, where B is the intersection of the two 
tangents. Let axx + ayy + ao = 0 be the equation of line A B ,  b,x 
+ b,y + bo = 0 be the equation of line BC, and u,x + uyy + uo = 0 
be the equation of line AC.  The family of conics defined by 
triangle A B C  (see Figure 1) satisfies 

Here K is a parameter that controls the “sharpness” of the 
conic. The triangle A B C  is called the guiding triangle of the 
conic segment. The parameter K can be selected in several 
ways, yielding different features desirable in different applica- 
tions. For example, it can be defined by one more point chosen 
to be on the conic,3 by a least-squares error criterion,’ or by the 
constraints for curvature continuity.’ A conic segment defined 
by a guiding triangle lies entirely inside that triangle. This is a 
direct result of the fact that conics do not have inflection points. 

Another popular form of conics is the parametric rational 
quadratic form, given by 

where 

B:(t) = (Y) t ( 1  - t)” - 

are Bernstein polynomials. The W;’S are called weights. The b;’s 
are the coordinate vectors of guiding points br. As the parame- 
ter t goes from 0 to 1, r ( t )  goes from bo to b2 along a conic 

represent the same conic. This representation can be illustrated 
by Figure 1 if we identify bo, bl ,  and b2 with A ,  B, and C, 
respectively. This formulation is convenient for analyzing cer- 
tain properties of conics. Farin used it to derive a curve-fitting 
algorithm with curvature continuity.’ 

Choosing the knots 
Properly choosing the knots-the places where adjacent 

conic arcs join with each other-is the key to an efficient fitting 
algorithm and visually pleasing results. Instead of working from 
a set of data  point^,^" we deal only with a mathematical descrip- 
tion. This can produce data points for any t, but we must select 
the values oft. If we sample the function too densely, we even- 
tually ignore a lot of the points. This is inefficient, but sampling 
too loosely causes a loss of details that would be very expensive 
to recover later. 

The basic idea of our approach is to use the tangent vectors at 
sample points for a local shape analysis about the function, and 
to use a split-and-merge strategy to relocate knots according to 
this analysis. We feel that tangent vectors at sample points, in 
addition to the positions of these points, give a rather reliable 
outline of the local shape that is very helpful in locating the 
knots. 

We extend to any curve segment the concept of guiding trian- 
gles introduced for conics in the previous section. Let A and C 
be two distinct points on a curve, corresponding to parameters 
11 and t2,  respectively. Without loss of generality, we assume that 
t2 > ti. Let B be the intersection of the tangents a tA and C. The 
guiding triangle for the curve segment between A and C is the 
triangle defined by points A ,  B ,  and C. You can compute this 
triangle easily using the values of x(t) ,  y ( t ) ,  x’(t),  and y’(t) at the 
two endpoints A and C. 

Local shape analysis means that given a guiding triangle, we 
want to analyze all the possible forms of curve segments that 
follow this guiding triangle. We need to decide which curve 
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Figure 2. Guiding triangle and tangent vectors. 

Figure 4. An arc with two inflection points that intersects the 
baseline of the guiding triangle. 

segments are good candidates to be fit closely by a conic seg- 
ment defined by the same guiding triangle-and which are not, 
and thus need further subdivision. For simplicity, we use the 
term conic-like to denote a curve segment that can be approxi- 
mated closely by a conic segment. 

We define the tangent vector at any point x(t), y ( t )  to be the 
vector x’(t)x  ̂+ y’(t)y ,̂ where and y^ are unit vectors. Then for 
any guiding triangle ABC, the tangent vector at each endpoint 
can be of either of the two opposite directions, as shown in 
Fi ure 2. We denote the possible tangent vectors at A and C by A, -3 and &, -&, respectively. Since conics do not have 
inflection points, the only possible combination of tangent vec- 
tors for a conic section defined by ABC isA3, $C, which means 
any curve segment with other combinations of tangent vectors 
is not conic-like. 

A straightforward check for the above condition regarding 
the orientation of tangent vectors would be to compute the 
tangent vectors at A and C respectively, then compare them 
with vectorA C to see whether they form the right combination. 
But this would be rather complicated because A C  can have any 
direction. 

Fortunately, you can use a much simpler criterion instead. Let 
6t be a small interval of the parameter t. We evaluate the func- 
tion at ti + 6t and t2 - 6t to get points A’ and C. If both A’ and C‘ 
are located at the same side of line AC as B, we say that the 
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Figure 3. An arc that cannot be fitted by a conic because of one 
inflection period that intersects the side of the guiding triangle. 

B 

A C 

Figure 5. An arc contained inside a guiding triangle that might 
be misclassified as conic-like. 

+ 
curve segment has A%, BC as tangent vectors at A, C respec- 
tively. Such a claim may cause a loss of details if there are 
inflection points over the interval 6t. But we can always choose 
6t to be very small compared with the interval [L,  RI, so that a 
digital display will eventually ignore details over such a small 
interval. Taking into account the fact that a conic segment lies 
entirely inside its guiding triangle, we modify the criterion to 
require that both A’ and B’ are inside the triangle ABC. 

Notice that the new criterion detects the unfittable curve seg- 
ment depicted in Figure 3 as well. In that case, the tangent 
vectors form the right combination, but the curve segment is not 
conic-like because it has an inflection point. The criterion can 
be further modified to take care of high-frequency oscillations 
in the triangle, as shown in Figure 4. Besides A’ and C‘, the 
algorithm checks a certain number of other sample points, 
evenly distributed over the parameter t ,  to see whether they all 
are inside the triangle ABC. 

Although they are very unlikely, some cases may cause mis- 
classification, as Figure 5 shows. To take care of such cases, we 
require that triangle ABC be “flat”: The distance from B to A C  
must be small compared with the length of chord AC. This 
constrains errors within a certain range even if a misclassifica- 
tion occurs. Thus the error-estimation algorithm for conics can 
be used later to check for misclassification. 

For a curve segment to be conic-like, another requirement is 
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Figure 6. y = e-x sin (lox), 0 5 x 5 3.0. 

that the directions of the tangent vectors at its two endpoints 
must not differ by more than n/2. Although this constraint is 
only a heuristic, it does not cause any inefficiency. Indeed, if the 
directions of the tangent vectors differ by more than d 2 ,  the 
conic section defined must lie in more than two quadrants. Then 
it has to be subdivided later anyway, since it is much easier for 
the conic plotting algorithms to deal with a conic segment 
within a single quadrant. The reflection of this requirement on 
the shape of the triangle is that the angle at B must be obtuse. 

Split-and-merge proves to be a powerful strategy to achieve 
efficient representation without loss of details. We adapted this 
idea from earlier work' and used it in our knot-choosing algo- 
rithm. We start from a list of curve segments obtained from an 
even distribution of a certain number of knots, and then do a 
local shape analysis of each segment. Any curve segment that is 
not conic-like is subdivided recursively until all segments are 
conic-like. Adjacent segments that form a single conic-like 
piece are then merged into one segment. The whole process is 
carried out in two passes of the list: one for split, one for merge. 
After split-and-merge, any curve segment in the list is conic- 
like, and no pairs of adjacent segments can be merged anymore. 
Thus, the algorithm chooses and adjusts knots adaptively ac- 
cording to shape of the function, yielding an almost optimal 
representation. 

A problem in the split process is how to make the subdivision 
or where to split a curve segment when it is not conic-like. The 
reason a curve segment is not conic-like is that it contains at 
least one inflection point, located at a position other than the 
endpoints. Until the inflection point is chosen as a knot, the 
curve segment containing this inflection point will always need 
further subdivision. Thus the problem becomes how to locate 
the inflection point(s) effectively. 

Our algorithm uses a binary searching strategy. If a curve 
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segment over ( t i ,  t 2 )  is not conic-like, it is split at the point 
defined by 

and 

A lower bound on the interval of parameter t ensures that this 
searching process terminates. The algorithm discards any curve 
segment over a very small interval of parameter t. Since such a 
small segment corresponds to no more than a single point on a 
digital display, continuing to work on it is meaningless. 

To check whether two adjacent curve segments can be 
merged, we simply compute the guiding triangle of the joint 
segment and see if this segment is conic-like. 

-30 -20 -10 

Figure 7. x = 2, y = 3t2, -3.0 < t 5 3.0. 

More on the fitting process 
Here is an outline of the algorithm: 

1. Preprocessing: Search for singular points and divide the 
function into continuous arcs. Perform any necessary 
scaling. 

2.1 Initialize a list of curve segments by dividing the orig- 
inal curve into N segments, evenly distributed over 
the parameter t .  

2. For each continuous part, do the following: 
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2.2 Modify the list using the split-and-merge process 
guided by local shape analysis. 

2.3 Fit a conic to each segment in the list. 
2.4 Apply the error estimation to each segment, and split 

the segment if the error exceeds a certain threshold. 

If the segment lies in one quadrant, then output the 
coefficients of the conic and the coordinates of the 
endpoints. 
Else, split the segment into two parts so each lies in 
one single quadrant, and output them separately. 

3. Output the conic segments as following: 

We explained Steps 2.1 and 2.2 of the algorithm in the previous 
section. Because of the split-and-merge process, the value of N 
has little effect on the results; it affects mostly the speed of the 
algorithm. In our tests, we used N = 10. Now we discuss the 
other steps of the algorithm. 

Basically, preprocessing is carried out through a dense sam- 
pling of the function, which serves two purposes. First, prepro- 
cessing locates possible singular points and divides the function 
at these points. This is desirable because singular points cause 
inefficiency and instability in the split-and-merge process for 
choosing knots. Second, preprocessing estimates the domain of 
the function over the given range, so the algorithm can make 
the scaling when necessary. Proper scaling is very important for 
obtaining a good plot that shows the desired details. 

Fitting a conic segment is straightforward using Equation 2. 
The problem is how to select the parameter K .  We have two 
choices here: either to sample one more point on the curve 
segment and require the conic to pass through this point, or to 
use this degree of freedom to achieve curvature continuity be- 
tween adjacent segments. Farin gave a detailed discussion of 
how to achieve curvature continuity between conic  segment^.^ 
It's hard to decide which alternative yields a better fit. On one 
hand, fitting through a sample point seems to yield a closer fit 
because it interpolates one more point of the original curve 
segment. On the other hand, since most of the functions we 
want to plot do satisfy curvature continuity, the second altema- 
tive also seems reasonable. We chose the first scheme for effi- 
ciency: It involves much less computation. 

Error estimation for conics is not trivial. Fortunately, now that 
errors are already constrained within a small range, we can use 
the formulas for estimating the distance to a conic from a point 
close to the conic. Nalwa developed a rather reliable formula 
for this purpose: which we used in our algorithm. Although the 
formula itself is complicated and computationally expensive, it 
does not slow the whole process very much, since error estima- 
tion is carried out only once for each segment. 

In the output step, the algorithm checks each conic segment 
to see if it lies in more than one quadrant. A conic segment lies 
within a single quadrant if it does not contain any point with a 
vertical or a horizontal tangent. Again, the guiding triangle is 
used here to do the checking. As a result of the shape con- 
straints applied to the guiding triangles in previous steps, each 
conic segment encountered here lies in at most two quadrants, 
or it contains at most one point of a vertical or a horizontal 

3 

Figure 8.x=05tcos (t),y = O5tsin ( t) ,  0 2 t 2 2n. 

tangent. Because conics do not contain inflection points, we can 
prove the following conclusion: 

Given a conic segment between points A(xA, YA), ~ ( x c ,  YC), 
and its guiding triangle ABC, let the coordinates of B be XB,  YB. 
Then 

1. The conic segment contains a point with a vertical tangent 
if and only if XB = min(xA, xa,xc) or X B  = max{xA, XB, xc). 

2. The conic segment contains a point with a horizontal tan- 
gentifandonlyifye=min(yA,yE,yC) oryB= mmbA,YB,YC]. 

Once we know a conic segment lies in two quadrants, we can 
solve a quadratic equation to locate the point with a vertical or 
a horizontal tangent. 

Results 
We have implemented our algorithm on a Sun 3/160 worksta- 

tion in C. To test the results, we have also implemented a conic 
plotter in the Sunview system (from Sun Microsystems), using 
an incremental algorithm.''2 We have tested various functions; 
Figures 6 through 9 show some of the results. In the future we 
would like to develop another version of this algorithm using 
curvature-continuity constraints, to see if we can get further 
improvements in plot appearance. 

Figure 6 is an example of a function with rapid changes. Fig- 
ure 7 is a function with tangent discontinuity at the origin. Fig- 
ure 8 shows a case where the curve can be described only in 
parametric forms. 

Figure 9 shows an example we used to test our algorithm's 
efficiency and accuracy. The original function is an ellipse given 
in parametric form, which itself is a conic. The chord corre- 
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sponding to each conic arc is also plotted here to show the conic 
segments used to approximate this function. Although not op- 
timal, the representation obtained from our algorithm is quite 
efficient. 

Conclusion 
Our function-plotting algorithm uses conics as primitive 

curves. Besides conics, we could have used cubic splines such as 
cubic Beziers. However, compared with cubic splines, conic 
sections have several advantages for this application: 

1. Conic curves are rational in parametric form and have 
greater flexibility in matching a desired shape than do such 
polynomial parametric forms as Bezier curves. Consider the 
following extreme but illustrative case. Suppose we want a 
curve to pass very close to the vertex B of the controlling trian- 
gle (see Figure 1). This is quite easy with a conic. For a cubic 
Bezier we would need two more control points along the sides 
A B  and BC. The sharper shape can be obtained by placing both 
control points at B. A simple application of the De Casteljau 
algorithm shows that the Bezier curve cannot come nearer to B 
than a distance approximately equal to one quarter the distance 
from point B to line A C .  

2. Unlike cubic splines, conics do not have inflection points. 
This implies that we must introduce knots at inflection points. 
which might be considered a limitation. But this also makes the 
shape of a conic segment relatively simple and easy to estimate. 
The latter feature is especially desirable in function plotting. If 
we choose the knots well-that is, include all the inflection 
points-then a good fit is almost guaranteed. 

3. The incremental algorithms for conics are simple and effi- 
cient,”2 while plotting cubics is more complex. 
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Local shape analysis based on tangent vectors of the original 
function provides powerful and reliable guidance in choosing 
the knots. We believe that the main challenge is to install conic 
arc plotters in various device drivers. Since CAD applications 
frequently use conic arcs, we might justify such an extension of 
device drivers on grounds other than those provided by our 
plotting algorithm. 0 
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