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Abstract

We introduce an approach for model-based sequence
clustering that addresses several drawbacks of existing al-
gorithms. The approach uses a combination of Hidden
Markov Models (HMMs) for sequence estimation and Dy-
namic Time Warping (DTW) for hierarchical clustering,
with interlocking steps of model selection, estimation and
sequence grouping. We demonstrate experimentally that the
algorithm can effectively handle sequences of widely vary-
ing lengths, unbalanced cluster sizes, as well as outliers.

1 Introduction

Cluster analysis is a way to derive structure from data
by automatically partitioning the data samples into homo-
geneous groups. In model-based clustering, mathematical
models are used to represent the cluster structure, with the
models for each cluster selected to optimize the data fit.
Compared to distance-based clustering, model-based meth-
ods can provide better interpretability and richer represen-
tation of the data.

Hidden Markov Models (HMMs) are particularly attrac-
tive for the clustering of time series, or more generally, se-
quence data, for two reasons. First, they represent a for-
mal probabilistic model with solid mathematical founda-
tions, with available efficient and well-defined algorithms
for inducing HMMs from a set of sequences [4]. Second,
the hidden states in HMMs provide a compact and easy-
to-interpret representation of the underlying “stages” ina
dynamic process.

Earlier work on HMM based sequence clustering as-
sumed that the number of states in the models is known
beforehand [5, 1, 8, 3, 6]. More recently, Liet. al.[2] pro-
posed a more general clustering methodology calledMa-

tryoshka, which does not assume that the number of states
in the HMMs are known beforehand or are fixed for all clus-
ters. However, there are several drawbacks to this method-
ology that hinder its application in many real-world situa-
tions. First, the method assumes that all sequences are of
equal length. Second, to generate new clusters, the method
uses a simple approach of initializing a new cluster using
the sequence that is farthest from the existing models, which
leads to instability when the data contains clusters of very
different sizes or outliers. Finally, the method provides no
mechanism to isolate outliers or noise in the data: it at-
tempts to account for all the data with HMMs, thus tends
to get “distracted” in the presence of outliers.

In this paper we present a new algorithm for HMM-based
sequence clustering designed to address these problems. A
normalized Bayesian Information Criterion (BIC) measure
is adopted to allow for sequences of varying lengths. A
mechanism called theoutlier pool is introduced to dynam-
ically identify and handle outliers throughout the cluster-
ing process. Finally, we provide a more reliable method-
ology for creating and initializing new clusters using Dy-
namic Time Warping (DTW) combined with hierarchical
clustering. While DTW has been used before in sequence
clustering [3], our algorithm is the first to interweave it into
every step of a top-town, model-based clustering scheme
that searches for the optimal number of clusters and num-
ber of states for each cluster in an iterative manner, guided
by a goodness of fit measure.

2 The Interweaved HMM/DTW Algorithm

Suppose we have a set of N sequences (samples) of vary-
ing lengths:X = (x1, · · · , xN ). We assume that a major-
ity of the sequences were generated by an unknown num-
ber of HMMs, each representing a “dominant” underlying
regime in the data. By “dominant” we mean it represents a
significant number of sequences. However, the number of



Table 1. Outline of the clustering algorithm
Assign all sequences to one cluster.
Apply Model Construction to the cluster.
Sample Reassignment/Outlier Detection.
Computenormalized partition BIC measure.
while BIC measure for current partition> BIC measure

of previous partition:
Partition Growing.
Apply Model Construction to each new cluster.
Sample Reassignment/Outlier Detection.
Computenormalized BIC for current partition.

end while
Accept the previous partition as the final partition.

sequences represented by each dominant regime may vary
widely (i.e., the corresponding clusters may be highly un-
balanced). We further assume that the data may contain out-
liers, or sequences that do not belong to any of the dominant
regimes. The goal of the clustering algorithm is to iden-
tify the clusters that correspond to these dominant regimes,
along with the underlying models that characterize the se-
quences in each regime.

This clustering problem can be viewed as a model-fitting
problem, where, given a set of data assumed to come from
a mixture of models, we attempt to find the best estimate
of the model parameters such that they maximize the likeli-
hood of the data. The challenge is how to solve the nested
problems of identifying the “right” number of clusters, and
given a cluster, the “right” model size for the cluster. We
adopt a top-down approach, where we start with the mini-
mal size for both model and partition, and increment them
in an estimation-maximization (EM)-like procedure until a
certain “goodness” measure is reached.

Table 1 gives a high-level outline of our clustering al-
gorithm. In the following sections we explain in detail the
three key components of this algorithm: model and parti-
tion size selection, partition growing, and outlier handling.

2.1 Normalized BIC for size selection

The Bayesian Information Criterion (BIC) was first pro-
posed as a criterion for model selection when fitting a
mixture model in a Bayesian framework. It was de-
rived from an asymptotic approximation formula proposed
by Schwarz in 1978 [7]. The basic definition of the
BIC measure given a mixture modelM and data setX
is: BIC(M,X) = log{P (X|M, θ̂)} − d

2
log(N), whereθ̂ de-

notes the maximum likelihood estimate of the model pa-
rameters,d is the number of free parameters in the model,
andN is the number of data samples inX . The first term
in the formula is the likelihood term, which tends to favor

larger and more detailed models, while the second term is
the model complexity penalty term, which favors simpler
models. Thus BIC has the effect of selecting a good, yet
parsimonious model for the data by trading off the contri-
butions of these two terms.

A direct adaption of the BIC measure to sequence clus-
tering [2] is problematic when the sequences have widely
varying lengths. Due to its cumulative nature, the likelihood
of a sequence tends to be lower for longer sequences. Thus
BIC measures using likelihoods not normalized to account
for sequence length are biased towards longer sequences.

To correct for this bias, we normalize the BIC measure
by dividing the first term by the length of the sequence, and
adding a regularization factorα (roughly the reverse of the
average sequence length) to the penalty term, resulting in
what we call anormalized BIC measure.

For modelλk with parameterŝθk estimated from clus-
ter Xk, the normalized model BIC measure is defined
as:

∑Nk

j=1

log P (xkj |λk,θ̂k)

|xkj |
− α × dk

2
log Nk, where xkj is

the jth sequence in clusterXk, |xkj | is its length, and
P (xkj |λk, θ̂k) is the likelihood of the sequence.

Similarly, for a given partition M containing K

clusters, the partition BIC measure is defined as:
∑N

i=1

∑K

k=1
Pik

logP (xi|λk,θ̂k)
|xi|

− α ×

∑
K

k=1
dk

2
log N, where

Pik is 1 if samplexi is in clusterk and0 otherwise.
The process of state size selection is embedded in the

Model Construction module referred to in Table 1. The
algorithm starts with a single state and increases the num-
ber of states by one at each iteration until the BIC measure
begins to decrease.

Similarly, to choose the number of clusters, the algo-
rithm starts from one cluster and keeps increasing the num-
ber of clusters until the partition BIC measure begins to de-
crease (outlined in Table 1).

2.2 Outlier handling

Outliers in the context of model-based clustering refer to
objects that do not belong to any of the dominant underlying
clusters. Most likely these objects have been generated due
to system anomaly or noise and therefore are not of primary
interest.

Outliers are very common in real world data and can
cause serious difficulty in model-based clustering. First,
mixing outliers in a “legitimate” cluster leads to the “con-
tamination” of the model. Second, even if the algorithm is
capable of isolating the outliers, they lead to a diversion of
the model parameter resource. Thus when there are out-
liers, a model-based clustering algorithm that attempts to
account for all the data with models will often only identify
the outliers, at the expense of failing to isolate some of the
dominant regimes.
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Table 2. Sample Reassignment
repeat

Compute the acceptance threshold for each
model using Monte Carlo simulation

For each sequencexi, identify
modelj having maximum likelihood;

If likelihood > acceptance threshold
then assignxi to clusterj
Otherwise assignxi to outlier pool.

Apply Model Construction to each cluster with
changed membership

until no more change of cluster membership

To resolve this problem, we introduce a mechanism
called the outlier pool, detailed in theSample Reassign-
ment/Outlier Detection module in Table 2. Instead of at-
tempting to account for all sequences with HMM models,
we allow each model to reject a sequence whose likelihood
is too low. A sequence that is rejected by all current models
is placed in the outlier pool. The outlier pool is a special
“garbage” cluster which is not modeled. Note that this out-
lier pool is dynamic: objects can enter into or exit from the
outlier pool as the clustering algorithm proceeds.

The threshold used to determine whether a sequence
should be accepted or rejected by a model is selected based
on the expected likelihood of each model, estimated using
Monte Carlo simulation. For each model,500 sequences
are generated according to the model parameters. Then the
normalized likelihood of each sequence against the given
model is computed and the average is taken as the expected
likelihood of the model. The threshold is set such that se-
quences whose likelihood values are significantly below the
expected likelihood for their cluster are flagged as outliers.

2.3 Partition growing using DTW

As shown in Table 1, the algorithm starts with one clus-
ter and incrementally grows the number of clusters until the
partition BIC measure reaches a maximum point. For each
given number of clusters, the initial set of clusters and mod-
els are adjusted using an EM procedure as outlined in Table
2. Since the EM algorithm will only converge to a local op-
timal point, its outcome greatly depends on the initial parti-
tion. Thus a crucial step in a top-town model based cluster-
ing algorithm is the initialization of a new cluster from an
existing set of clusters.

One possible strategy is to seed the new cluster with the
data sample that is “least fit”, i.e., farthest away from all
current models [2]. While this works reasonably well for
clean data, it is sensitive to outliers. When there are out-
liers in the data, the data sample that is farthest away from
all models is very likely an outlier. Using this strategy the

cluster growing process tends to be dominated by outliers.
We have adopted a more robust alternative. Instead of

evaluating each individual sequence for fitness, each cluster
is evaluated as a whole. The cluster with the lowest average
likelihood is identified as the candidate for splitting. The
identified cluster is then split into two new clusters using hi-
erarchical clustering based on distance measures computed
using DTW.

3. Experiments

Synthesized data were generated to systematically evalu-
ate our algorithm and compare its performance with that of
other methods. We used discrete-value, left-to-right HMMs
and segmentalk-means algorithm for model estimation [4].
It should be noted, however, that our approach is not pred-
icated on these choices: the algorithm and the analysis ap-
ply to more general HMMs and different choices of HMM
training techniques as well.

3.1 Data description

To generate a synthesized data set, we specify the param-
eters of the HMM represented in each cluster, along with
the number of clusters and their sizes and then generate the
desired number of sequences. Singleton clusters or clusters
with a small number of samples are used to simulate out-
liers.

The HMMs used to generate our synthesized data con-
tain two to three states. To generate different emission prob-
ability distributions, we first generated 6 normal distribu-
tions with deviation of0.5 and means ofi ∗ 2.0, 1 ≤ i ≤ 6.
We then calculated the probabilities for each1.0 interval
between0.5 and 12.5 for each distribution, arriving at6
distinct discrete probability distributions for13 symbols.
The emission probability distributions for all generating
HMMs are selected from these6 distributions. The dis-
tance between any two HMMs is controlled by the num-
ber of states that have shared emission probabilities and the
self-transition probabilities of these states.

Instead of using a fixed length for all sequences as in
previous methods [8, 3, 2], we allow the length of the se-
quences to vary, to more closely simulate the situation in
most applications. Since the HMMs are left-to-right mod-
els with a forced initial and final state, the expected se-
quence length for each model is essentially determined by
the self-transition probabilities for the states. We adjusted
these transition probabilities such that all models have an
expected sequence length of 50, and allowed individual se-
quence lengths to vary between30 and100.

Two synthetic data sets were used in our evaluations,
generated using 10 HMMs. Models 1 to 5 (referred to as
major models) were used to generate dominant regimes and
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Table 3. Performance comparison
PMC measure DCM measure

Matryoshka HMM/DTW Matryoshka HMM/DTW
Set 1 126 16 0.478 0.083
Set 2 122 10 0.413 0.026

models 6 to 10 (referred to asnoise models) were used to
simulate outliers. For both data sets, the sizes for the major
clusters are 100,60,30,30,10 respectively. For outliers,the
first data set has 5 singletons while the second one has 5
minor clusters with sizes 4,3,2,1,1.

3.2 Performance measures

Two performance measures were used to quantitatively
assess the performance of our clustering algorithm. The first
is the Partition Misclassification Count (PMC) [2], which is
a weighted sum of all different types of object misclassifi-
cations that occur in the derived partition. The smaller the
count, the closer the derived partition is to the true partition
and thus more accurate the clustering algorithm.

Another performance, the Difference of Concordance
Matrix (DCM), measures the mismatch between the true
and derived partitions. Given a set ofN objects, the con-
cordance matrixC is a 0-1N × N matrix wherecij =
1 if the ith and jth objects are in the same cluster and
cij = 0 otherwise. The DCM measure is then defined as:

DCM = eT (|Ct−Cd|)e

eT Cte
, wheree is vector of ones,Ct andCd

are concordance matrices for the true and derived partitions,
respectively, and| • | denotes the component-wise absolute
value of a matrix. Values of DCM range from0 to 1 with 0
indicating a perfect match and1 indicating a complete mis-
match.

3.3 Experimental results

We evaluated our algorithm using the two synthetic data
sets described in Section 3.1, and compared the results to
those obtained using the Matryoshka algorithm developed
by Li et.al. [2]. Table 3 shows the performance measures
of both algorithms. As can be seen from the table, our algo-
rithm significantly outperforms the Matryoshka algorithm
in both measures for both data sets.

Looking in more detail for data set 2, we found that
100% of sequences from Models 1 and 5 were clustered
correctly, while 5 sequences (of 10 total) from Models 6, 9,
and 10 (the outlier clusters) were mixed in with major clus-
ters from Models 2,4, and 5, respectively. The remaining
outlier sequences were identified correctly.

In contrast, the Matryoshka algorithm produced a total
of 8 clusters, yet failed to isolate all of the major groups:

the algorithm was unable to distinguish sequences gener-
ated by Models 2 and 3, grouping 55 (of 60 total) sequences
from Model 2 together with the 60 sequences from Model
3. Another identified cluster was spurious, consisting of se-
quences from Models 2 plus four outlier sequences.

4 Conclusions and Future Work

In this paper, we have introduced refinements to existing
HMM-based clustering schemes to address important short-
comings. In particular, our algorithm interweaves cluster-
ing based on a DTW-based distance measure with an HMM
model-based approach, and allows for identification of out-
lier sequences in such a way that they do not detract from
the identification of the major clusters. Experimental re-
sults with synthetic data demonstrate that these adaptations
provide significant performance improvements.

Several open questions remain. First, what is the im-
pact of the particular HMM model fitting algorithm on the
cluster results? Second, does the improved performance
carry over to the case of continuous HMM and/or uncon-
strained HMM models? Finally, we would like to under-
stand how explicit modeling of the state durations impacts
the final cluster results, compared to characterizing dura-
tions implicitly through the HMM transition probabilities.
Better understanding of these issues will aid in identifica-
tion of applications where the proposed technique will be
most useful.
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