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Abstract

We present a new L1-distance-based k-means clus-
tering algorithm to address the challenge of cluster-
ing high-dimensional proportional vectors. The new
algorithm explicitly incorporates proportionality con-
straints in the computation of the cluster centroids, re-
sulting in reduced L1 error rates. We compare the new
method to two competing methods, an approximate L1-
distance k-means algorithm, where the centroid is esti-
mated using cluster means, and a median L1 k-means
algorithm, where the centroid is estimated using clus-
ter medians, with proportionality constraints imposed
by normalization in a second step. Application to clus-
tering of projects based on distribution of labor hours
by skill illustrates the advantages of the new algorithm.

1. Introduction

The k-means clustering algorithm is one of the most

popular algorithms for unsupervised data partitioning

[5]. The classic k-means algorithm uses the squared

Euclidean distance as the distortion measure, and can be

viewed as fitting a mixture of multivariate Gaussian dis-

tributions using the EM algorithm. However, in many

real world applications, the squared Euclidean distance

is not a good measure of distortion. Thus multiple vari-

ations of the k-means algorithm have been proposed to

allow different distortion measures [4, 3].

In this paper, we propose a new variation of the k-

means algorithm designed for the clustering of propor-
tional vectors using L1 distance as distortion measure.

Denoting a vector xi ∈ Rd by (x(1)
i , x

(2)
i , ..., x

(d)
i ),

we consider xi to be proportional if it describes an

allocation, and hence satisfies the following propor-
tionality constraints: 1) x

(j)
i > 0 for each j; and

2)
∑d

j=1 x
(j)
i = 1. Such proportional vectors are en-

countered in many domains, for example to capture

skill allocation for different types of projects in work-

force management [6], to characterize distributions of

customer buying patterns across products in marketing

studies, as topic distributions in text mining [1], and for

color representation in video analysis [8].

In many business applications involving proportional

data, the L1 distance is the preferred distortion metric

because it offers intuitive and actionable interpretations.

However it also leads to difficulty in the implementation

of the k-mean algorithm, since there is no closed-form

solution for centroid estimation under L1 distance. We

formulate this problem as constrained optimization, and

propose an efficient algorithm for solving it. The result-

ing algorithm is called Constrained L1 k-means. We

present results of experiments demonstrating the advan-

tages of this new algorithm compared with other varia-

tions of k-means that use approximate closed-form so-

lutions.

The rest of the paper is organized as follows. Section

2 describes a motivating application for L1 distance-

based clustering of proportional data. In Section 3 we

formalize the problem specification and describe the

constrained L1 k-means algorithm. Section 4 provides

experimental results using real world data for the work-

force management application. Section 5 concludes.

2. Skill Allocation-Based Project Clustering

A large professional service company typically has

multiple active service engagements at different stages



of completion at any given time, with competing de-

mands on its human resource supply. Therefore a

methodology of generating project categorizations (tax-

onomy) that can be directly linked to resource require-

ments is crucial for ensuring timely staffing actions.

However, mapping service engagements to staffing

needs is in general a difficult task because these engage-

ments are often at least partially customized, and the

services portfolio is constantly evolving. Thus much

effort has been devoted to developing automatic ways

of inferring project categorization based on historical

staffing patterns [6].

The first step of such automation is the clustering

analysis of skill allocations of past engagements [6]. In

this setting, each engagement is represented as a propor-

tional vector describing allocation of total project hours

over a set of predefined skills (e.g., software architect,

project manager, Web portal specialist, etc.). The goal

is to cluster a given set of engagements into groups with

similar skill allocations. Each group is then assigned a

unique engagement type, and the centroid of the cor-

responding cluster is considered the standard staffing
profile for this engagement type.

This particular clustering problem has many chal-

lenging characteristics. First the data is often high di-

mensional - a typical IT service provider tends to utilize

tens to hundreds of different skills. Secondly, the de-

rived cluster centroids need to satisfy the proportion-

ality constraints since they will be used as standard

staffing profiles. Finally, while various distortion met-

rics are applicable to clustering of proportional vectors

in general, L1 distance is the preferred metric here be-

cause it leads to intuitive and actionable business in-

terpretations. Since different skills are associated with

different costs, the deviation from standard staffing pro-

files in terms of L1 distance can be directly translated

into cost differences. Furthermore, the L1 formulation

lends itself naturally to a weighted extension, where the

absolute difference in each component skill is weighed

by its cost rate. The skill-based engagement clustering

problem is thus mapped to that of L1 distance based

clustering of proportional vectors.

3. Constrained L1 k-means Clustering

3.1. Problem Formulation

The classic k-means algorithm is defined using the

squared Euclidean distance [5]. Here we give a gener-

alized description of the algorithm using a generic dis-

tortion function D. Given a set of data points xi ∈ Rd,

the k-means algorithm seeks to create a k-partitioning

of the data {πj}k
j=1, such that if {ξj}k

j=1 represent the

cluster centroids, the following objective function:

Q =
k∑

j=1

∑

xi∈πj

D(xi, ξj) (1)

is locally minimized. The algorithm finds the local min-

imum by starting from an initial set of centroids, and

then iteratively improving upon the objective function

by repeating the following two steps:

• Assign each data point xi to cluster

j∗ = argminjD(xi, ξj).

• Estimate new centroids:

ξ∗j ← argminξj

∑

xi∈πj

D(xi, ξj). (2)

Clearly, the centroid estimation step of the algorithm

itself involves solving an optimization problem, as de-

fined in Eqn. 2. In the classic k-means algorithm, for

which D is the squared Euclidean distance, the solution

to Eqn. 2 is simply the sample mean. Since in many ap-

plications the squared Euclidean is not the best metric,

various extensions to the classic k-mean algorithm have

been developed for other types of distances, including

cosine distance [4] and mutual information based met-

rics [3]. However, all previous extensions involve sce-

narios where a closed form solution exists for Eqn. 2.

For L1 distance, when the observations are uncon-

strained, it can be shown that the solution to Eqn. 2 is

the component-wise median. However, for proportional

vectors a closed form solution does not exist. Thus

a new extension to the k-means algorithm is needed,

where the centroid estimation step involves solving the

following constrained optimization problem:

ξ∗j ← argminξj

∑

xi∈πj

|xi − ξj |

s.t. |ξj | = 1, ξ
(�)
j > 0, � = 1...d. (3)

Since centroid estimation is invoked for each cluster

during each iteration of the k-means algorithm, it is es-

sential that solution be efficient for the overall algorithm

to be practical.

3.2. Sequential Optimization for Centroid Esti-
mation

Although the optimization problem defined by Eqn.

3 can be cast as a Linear Programming (LP) problem,

the LP formulation involves n = (2|πj |+1)d variables.

Since even the most advanced LP solvers have a com-

plexity of over n3, this can quickly become intractable

when data sample size and dimension are large.



We propose a specialized algorithm that can solve

this optimization problem more efficiently. The algo-

rithm uses the fact that there is only one equality con-

straint, and that the objective function can be decom-

posed into parts, each of which involving only one vari-

able. The basic idea behind our algorithm is the same

as that of the sequential minimal optimization algorithm

[7] for solving quadratic programming with one equal-

ity constraint for support vector machines. However,

the decomposability of the objective function allows us

to obtain reduced complexity.

We start by decomposing the objective function of

the constrained optimization problem as follows.

J(ξj) :=
∑

xi∈πj

|xi − ξj | =
d∑

�=1

J (�)(ξ(�)
j )(4)

J (l)(ξ(�)
j ) :=

∑

xi∈πj

|x(�)
i − ξ

(�)
j | (5)

J (l)(ξ(l)
j ) is the objective function for the l-th dimen-

sion, so the original objective function is decomposed

into the objective functions for each dimension. Note

that Eqn. 5 is piecewise linear and convex, so we can

obtain the optimal solution by iteratively updating the

current solution in the direction leading to lower ob-

jective function. To maintain the equality constraint

|ξj | = 1, we have to change at least two variables at

a time.

Let us define the right gradient and the left gradient

of J (�)(ξ(�)
j ) as

g+(ξ(�)
j ) := lim

δ→0+

J (�)(ξ(�)
j + δ) − J (�)(ξ(�)

j )
δ

(6)

g−(ξ(�)
j ) := lim

δ→0−
J (l)(ξ(�)

j + δ) − J (�)(ξ(�)
j )

δ
, (7)

respectively.

At each step of the iterations, we find the pair of vari-

ables ξ
(�)
j and ξ

(m)
j that improve the solution the most.

Assume that we move ξ
(�)
j to the left and ξ

(m)
j to the

right while maintaining the equality constraint. The ra-

tio of improvement is measured by

g−(ξ(�)
j ) − g+(ξ(m)

j ). (8)

Thus we find � which maximizes g−(ξ(�)
j ) and m which

minimizes g+(ξ(m)
j ) to obtain the largest improvement

of the objective function.

Once the best pair (�,m) is determined, we move the

corresponding two variables (ξ(�)
j , ξ

(m)
j ) in the direction

of (−1, 1) until either of them reaches the point at which

the gradient changes. In other words, the solution is

updated by

ξ
(�)
j := ξ

(�)
j − ∆, (9)

ξ
(m)
j := ξ

(m)
j + ∆, (10)

where ∆ is determined as

∆ := min
{
ξ
(�)
j − max{x(�)

i |ξ(�)
j > x

(�)
i },

min{x(m)
i |ξ(m)

j < x
(m)
i } − ξ

(m)
j

}
.(11)

The above algorithm is summarized as follows.

1. Initialize ξj satisfying |ξj | = 1.

2. Find the best pair (�,m) which maximizes Eqn. 8.

If its value is not positive, stop.

3. Update the solution by using Eqn. 9 and Eqn. 10.

4. Return to Step 2.

The computational complexity of the algorithm can

be analyzed easily. Since the values of the gradients

can be computed by counting the number of x
(�)
i ly-

ing at the right hand side of ξ
(�)
j , we sort {x(�)

i }xi∈πj

for � = 1, . . . , d, which requires O(d|πj | log |πj |) com-

putational steps. At Step 2 in the algorithm, we find

� and m, respectively. This can be implemented with

O(log d) complexity by using an appropriate data struc-

ture such as heaps. Also, since the objective function

is piecewise linear and convex, it is easy to see that

the gradients found g−(ξ(�)
j ) and g+(ξ(m)

j ) are always

better than the ones that would be found in the future.

Therefore the number of updates is at most |πj | for

each dimension, resulting in d|πj | in total. Summariz-

ing the above discussion, the total complexity for solv-

ing Eqn. 3 becomes O(d|πj | log |πj | + d|πj | log d) =
O(d|πj | log min{|πj |, d}).

4. Experiments

In this section we report results on two real world

data sets representing skill allocations for past projects

in two service areas within IBM. Data set 1 contains

1604 projects with 16 skill categories, and data set 2

contains 302 projects with 67 skill categories.

We compare the result of the proposed Constrained

L1 k-means (CL1 k-means) algorithm against two alter-

native approaches of centroid estimation in L1 distance

based k-means:

1. Median L1 k-means (ML1 k-means): The centroid

is first computed as the component-wise median,

then normalized to satisfy the proportionality con-

straints.



2. Approximate L1 k-means (AL1 k-means): The

centroid is computed as the sample mean, automat-

ically satisfying the proportionality constraints.

Experiments were run with the predetermined num-

ber of clusters k = 2, ..., 10. For each value of k, the

algorithms are compared using the overall L1 distortion,

computed using 10-fold validation. For each fold each

clustering algorithm was run 10 times with different

randomly generated initial clusters; and the one result-

ing in the lowest objective function was selected. The

results are shown in Fig. 1 and Fig. 2. As seen in the

plots, the proposed algorithm consistently outperforms

both alternative approaches at all values of k.

A closer look at the cluster centroids produced by

the different algorithms reveals another advantage of

our approach: it leads to more interpretable cluster cen-

troids. As is often the case with high dimensional data,

our data sets exhibit a fair degree of sparsity (i.e., each

group of projects typically involves only a subset of all

possible skills). The approximate L1 k-means (assign-

ing means as cluster centroids as is the case with classic

k-means) failed to preserve the sparsity in the data and

produced highly fragmented cluster centroids, which

are difficult to interpret and use as staffing profiles. The

median L1 k-means, on the other hand, exaggerated the

sparsity and produced many centroids that have only a

single non-zero dimension. The proposed constrained

L1 k-means algorithm was able to most faithfully cap-

ture and represent the the sparsity structure in the origi-

nal data, producing centroids that are directly usable as

staffing profiles.

Figure 1. Results on data set 1

5. Conclusion

We have presented a new algorithm for clustering

vectors of proportions using a variation of the k-means

algorithm that explicitly accounts for proportionality

constraints in the centroid estimation step while using

L1 distance. The new algorithm provides improved L1

Figure 2. Results on data set 2
performance relative to other variations on L1 k-means

clustering in the case of high-dimensional proportional

vectors. Empirical evidence suggests that it also leads

to more interpretable cluster centroids. While we have

illustrated the algorithm in the context of a single do-

main, that of skills-based project clustering, many other

domains present data for which the algorithm is perti-

nent, including document clustering based on topic dis-

tributions, video analysis based on color distributions,

and customer segmentation based on category revenue

distributions. Future work will explore application of

the algorithms to these other domains, as well as formal

analysis of issues of sparsity preservation. Additionally,

comparisons to methods for model-based clustering of

proportional vectors, such as proposed in [2], will be

explored.
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