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Optimal Placement of Replicas in Trees with Read,
Write, and Storage Costs

Konstantinos Kalpakis and Koustuv Dasgupta and Ouri Wolfson

Abstract— We consider the problem of placing copies of
objects in a tree network in order to minimize the cost of
servicing read and write requests to objects when the tree
nodes have limited storage and the number of copies per-
mitted is limited. The set of nodes that have a copy of the
object is the residence set of the object. A node wishing to
read the object will read the object from the closest node
in the residence set. A node wishing to update the object
will update the copy of the object at all the nodes in the
residence set; updates are propagated over a certain mini-
mum spanning tree. The cost associated with a residence set
equals the cost of servicing all the read and write requests,
and the storage costs for those copies.

We describe a O(n®p?)—time algorithm for finding an op-
timal residence set of size p for an object in a tree with n
nodes, taking into consideration the read, write, and storage
costs. Furthermore, we describe a O(n®p?A2, )—time algo-
rithm for finding a minimum cost normal p—residence set for
an object in a tree, this time also taking into account the
load imposed by the nodes of the tree on the nodes in a
residence set and their capacity constraints, where Amax is
an upper bound on the capacity of each node of the tree.

Keywords—data replication, multicasting, facility location,
p—medians, file allocation, tree networks.

I. INTRODUCTION

The recent growth in the World Wide Web is moving us
to distributed highly interconnected information systems.
In such systems, an object (a web page, an image, a video
clip, a file, etc) is read and written from multiple locations
on the Internet. Maintaining multiple copies of an object
at various locations is an approach for improving system
performance (time to read or write an object).

In this paper, we consider the problem of placing copies
of an object at multiple locations in a distributed system,
whose interconnection network is a tree, in order to min-
imize the total cost of servicing the read/write requests.
Consider an object and a tree that connects a set of nodes
V. Each node of the tree issues a number of read requests
and a number of write requests to the object. Let S be a
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subset of the nodes of the tree at which there exist copies
(replicas) of the object. The subset of nodes S is called a
residence set. Each node of the tree sends its read and write
requests to the closest node that has a copy of the object,
and each write to a copy of the object must be propagated
to all other copies of the object. The cost of propagating
a write to all copies of the object is taken to be equal to
the cost of a minimum spanning tree of a certain graph;
this graph is the subgraph of the complete graph that cor-
responds to the tree network restricted to the the set of
nodes that have a copy of the object. The model we use in
this paper is based on the model of Wolfson and Milo [1].
Further, we assume that having a copy of the object at a
node has an associated storage cost that depends on the
object and that node. The cost of a residence set is equal
to the sum of its total read, write, and storage costs. We
are interested in finding a residence set of minimum cost.
We call this problem the optimal residence set problem for
trees with read, write, and storage costs.

The optimal residence set (file allocation) problem has
been studied extensively in the literature. Dowdy and Fos-
ter [2] survey a number of mixed linear programming mod-
els for the file allocation problem. Wolfson and Milo [1]
consider the optimal residence set problem without stor-
age costs for various interconnection networks (completely—
connected, tree, and ring networks). They show that the
optimal residence set problem without storage costs is NP—
hard for general topologies, and they provide efficient al-
gorithms for finding optimal residence sets: an O(n)-time
algorithm for tree networks, an O(n®)-time algorithm for
ring networks, and an O(1)-time algorithm for a com-
pletely connected network with edges of unit length, where
n is the number of nodes in the network. Our model is
different from that of Wolfson and Milo [1] since we also
consider storage costs. Fisher and Hochbaum [3] consider
the problem of database location in computer networks (a
problem similar to the one of this paper), and describe com-
putational experiments based on mixed integer program-
ming models. Our model is different from that of [3], since
they assume what Wolfson and Milo [1] call a “naive—write
policy” (i.e. the write cost is equal to the sum of the dis-
tances between the writing node and each one of the nodes
with a copy of the object).

When there are no write—costs, our problem reduces to
the (uncapacitated) facility location problem which also
has been studied extensively due to its applications (see [4],
[5], [6])- When there are only read costs, our problem re-
duces to the p-median problem [7], [5], [8], with the re-
striction that no more than p copies of the object are made.
Hochbaum [5] describes approximation algorithms for find-
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ing p-medians on the plane (discrete and continuous) as
well as on networks. Arora et al [7] describe randomized
polynomial approximation schemes for finding p-medians
in Euclidean spaces. Kariv and Hakimi [8] show that the p—
median problem is NP-hard for general networks, and they
provide an O(n?p?)-time algorithm for finding a p-median
for a tree with n nodes.

We describe an O(n3p?)-time dynamic programming al-
gorithm for finding an optimal residence set of size p for
an object on a tree with n nodes, taking into consideration
the read, write, and storage costs. Our algorithm can find
an optimal residence set for a tree with n nodes in O(n®)
time when read, write, and storage costs are taken into
consideration. Qur algorithm is a non-trivial extension of
the p—median algorithm for trees by Kariv and Hakimi [8].

We extend our algorithm to also consider load and ca-
pacity constraints on the nodes. We assume that each node
that is serviced by a node of a residence set imposes a cer-
tain integer load on that node, and that the total load at
each node of a residence set should not exceed a certain in-
teger upper bound for that node (e.g. the node’s capacity).
The capacitated optimal residence set problem for trees is
the problem of finding a minimum read—write—storage cost
residence set that respects the capacities of the nodes. This
problem, when there are no write costs, reduces to the ca-
pacitated facility location problem [6]. We prove that the
optimal capacitated residence set problem for trees is NP—
complete, and we describe an O(n®p?A2,,, )-time algorithm
for finding an optimal capacitated normal p-residence set
for a tree with n nodes, where A, is the maximum ca-
pacity of each node of the tree. A normal residence set is
a residence set for which each node v of the tree has all
its requests serviced by either a node in the subtree of T'
rooted at v or by a node which also services all the requests
of v’s parent.

The rest of the paper is organized as follows. In section
2 we provide the necessary preliminaries and notations. In
section 3, we present our algorithm for finding optimal res-
idence sets. In section 4, we present an algorithm for find-
ing normal residence sets with minimum total read—write—
storage cost, this time taking into consideration the load
imposed upon the nodes in a residence set by the nodes of
the tree and the capacity constraints of the nodes. Finally,
in section 5, we conclude the paper.

II. PRELIMINARIES

Consider a rooted tree T with a set V' of n vertices. As-
sume, w.l.0.g., that the children of each vertex are ordered
left—to—right. Let root(T') be the root of T'. For each vertex
v € T, let deg(v) be the number of children of v, let T, be

the subtree of T rooted at v, and let quz) be the subtree of
T that consists of v and all the subtrees rooted at each of
the i leftmost children of v.

Each edge of of the tree T" has an associated non-negative
length (cost). The distance d(u,v) between any two ver-
tices u and v of T is equal to the length of a shortest path
from u to v in T'. The distance of a vertex v € T from any
subset S C V is 6(v,S) = min{d(v,u) : v € S}, and a

vertex u € S covers v if 6(v,u) = 0(v,S).

The distance graph D = (V,V x V) is an edge-weighted
complete undirected graph, such that the weight of each
edge (u,v) of Dr is equal to the distance §(u,v) between u
and v in T'. For any subset S C V, let mst(S) be the cost
of a minimum spanning tree (MST) of the subgraph of Dr
induced by S.

Suppose that the vertices of T issue read and/or write
requests for an object, and that copies of that object can
be stored at multiple vertices of T. Let r, w, and s be
three integer—valued functions representing the number of
read requests, the number of write requests, and the storage
cost for each vertex of T respectively. The set of vertices at
which copies of that object are placed is called a residence
set. Let S C V be any residence set. We call S a k-
residence set if |S| = k. Every residence set S induces
a function ¢ : V — S that assigns to each vertex v €
V one vertex u € S such that u covers v (breaking ties
arbitrarily). We call ¢ a replica assignment induced by S.

Consider a residence set S for T'. Each node of T' sends
its read and write requests to a node in S that covers it.
Whenever a node in S receives a write request, it propa-
gates that write request to all other nodes in S using an
MST of the subgraph of Dy induced by S.

The read cost of S is the cost of servicing the read re-
quests issued from all the vertices of T and is given by

Z r(v) - §(v, S).

veV

(1)

The write cost of S is the cost of servicing all the write
requests issued from all the vertices of T' and is given by

3 w(v) - (§(v, S) + mst(S)). 2)
veV

The storage cost of S is the cost of placing copies of that
object at all the vertices in S and is given by

Zs(v).

vES

3)

The total cost for a residence set S for T is

Z r()-d(v,S) +

veV

Z w(v) - (0(v, S) + mst(S)) +

veEV

Zs(v).

veES

Cost(S,V) =

(4)

Given any integer 1 < k < n, we are interested in finding a
k-residence set S for T' of minimum cost. We call such an S
an optimal k-residence set for T. An optimal residence set
for T is an optimal k-residence set for T for some integer
1<k<n.

Let a(v) = r(v) + w(v) denote the total number of
requests issued by a vertex v € V, and let Wigta =
> vev w(v) be the total number of write requests. Let
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V' be any subset of V. We define the modified total cost
C(S, V') for a residence set S C V' with respect to V' to
be

C(s, v = Z a(v)-8(v,S) + Z s(v) +
vev! veS
Wtotal - mSt(S) (5)

The modified total cost for S with respect to V' is the cost
of servicing all the read and write requests from all the
vertices in V', the storage cost for S, and the cost of prop-
agating an additional Wiota1 — D, ey w(v) write requests
to all the nodes in S. Note that C(S,V) = Cost(S, V), and
that C(S, V) accounts for the cost of propagating the total
number of writes Wioia1 by all the nodes of T to all the
nodes of S. We call a k-residence set for V' of minimum
modified total cost an optimal modified k—residence set for
V.

Consider a residence set S C V for T and a node v of
T. Node v can be covered either by a vertex that is in the
subtree of T rooted at v or by a vertex that can also cover
the parent of v in T. We say that a replica assignment o
induced by S is a normal replica assignment if for all nodes
v € V either o(v) is in the subtree T, or a(v) = o(u),
where u is the parent of v in T'. A normal residence set is
a residence set that induces a normal replica assignment.
Clearly, every optimal k-residence set for 7" is an optimal
normal k-residence set for T'. Therefore, in order to find an
optimal k-residence set for T' it is sufficient to only consider
normal residence sets.

We define R(u, k,v,i) as

R(u,k,v,i) = min {C(s, TO Ufu}) : SCTOU{u},
|S| =k, and u covers v}. (6)

i.e. the modified total cost of a minimum-cost k-residence
set S C TSV U {u} for the subtree TS" rooted at the vertex
v, such that u covers v. We call S an optimal modified
u-restricted k-residence set for Tél). Observe that, since
there always exists an optimal k-residence set for T' that
is normal, it is sufficient to consider only normal residence
sets for in minimization in equation (6). The cost of an

optimal modified k-residence set for T, is given by
min {R(u,k,v,deg(v)) T u€ Tv}. (7

Moreover, given an efficient method for computing
R(u,k,v,i), we can find an optimal k-residence set for T'
using the equation above with v equal to the root of T'.
Note that the restriction of a replica assignment of a (nor-
mal) optimal modified u-restricted k-residence set S for
a subtree T\ induces, in a natural way, a (normal) resi-

dence set S’ for the subtree T,,(i_l) of qui): S’ consists of
those nodes that cover nodes of Ty*l). In the following
section, we will show that S’ is also an optimal modified
u'-restricted k'-residence set for Ty*l), for some ' and &'.

We do that by showing certain relationships between the

cost of MSTs for S and S’, since the number of writes that
need to be propagated to all the nodes in S and S’ is the
same. This in turn, provides us with an efficient recursive
algorithm for computing R(u, k,v,1).

III. FINDING OPTIMAL RESIDENT SETS

We describe a dynamic programming algorithm for find-

ing u-restricted k-residence sets with minimum total mod-
ified cost, forallu € T and 1 < k <n.
First, we show a recurrence for computing R(u,k,v,%) in
Theorem 1, using Lemmas 1-4 which we provide immedi-
ately after. Second, we analyze a dynamic programming al-
gorithm for computing that recurrence, and therefore find-
ing an optimal k-residence set.

Theorem 1: Let v be any vertex of T, let v; be the ith
child of v, 0 < i < deg(v), and let u be any vertex of T
The cost of an optimal modified u—restricted k—resident set
for qui) is given by

Xo, ifk=1andi>0
o) min{Xy,Xo}, ifudgT,
R(u,k,v,i) = X, ifueT, (8)
undefined, otherwise.
where
Xo= Y av')-6(',u)+ s(u), 9)
’U’ET,LEi)
X, = min {R(u,kl,v,i —1) 4
k1
R(u, k— ki + 1,0;,deg(v;) — s(u) }, (10)
X, = Ignir} {R(u,kg,v,i -1+

R(u', k— kg,v,-, deg(v,)) +

Wiotar - 8(u, ') }, (1)
and where 1 < ky,ks < k, and where u' € Ty, such that
d(vs,u") < 0(v;,u) and 6(v,u') > (v, u). Furthermore, the
cost of an optimal modified k-resident set for T, is given
by

min {R(u,k,v,deg(v)) T u€ Tv}, (12)

the cost of an optimal k-resident set for 7' is given by
min {R(u,k,root(T),deg(root(T))) Cue T}, (13)

and the cost of an optimal resident set for T is given by

min

. {R(u,k,root(T),deg(root(T))) = T}. (14)

Proof: The proof of this theorem uses Lemmas 3, and 4
which are shown immediately after this theorem.
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First, we show the initial conditions for R(u,k,v,i). By
definition of the total modified cost for a residence set for

T we have that
Z a(') -5
v

R(u,1,v,i) =

yu) + s(u), (15)

for 0 < ¢ < deg(v). Furthermore, again by definition,
R(u,k,v,7) is undefined when either ¢ = 0 and k¥ # 1,
or k<0, ork> [T U {u}.

Second, we show how to compute R(u,k,v,i) recursively
for £ > 1. There are two cases to consider depending on
whether u is a descendant of v; or not.

Case 1: u is not a descendant of v;. If u covers v; then,

from Lemma 3, we have that

R(u,k,v,i) = R(u,ki,v,i—1)+
R(u,k — k1 + 1,v;,deg(v;)) —
s(u),
for some integer 1 < k; < k. Hence, if u covers v; then

R(u,k,v,7) = Xi. If u does not cover v;, then, from
Lemma 4, we have that

(16)

R(u,k,v,i) = R(u,k2,v,i—1)+

min {R(u', k — ko, v;,deg(v;)) +

'

Wiotar - (u,u) }, ()
where u' is a vertex in T, such that §(v,u) < §(v,u') and
d(vi,u') < 8(vi,u), and ko is a positive integer < k. Hence,
if u does not cover v; then R(u,k,v,i) = Xa. Therefore,
R(U, k, v, ’L) = min{Xl, X2}

Case 2: u is a descendant of v;. In this case, since u covers
v and since v; is a child of v, it follows that u covers v; as
well. Hence, from Lemma 3 we have that

R(u,k,v,i) = R(u,ki,v,i—1)+
R(U, k— kl + ]-5 Vi, deg(vl)) -

s(u),

for some integer 1 < k; < k. Therefore, in this case,
R(u, k,v,7) = X;.

Third, by definition, it follows that: (a) the cost of an
optimal modified k-resident set for T, is given by (12); (b)
the cost of an optimal k—resident set for T is given by (13);
and (c) the cost of an optimal resident set for T is given
by (14). ®

Next, we prove Lemmas 3 and 4 together with Lemmas 1
and 2 which are used in the proofs of the former two lem-
mas. These four lemmas characterize the optimal sub-
structure of the problem of finding u-restricted k—resident
sets of minimum total modified cost.

Lemma 1: Let v; be any vertex of T, let vy be a child
of v, and let u be any vertex of T'. Let T; be any subtree
of T rooted at v;, j = 1,2, such that Ty N T, = (. Let S;
be any u-restricted k;—residence set for T}, j = 1,2. Then,

(18)

S1US; is a u-restricted (k1 + k2 )-residence set for Ty U T,
and

C(Sl U Sz,Tl U T2 U {U}) = C

C

S1, Ty U {U}) -+

(
(S2, Ty U {u}) -

©»
—~

£
~—

(19)

Proof: 1t is sufficient to show that mst(S; U S2) =

Fig. 1. Subtrees used in the proof of Lemma 1. Black nodes are
nodes in the residence set.

mst(S7) + mst(S2). Note that S; NSy = {u}. Consider
an MST for S; — {u} and an MST for S, — {u}. Since
u covers both vy and v, &(z,v1) > §(u,v1) for all z €
Sy, and §(y,v2) > 6(u,v2) for all y € Sy (see Figure 1).
Furthermore, for any two vertices z € S; — {u} and y €
S2 — {u}, we have that

6(z,y) = 0(x,v1) + 6(v1,v2) + 8(v2, ), (20)

since the edge (v1,v2) is on the single path from z to

y in T. Then, since 6(z,v1) > §(u,v1), it follows that

§(z,y) > (u, Ul) + d(v1,v2) + 6(va,y) > d(u,y). Sim-

ilarly, since §(va,y) > 6(va,u), we have that §(z,y) >
u) >

8(z,v1) + 6(v1,v2) + 6(va, d(z,u). Therefore, (see
Theorem 24.1 in [9])
mst(S; US2) = mst(S; — {u}) +d(u,S1 — {u}) +
mst(Sy — {u}) + 8(u, Sa — {u}), (21)

which implies

mst(S; U S2) = mst(S1) + mst(Ss). (22)

|

Lemma 2: Let vy be any vertex of T', let vy be any child
of vy, and let u be any vertex of T'. Let T; be any subtree
of T rooted at v;, j = 1,2, such that Ty NT> = 0. Let
S1 be a u-restricted k;—residence set for 77, and S> be a
ko—residence set for T» such that S; NSy = 0, d(u,v1) <
d(v1,S52), and 6(u,v2) > 6(v2,S2). Then S; U Sy is a u—
restricted (k1 + k2)-residence set for 71 U T, and

C(S1US,, T UT> U {U}) = C(S,ThJ {u}) +
C(SQ,TQ) +

Wtotal - J(U, 52) (23)
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Proof: Let S = S1 U Ss. It is sufficient to show that

Fig. 2. Subtrees used in the proof of Lemma 2. Black nodes are
nodes in the residence set.

mst(S) = mst(S;) + mst(Sz) + d(u, S3). Consider an MST
for S7 and an MST for S2. Observe that 6(vy,S) > §(v1, u)
and &(ve,u) > d(ve, S), since u covers v; but it does not
cover vo (see Figure 2). Furthermore, for any two vertices
z € S1 — {u} and y € Sy, we have that

(5('T7y) = (5(.’1)’,1}1) + 6(1)171)2) + 6(U27y)7 (24)

since the edge (v1,v2) is on the single path from z to
y. Then, since §(z,v1) > 6(u,v1), 6(z,y) > d(u,v1) +
0(v1,v2) +6(v2,y) > 6(u,y). Therefore, it follows that (see
Theorem 24.1 in [9])

mst(S1 U S2) = mst(S1) + mst(Sz) + §(u, S2). (25)

|

Lemma 3: Let S be an optimal modified u—restricted k—
residence set for Ty), such that u covers both v and the
ith child v; of v, 1 < k < |T7§i) U{u}, 1 < i < deg(v).
Let $; = (TS N S)U{u} and S, = (S — S1) U {u}.
Then, S; is an optimal modified u-restricted k;-residence

set for Téi_l) and S> is an optimal modified u-restricted
(k — k1 + 1)-residence set for T,,, where k; = |S1| > 1.
Furthermore,

R(u,k,v,i) = R(u,ki,v,i—1)+

R(u, k — k1 + 1,v;,deg(v;)) —

s(u). (26)

Proof: Since u covers both v and v;, and since every
path from any vertex in y € Sz — {u} to any vertex z €
T goes through v, it follows that d(y,z) > d(u,x).
Hence, all the vertices in T,,(i_l) are covered by vertices in
S1. Similarly, since u covers both v and v;, and since every
path from any vertex in z € S1 — {u} to any vertex y € Ty,
goes through wv;, it follows that §(z,y) > d(u,y). Hence, all
the vertices in T, are covered by vertices in Ss.

Next, we show that S; is an optimal modified u-restricted
ki-residence set for Téi_l). Suppose for the sake of con-
tradiction that S; is not an optimal modified u—restricted
k1-residence set for Ty_l). Let S be a u-restricted ki—
residence set for T\ ") such that C(S{,Ty_l) U{u}) <
C(Sl,TéFl) U {u}). Consider the set S’ = Sj U Sz. Ob-
serve that S} U S, is a u—restricted k—residence set for TQSi) .
From Lemma 1 we have that

C(SjU S, T U{u}) = C(S;, TP u{u}) +
C(Ss, T, U {u}) —

(u), (27)

©»

and that

C(S1US, TDUu{u}) = C(S1, TV u{u})+

0(527 T’Ui U {u}) -
s(u).
Hence, the total modified cost for S] U S is less than that
of S1USy = S, which contradicts the optimality of S. The
proof that Sy is an optimal modified u-restricted (k— ki +

1)-residence set for Ty, is similar.
Finally, from Lemma 1, it follows that

(28)

R(u,k,v,i) = R(u,ki,v,i—1)+

R(u7k - kl + 17vi7deg(vi)) -

s(u). (29)

|

Lemma 4: Let S be an optimal modified u—restricted k—
residence set for T,Si), such that u covers v but it does
not cover the ith child v; of v, 1 < k < |T5i) U {u}l,
1 < i < deg(v). Let Sy = (Téi_l) N S) U {u} and
Sy = (S — S1). Then, S; is an optimal modified u—
restricted ks—residence set for Téi_l) and S> is an optimal
modified u-restricted (k — ko )-residence set for Ty, where
ky =|S1| > 1. Furthermore,

R(u,k,v,i) = R(u,ks,v,a—1)+

min {R(u', k — ko, v;,deg(v;)) +

Wiotar - 8(u,u')}, (30)
where u' € S, is a vertex that covers v;.
d(v,u) < d(v,u’) and §(vi,u') < §(vi, u).
Proof: Since u covers v but not v;, and since every
path from any vertex y € Ss to any vertex x € Téi_l) goes
through v;, it follows that d(y,z) > d(u,z) (see Figure 3).
Hence, all vertices in Téiil) are covered by vertices in Sj.
Similarly, since u covers v but it does not cover v;, and
since every path from any vertex € S; — {u} to any
vertex y € Ty, goes through v, it follows that §(z,y) >
o(u,y) > 6(u',y). Hence, all vertices in T,, are covered by
vertices in Ss.
We show, by contradiction, that S; is an optimal modi-

fied u-—restricted ko—residence set for Téiil). Let S be a

Moreover,
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Fig. 3. Subtrees used in the proof of Lemma 4. Black nodes are
nodes in the residence set.

u-restricted ks-residence set for Téi_l) with smaller total
modified cost than S;. Then, from Lemma, 2 it follows that
S7 US> is a u-restricted k—residence set for Tv(') whose total
modified cost if smaller than that of S, which contradicts
the optimality of S.
Consider now the set S,. Recall that v’ € Sy covers v;.
Clearly, §(v;,u') < §(vi,u) and d(v,u') > 6(v,u) (see Fig-
ure 3). Then,

C(S1 U8y, TW U {u}) = z a@')-6(v',S1) +

v’ETéi_l)

Z a(')-6(v',Ss) +

v' €Ty,
Z s(v') +
v/'eS1US

Wtotal . mst(51 U Sz) (31)

Since mst(S1US2) = mst(S1)+mst(S2)+0(u, u’) (see proof
of Lemma 2),

C(S1US,TH U{u}) = D a®)-6(v',5)+

U’ETéi_l)

3 a) -8, S2) +

v €Ty,
E s(v') +

v’ €S1US2

Wiotar - mst(Sy

)+
Wiotal - mSt(S2) +

Wtotal ) 6(“7 ul)7 (32)
which implies that
C(S1USy, T U{u}) = C(Si, T8V u{u})+
C(S27 Tvi) +
Wtotal . (5(U, u'). (33)

where u covers v but it does not cover v;, and u’ covers v;.
Therefore, So must be an optimal modified u'-restricted

(k — ko)-resident set for Ty,,, since otherwise S will not be

an optimal modified u-restricted k-residence set for qui).
Finally, from Lemma 2 we have that

R(u,k,v,i) = R(u,ks,v,a—1)+

min {R(u', k — ko, v;, deg(v;)) +

Wiotar - (u, ') }. (34)
|

Finally, we analyze the complexity of a straightforward dy-
namic programming algorithm for computing optimal res-
idence sets for a tree with storage costs in the following
theorem.

Theorem 2: Let T be a tree with n vertices and p be an
integer 1 < p < n. We can find an optimal p-resident set
for T in O(n®p?) time, and an optimal resident set for T
in O(n®) time.

Proof: The recursive equation (8) in Theorem 1 can be
evaluated by a straightforward dynamic programming al-
gorithm, using either a memoization or a bottom—up eval-
uation approach. The running-time of such a dynamic
programming algorithm for computing an optimal modi-
fied p-resident set for subtrees Téi),v €T,0 <i< deg(v)
via equation (8) is O(n®p?). This is because R(u,k,v,1q)
is defined for at most n2p entries, and each entry requires
O(np) time for its evaluation. Hence, we can compute an
optimal p-resident set for 7' in O(n3p?) time, and an opti-
mal resident set for 7' in O(n®) time. B

We show a sample tree network and optimal residence
sets with and without storage costs in Appendix A.

IV. CONSIDERING NODE CAPACITIES AND LOAD

Consider a residence set S for a tree with a set of vertices
V. Each vertex v € V has all its requests serviced by
one node u € S which covers v. Suppose that vertex v
imposes an integer load A(v) > 0 on the vertex u. Further,
suppose that each vertex u € V has an integer capacity
A(u) > 0, and that the total load imposed on u by all the
vertices assigned to u should be < A(u). We are interested
in finding a minimum cost residence set for a tree that takes
into account the read, write, and storage costs and that
in addition respects the capacity constraints of the nodes.
We call this problem the capacitated optimal residence set
problem for trees. Note that, when there are no write costs,
this problem reduces to the capacitated facility location
problem [6].

Taking into account capacity constraints is an important
consideration. The average number of requests serviced by
each node u of a residence set directly affects the average re-
sponse that the nodes covered by u observe (due to queuing
delays and network congestion). Further, in certain types
of applications, such as image, video, and map servers, it
is necessary to place with each copy of an object a copy
of an appropriate software system, for example a DBMS
or a GIS system, for servicing read and write requests. In
many cases however, such systems imposes restrictions on
the number of concurrent users. This kind of situation can
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be easily modeled by using loads and capacity constraints
for the nodes.

In this section we show how to extend R(u,k,v,i) in
order to find minimum-—cost normal residence sets that re-
spect the capacity constraints of the nodes. When capacity
constraints and loads are present, it is not necessarily true
that every optimal k-residence set induces a normal replica
assignment, i.e. a replica assignment in which every vertex
v € T is assigned either a vertex in the subtree of T' rooted
at v or a vertex that is also assigned to the parent of v.
This is due to the fact that, when capacity constraints are
present and there is a tie between nodes of the residence
set that can cover a node v of the tree, the choice of the
node u that covers (is assigned to) v does affect the total
load imposed on u.

Theorem 3: The capacitated optimal residence set prob-
lem for trees is NP—complete.

Proof: Clearly, the capacitated optimal residence
problem for trees is in NP. We show that the problem
is NP-hard by a straightforward reduction from the bin—
packing problem which is known to be NP-hard [10]. The
bin—packing problem is defined as follows: given n items
with integer sizes z; > 0, ¢ = 1,...,n and an unlimited
supply of bins each with integer size M > 0, pack all the
items into the smallest number of bins. Given a instance of
the bin-packing problem, we construct an instance of the
capacitated optimal residence set for trees as follows: take
any rooted tree with n nodes and edges of length 0, and
assume that each node ¢, ¢ = 1,...,n issues 1 read and 1
write request, has storage cost 1, imposes load z; on a node
that covers (is assigned to) it, and has capacity M. Then,
it is easy to see that there exists a solution to the above
instance of the bin—packing problem that uses k bins if and
only if there exists a solution to the above instance of the
capacitated optimal residence set problem for trees whose
cost is equal to k. Thus, the capacitated optimal residence
set problem is NP—complete. B
Next, we extend R(u, k,v,1%) in order to find minimum—cost
normal residence sets that respect the capacity constraints
of the nodes of the tree. The idea is to further constraint
R(u,k,v,7), the minimum cost of an optimal modified u—
restricted k-residence set for the set of nodes T, U {u}, to
also include an upper bound on the load imposed on u. In
particular, we define the cost R(u,k,v,i,1) of an optimal
modified capacitated normal u-restricted k-residence set
for the set of nodes TS" U {u} as

R(u,k,v,i,l) = min{C(s,Tgﬂu{u});

S C T u{u},|S| =k,
u covers v,
and the total load 3°, (., A(2)

on u is < l.} (35)

We call a set S that achieves the minimum in the equation
above an optimal modified capacitated normal u—restricted

capacitated k—residence set for TS U {u}.

We show a recurrence for computing R(u, k,v,i,1) in the
following theorem.

Theorem 4: Let v be any vertex of T, let v; be the ith
child of v, 0 < i < deg(v), and let u be any vertex of
T. The cost of an optimal modified capacitated normal
u-restricted k-resident set for Ty), where the total load
imposed on u is <1 < A(u), is given by

Xo, ifk=1,i>0,and
) Zv’ETu(i) )\('U’) S l
R(u,k,v,i,1) = ¢ min{Xy, X5}, ifugT,
X1, ifueT,
undefined, otherwise.
(36)
where
Xo = Z a@') -6V, u) + s(u), (37)
v’ETsi)
X; = min {R(u, ky,v,6—1,01) +
k1,11
R(u,k — ky + 1,v;, deg(v;), 1 — 11) —
s(u)}, (38)
X, = iniq {R(u,kg,v,i -1, +
R(ul7 k— k?; Vi, deg(vi)7 A(ul)) +
Wiotar - 8(u,u) (39)

and where 1 < ki, ks < k,0<1l; <!, and v’ € T,, such
that d(v;,u') < 0(vi,u), and d(v,u’) > d(v,u). Further-
more, the cost of an optimal modified capacitated normal
k-resident set for T, is given by

min {f%(u, k,v,deg(v),A(u)) : u€ Tv}, (40)
the cost of an optimal capacitated normal k-resident set
for T is given by

min {R(u, k, r00t(T), deg(root(T)), A(w)) : u € T}, (41)

and the cost of an optimal capacitated normal resident set
for T is given by

min

1<k<|T] {R(“’ k, root(T), deg(root(T)), A(u))

L ue T}. (42)

Proof sketch.

The proof of this theorem uses Lemmas 1, and 2, and
straightforward extensions of Lemmas 3, and 4.

First, we show the initial conditions for R(u, k,v,%,l). By
definition of the total modified cost for a capacitated nor-
mal residence set for Té') we have that

Ru,Lvis) = 3 a@)-80',u) + s(u),

U’ETéi)

(43)
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if Zv,eTu@-) A" <1, for 0 < 4 < deg(v). Furthermore,
again by definition, R(u, k,v,4,1) is undefined when either
i=0andk#1l,ork<0,o0r k> |T1§i)U{u}|,ork: 1 and
Zv’eTﬁ") /\(’U') > 1.

Second, we show how to compute R(u, k,v,i,1) recursively

for £ > 1. There are two cases to consider depending on
whether u is a descendant of v; or not.

Case 1: wu is not a descendant of v;. If u covers v; then, by
a straightforward extension of Lemma 3, we have that

R(U,k,’l),i,l) = (u7k17v7i_17l1)+
(u,k — k1 + l,vi,deg(vi),l — l1) —

s(u), (44)

for some integers 1 < ki < k and 0 < Iy < [. Hence, if
u covers v; then R(u,k,v,i,l) = X;. If u does not cover
v, then, from a straightforward extension of Lemma 4, we
have that

R
R

N A~

R(u,k,v,i,l) = R(u,ka,v,i—1,1)+
min {R(u', k — ko, v;, deg(v;), A(u)) +

u

Wtotal . 6(”7 ul)}a (45)
where u' is a vertex in T, such that d(v,u) < §(v,u’)
and (v;,u') < §(v;,u), and ko is an positive integer < k.
Hence, if u does not cover v; then ]%(u,k,v,i,l) = Xs.
Therefore, B(u, k,v,i,1) = min{ X7, X5}

Case 2: u is a descendant of v;. In this case, since u covers
v and since v; is a child of v, it follows that u covers v; as
well. Hence, from a straightforward extension of Lemma 3
we have that

R(u,k,v,i,1) = R(u,ki,v,i—1,11)+
R(u, k — ky + 1,v;, deg(v;), 1 — 1y) —
s(u), (46)

for some integers 1 < k; < k and 0 < I; <. Therefore, in
this case, R(u, k,v,i,1) = X;.

Third, by definition, it follows that: (a) the cost of an
optimal modified capacitated normal k-resident set for T,
is given by (40); (b) the cost of an optimal capacitated
normal k-resident set for T is given by (41); and (c) the
cost of an optimal capacitated normal resident set for T is
given by (42). B

The complexity of our algorithm for computing optimal
capacitated normal residence sets for a tree with storage
costs is given in the following theorem.

Theorem 5: Let T be a tree with n vertices and p be an
integer 1 < p < mn. Let Apmax = max{A(u) : v € T}. We
can find an optimal capacitated normal p-resident set for T’
in O(n®p?A2 ) time, and an optimal capacitated normal
resident set for T in O(n®A2 ) time.

Proof: Equation (36) in Theorem 4 can be evaluated
by a straightforward dynamic programming algorithm.

The running—time of such a dynamic programming algo-
rithm for computing an optimal modified capacitated nor-
mal p-resident set for subtrees Téz),fu € T,0 <i < deg(v)
via equation (36) is O(n®p?A2,,.). Note that R(u, k,v,i,1)
is defined for at most n?pAmax entries, and computing
each entry requires O(npAmax) time. Hence, we can com-
pute an optimal capacitated normal p-resident set for T
in O(n®p?A2 ) time, and an optimal capacitated normal
resident set for T in O(n®A2 ) time. W

Next, consider the case where the number of read and
write requests issued by the nodes of the tree are random
variables, and the loads imposed by the nodes of the tree
to the nodes of a residence set that are covering them are
also random variables. Using the algorithm in this section,
we can find a normal residence set with minimum average
total read, write, and storage cost so that the average load
of each node in the residence set does not exceed the node’s
capacity constraint. To do so, we let r(v), w(v), and A(v)
be equal to the average number of read requests, the av-
erage number of write requests, and the average load for
each node v of the tree, respectively.

V. CONCLUSIONS

We described a O(n®p?)-time algorithm for finding an
optimal residence set of size p for an object on a tree with
n nodes, taking into consideration not only the read and
write costs, but also the associated storage costs. Fur-
thermore, we described a O(n®p?AZ , )-time algorithm for
finding minimum total read-write-storage cost normal res-
idence sets for trees, this time also taking into account the
load imposed by the nodes of the tree on the nodes in a
residence set and their capacity constraints, where Apax i
an upper bound of the capacity of the nodes of the tree.

There are a number of additional important issues to
be resolved regarding the problem of finding optimal res-
idence sets. Some of those issues are: (a) finding opti-
mal or near—optimal residence sets for multiple objects, (b)
finding optimal residence sets that have additional prop-
erties, such as high availability of the replicated object,
(c) finding near—optimal residence sets, that consider read,
write, and storage costs as well as capacity constraints, in
a distributed manner, (d) finding optimal or near—optimal
replica schemes for other network topologies, and (e) find-
ing efficient approximation algorithms for the capacitated
residence problem for trees with a small constant approxi-
mation ratio.
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APPENDIX A. SAMPLE TREE NETWORK AND
RESIDENCE SETS

Fig. 4. A tree network with 9 nodes, and with the edge lengths
shown next to each edge.

TABLE I
THE NUMBER OF READ AND WRITE REQUESTS ISSUED BY THE NODES
OF THE TREE IN FIGURE 4, AS WELL AS THE NODE STORAGE COSTS.
THE TOTAL NUMBER OF READS IS 654 AND THE TOTAL NUMBER
WRITES 1S 124.

Node | No. Reads | No. Writes | Storage Cost
A 2 1 5
B 6 1 5
C 312 3 20
D 1 5 20
E 120 69 5
F 8 21 0
G 99 5 5
H 6 6 5
I 100 13 1
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Fig. 5. An optimal 4-residence set S = {C, E,G, I} for the tree in
Figure 4, without considering write and storage costs, and with
the number of reads given in Table I. Gray nodes are in the
residence set. The total (read) cost of S is 55.

Fig. 6. An optimal residence set S = {C, D, E,G} for the tree in
Figure 4, with both read and write requests, given in Table I, but
without taking into account any storage costs. Gray nodes are in
the residence set. The read, write, and total costs of S are 152,
1199, and 1351 respectively.

Fig. 9. An optimal residence set S = {B, E,G} for the tree in
Figure 4, with both read and write requests, and storage costs
given in Table I, with the exception of node C' whose storage cost
is assumed to be 164 for this case only. Gray nodes are in the
residence set. The read, write, storage, and total costs of S are
463, 1366, 15, and 1844 respectively.

Fig. 7. An optimal residence set S = {C, E,G} for the tree in
Figure 4, with both read and write requests, and storage costs
given in Table I. Gray nodes are in the residence set. The read,
write, storage, and total costs of S are 155, 1269, 30, and 1454
respectively. Note that if D is included in S, in order to have a
connected residence set, the total cost of the resulting residence
set is 1471.

Fig. 8. An optimal residence set S = {B,C, E,G} for the tree in
Figure 4, with both read and write requests, and storage costs
given in Table I, with the exception of node C' whose storage cost
is assumed to be 163 only for this case. Gray nodes are in the
residence set. The read, write, storage, and total costs of S are
149, 1515, 178, and 1842 respectively.



