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We show that there exists a classical PTAS (Polynomial Time Approximation Scheme) for the
ground-state energy problem of classical Hamiltonians which consist of interactions between the
vertices of a planar graph. The problem of determining the ground-state energy exactly is known
to be NP-complete for classical Hamiltonians on a 2D square lattice. We discuss the classical and

possible quantum running times of our schemes.

INTRODUCTION

The paradigm of adiabatic quantum computation was
introduced in [I]. In adiabatic quantum computation
one considers a quantum system at zero temperature.
At time t = 0 the system is in the ground-state of
some simple Hamiltonian Hy. The computation pro-
ceeds by slowly varying this Hamiltonian in time, up to
time t = T'. If this variation happens at sufficiently slow
speed, the adiabatic theorem (see [2] for a most accessible
derivation of this theorem) guarantees that the system
remains close to the ground-state of the instantaneous
Hamiltonian at all times. The requirements for slowness
of the variations and hence for the total running time of
the computation depend crucially on the gap A(t) be-
tween the ground-state energy A\o(t) = A(t) and the en-
ergy of the first excited state A;(t) at time ¢. If for a
particular adiabatic path this gap A(t) > m where
n is the number of qubits in the system and poly(n) is
some polynomial in n, then it can be shown that the to-
tal running time T of the adiabatic procedure will also be
some polynomial in n. Algorithms with a running time
that is polynomial in the problem size are called efficient,
in contrast with inefficient procedures that take super-
polynomial or exponential running times. Let us consider
the following adiabatic path that is typically considered
in the literature. For ¢ € [0, T] we have

H, = (1 - ;) uz:Xu 4 %H(Z). (1)

Here X, is the Pauli X-matrix acting on qubit u ten-
sored with the identity matrix on all other qubits. The
Hamiltonian H(Z) is a sum of terms each of which is
proportional to Z,, Z,, ... Z,, where Z, is the Pauli Z-
matrix on qubit u tensored with I elsewhere. In other
words, we can view H(Z) as a classical Hamiltonian that
consists of sums of interactions between at most %k clas-
sical spins. If the energy gap A(t) of H; were m at
all times ¢ then such adiabatic computation would result
in the ground-state of the final Hamiltonian Hy = H(Z)
which is a classical spin state. It is not hard to show that
one can encode the answer to a NP-complete problem in

this final state and its associated energy. An example is
the representation of the problem 3-SAT (for a definition
of this problem see [3]) as a collection of 3-local terms of
H(Z) [4]. Thus a m lower-bound on the gap at all
times ¢ would give rise to an efficient quantum algorithm
for some NP-complete problem. Even though such per-
spective may have seemed tantalizing 10 years ago, there
is now a growing consensus that it is unlikely that a quan-
tum computer could pull off such feat. This consensus
should be viewed as an extension to the equally unproven
but largely accepted belief that classical computers can-
not solve NP-complete problems efficiently. The main
intuition behind this belief is our common experience of
the disparity between the relatively easy task of verify-
ing the correctness of something, a proof of a theorem,
the solution of a riddle, the optimal solution to a NP-
complete problem, versus the task of providing the proof
or solution in the first place [5].

Thus if we assume the validity of the conjecture that
quantum nor classical computers can solve NP-complete
problems, it follows that a quantum adiabatic computa-
tion such as in Eq. (1) is a means to obtain an approwi-
mation to the ground-state and the ground-state energy.
An example of an adiabatic computation as in Eq. (1)
is one in which the Hamiltonian H(Z) is the Hamilto-
nian of a classical Ising spin glass defined on a lattice or
graph. Let G = (V,E) denote any graph with n ver-
tices and let u,v € V be vertices of the graph. We write
(u,v) € E to mean that there is an edge between u and v
in G. For each vertex u, we have a classical spin variable
S, which can take values £1. We can define a classical
Hamiltonian with interaction graph G as

> cuwSuSe+ D duSu. (2)

(u,v)EE u€eV

H(S) =

Here ¢y, and d, can be given as some m-bit numbers.
The function H(S) is obtained from the operator H(Z)
by replacing the Pauli Z-matrix at vertex u by the vari-
able S,. Bieche et al. [6] has shown that for planar
graphs G the problem of determining the minimum value
of H(S) (the ground-state energy) and the associated as-
signment S can be solved efliciently if there are no linear
terms (i.e. all d,, = 0). Barahona [7] showed that in the



presence of linear terms determining the minimum value
of H(S) is NP-complete. Recently the company D-wave
has claimed to have implemented this spin glass Hamilto-
nian and the adiabatic evolution of Eq. (1) for 16 qubits
on a 4 x 4 square lattice, see [8].

In order to understand the possible power of adiabatic
computation, it is thus of interest to consider how well
an approximation to the ground-state energy can be ob-
tained by purely classical algorithmic means. The area
of approximation algorithms is an active area of research
in computer science, see e.g. [9]. Three main types of
approximations to optimization problems can be distin-
guished. A problem is said to have a polynomial time
approximation scheme (PTAS) if given any € > 0, there
is an algorithm A, that for any instance I produces a so-
lution within (1 £ €) times the optimal solution, and has
a running time which is a polynomial in the input size
of I. Observe that the running time of a PTAS is only
required to be polynomial in input size, and it can have
an arbitrary dependence on € (for example n'/¢ or 2%/¢
poly(n) are valid running times for a PTAS). A stronger
notion is that of a fully polynomial time approximation
scheme (FPTAS), where the running time of the approx-
imation scheme is required to be polynomial both in the
size of the input and in (1/¢). For the Ising spin glass
problem an instance is a particular graph and set of val-
ues of the weights ¢, and d,. The optimal solution is
the minimum value of the energy H(S).

For the Ising spin glass on planar graphs with cou-
pling ¢y, d,, specified by a constant number of bits, we
can exclude the possibility of a FPTAS (assuming that
classical computers cannot solve NP-complete problems).
Assume we have a FPTAS and set € = d/poly(n) for
some constant §. This gives polynomial-time algorithm
to approximate ming H(S) with an error which is at most
d ming H(S)/poly(n). This is sufficient accuracy to solve
the NP-complete problem ezactly since the difference be-
tween the minimum of H(S) and the value right above it
(i.e. the energy gap) is a constant, that is, independent of
n. Therefore any quantum adiabatic computations such
as the one in Eq. (1) is unlikely to provide a FPTAS for
the Ising spin glass problem.

Few NP-hard problems admit a PTAS. A problem is
called APX-hard, if there exists a fixed constant § > 0,
such that a (1+9) polynomial time approximation would
imply P=NP. It is known that no PTAS can exist for
the Ising problem with only quadratic terms for general
graphs, see the references and results in [10]. One can
even get an inapproximability result for cubic graphs,
where all edge weights are +1 or —1 and all linear terms
are 0 by using the reduction from Max-Cut in [11], and
observing that Max-Cut is APX-hard for cubic graphs
[12].

In this Letter we will show that there exists a classical
PTAS for the Ising spin glass problem in Eq. (2) when
the graph G is planar.

In a future paper we will show how to extend these
results to quantum Hamiltonians on planar graphs [13].

We first consider the case when G is a two-dimensional
lattice, and give a PTAS for this case. The result easily
extends to any constant-dimensional lattice. We then
describe a more general technique which implies a PTAS
for arbitrary planar graphs. In all our results the weights
d, and c¢,, are allowed to be completely arbitrary (but
representable on a computer using, say, m bits).

All our algorithms work by first decomposing the graph
into smaller and simpler graphs, solving the problem on
these simpler graphs, and then patching the partial so-
lutions to obtain a solution to the original problem. We
note that this technique is fairly standard for solving hard
problems on planar graphs. In fact, many problems ad-
mit a PTAS on planar graphs even though approximat-
ing them on general graphs is known to be NP-hard, see
[14, 15, 16]. While our techniques are similar to those of
[15] and [16] at a conceptual level, our results do not fol-
low directly from their work and require some new ideas.
The main difficulty is that the Hamiltonian involves both
positive and negative terms which can possibly cancel
out.

Note that the existence of a PTAS for a Hamiltonian
H(S) does not imply the existence of a PTAS for the triv-
ially related problem of finding the minimum of H(S)+C;
this is because the PTAS produces a solution with small
relative error.

THE LATTICE CASE

We begin with a simple property of the optimal so-
lution (the one that minimizes H(S)) that holds for
an arbitrary graph. Let us write the Hamiltonian as
H(S) = Q(S) + L(S), where Q(.) is the contribution of
the quadratic (2-local) terms and L(.) is the contribution
of the linear (1-local) terms.

Claim 1. There ezists an optimal solution Sope such that

H(Sopt) S 0 and L(Sopt) S 0.

Proof. It is clear that ) ¢ H(S) = 0. This implies that
there must exist a spin configuration with negative en-
ergy and thus H(Sopt) is negative. For the second part,
suppose on the contrary that L(Sop¢) > 0. Then consider
the solution —S,p¢ which is obtained by replacing each
Sy by —S,. This solution has an unchanged quadratic
contribution and the linear term is now negative. So it
cannot be that L(Sopt) > 0. O

From now on S,p¢ will denote an optimal solution such
that L(Sop) < 0.

Decomposing the problem Let ¢ > 0 be a fixed small
constant. Without loss of generality let us assume that
t = 1/e is an integer. For i = 0,...,t — 1, let X; denote



the set of vertices u = (z,y) on the horizontal lines de-
fined by {y = ¢ (modulo t) }. Similarly, let Y; denote
the set of vertices on the vertical lines defined by { z =+
(modulo t) }. Let E;; denote the set of edges that have
at least one endpoint in X; or Y. Consider Hamiltonians

> ewSuSe, Lij(S)= > duSu.

(u,v)EE;; u€X; VY

Qi;(S) =

Define also H;;(S) = Q;;(S) + Li;(5).

Lemma 2. There exists a choice of i and j such that
H;;(Sopt) > 3eH (Sopt) and thus

min msin(H(S')

%]

— Hyy(S) < (1= 3)H(Sopr).  (3)

Proof. Consider all the sets E;; for 0 <1i,j <t—1. Each
edge lies in exactly t2 — (t — 1) x (t —2) = 3t — 2 such sets
E;;. Analogously, each vertex lies in exactly t?—(t—1)% =
2t—1 sets X;UY;. Thus we have Ef;é EtA—(l) H;;i(Sopt) =

.
>0 Y50 Qi (Sopt) + Lij(Sopt) =

(3t = 2)Q(Sopt) + (2t — 1) L(Sopt) >
(3¢ = 2)(Q(Sopt) + L(Sopt)) = (3t — 2)H (Sopt)-

The inequality follows by Claim [Il as L(S,p) < 0.
Thus, Ji,j such that H;;(Sopt) > (3t — 2)H (Sopt)/1? >
3eH (Sopt), since H(Spp) < 0. Therefore the mini-
mum in Eq. (3) is at most H(Sept) — Hij(Sopt) < (1 —
3e)H (Sopt)- O

Consider the Hamiltonian H%(S) = H(S) — H;;(9).
Let S;,; be a spin assignment that achieves the mini-
mum in Eq. (3). Note that H% splits into non-interacting
blocks of spins of size t x t, so Sgpt can be found efficiently

(see below).

/
opt

) < HY(Sp)-

Lemma 3. One can choose the optimal solution S

such that H;; (S, ;) <0 and thus H(S,

opt opt

Proof. The value of H%(S) does not depend upon S,
at vertices u € X; UY;. We can use this freedom in
choosing such S, to make H;;(S,,,) < 0. Indeed, let
us color the vertices of the lattice by white and black in
chess order. Given any optimal solution S(’)pt7 define four
total spin configurations S(*), ¢ = 1,2, 3,4 by setting the

spins u € X; UY;:

SW: Set all S, = +1.

S@2): Set all S, = —1.

SB): Set S, = +1 for white u and S, = —1 for black w.
S@W: Set S, = —1 for white v and S,, = +1 for black w.

All configurations S(* coincide with Sipt Whenever u ¢
X; UY;. Note that Zizl Qi;(S(@)) = 0 since every edge
in E;; has one black and one white endpoint. Besides,

Zizl L;;(S@) = 0 since each spin in X;UY; takes value
+1 for exactly two assignments S(*). We conclude that
S Hij(S) = 0. Therefore one can choose one of
the four configurations such that H;;(S(®) < 0. Since
we have not changed the spins at vertices u ¢ X, UYj,
one has H(S®) = HY(S@) 4+ H;;(S) < HI(S@) =
H ij(s;pt). O

As a conclusion of Lemmas 23] our PTAS generates
a solution S;,, for all spins in the lattice such that
H(S,,;) < (1 —3€)H(Sopt). What is the running time
of our algorithm? The algorithm works as follows. It
tries out each of the possible choices of 4 and j for which
to decompose the lattice. For each such choice, it de-
composes the lattice into blocks, computes the optimum
block solution, and then tries one of four solutions on
the boundary to check which one works. Thus the run-
ning time is }2 ~Tblock(%, %) - €2n where Thiock (7, 8) is the
time to find the optimal solution for a subblock of size
r x s. For such r x s subblock one can do a brute force
search through all possible assignments in time O(2"%).
However, a better method that is commonly employed
in approximation algorithms is to use dynamic program-
ming which uses more (storage) space but less time. One
can easily show that

Lemma 4. There is a dynamic programming algorithm
that computes the optimum solution for a r X s lattice-
block using space O(r2°) and time O(r4®).

Proof. Let B; denote the lattice B restricted to row i or
less (B, = B). Let S be {—1,+1} vector of size s and
for i € {1,...,7}, let V(4,5) be the optimum value of
the Hamiltonian restricted to B; such that the variables
on the i-th row have assignment S. The dynamic pro-
gram computes and stores V' (i, S) for all 7 and S starting
sequentially from ¢ = 1. This suffices as the optimum
solution for B is exactly ming V(r, S).

For i = 1, the quantity V(1,5) can be easily com-
puted for each S. Suppose V(i,5) has been computed
and stored for all S. For an assignment S of row 7 + 1
and an assignment S” of row 4, let Z(i +1,.5,5") denote
the contribution of all terms to the Hamiltonian corre-
sponding to vertices on row ¢+ 1, and edges in B;;; with
at least one end point in row 7+ 1. Since the assignment
S on row i + 1 can only affect Z, it follows that

V(i+1,8) = min(V (i, )+ Z(i +1,5.5)).  (4)

Since Z(i + 1,.5,5") can be computed in time O(s) and
V(i,S") are already stored, computing V(i + 1,.5) for all
S takes time O(s2%-2%). We can speed up this procedure
somewhat to O(4°) by considering the assignments S’ is
say the Gray code order (where successive assignments
differ in exactly 1 variable), and hence only O(1) work
needs to be done per assignment S’. O



Thus using the dynamic program on the blocks leads
to an overall running time of the PTAS of O(n43/9/6)
where 0 is the relative error. Let us mention that the
running time can be improved to O(n4!/%) if one par-
titions the lattice into strips rather than square blocks.
For the partition into strips the analogue of the Hamil-
tonians H;;(S) are Hamiltonians H{(S) (H}(S)) that
include all terms d, Sy, v € X; (u € Y;) and all terms
Cuv SuSy such that (u,v) is a vertical (horizontal) edge
that has exactly one end-point in X; (Y;). Note that
SYZVHE(S) + HY(S) = 2H(S). This decomposition
leads to an analogue of Lemma 2! with a relative error
€ instead of 3e.

Let us consider how a quantum computer could im-
prove these running times. For the simple classical
method in which we solve the subblock problem by
searching through all possible solutions, it is clear that
one can obtain a speed-up by applying the quantum min-
imum function algorithm [17] which is based on Grover’s
search algorithm. This implies a quantum running time
of O(n29/25%) which is worse than the running time of
the dynamic programming method on the disconnected
strips. Note however that this quantum algorithm would
use only little space scaling as the size of the sub-lattice
(and not exponential in this size). It is possible that
could implement this algorithm as an adiabatic quantum
computation.

Another possible application of quantum searching is
obviously in the dynamic programming. Since many clas-
sical approximation algorithms rely on dynamic program-
ming, this could be an important area of applications.
There is a catch however with this use of Grover’s algo-
rithm. We could use a quantum algorithm in order to
perform the minimization on the r.h.s. of Eq. (4). The
2% values of V (i, 5") for each S’ are stored which implies
that this is a problem of searching in a real database. In
other words which item is ‘marked’ is not determined by
a simple function call (alternatively, the function V (i,5")
that would have to be called is nonlocal in S” and depends
on the whole sublattice up till row ). In the database
setting one has to consider the additional time/hardware
overhead in accessing the spatially extended database.
Optical or classical wave implementations of this type of
searching have been considered, see [18,[19]. One can use
the Grover search subroutine for solving the lattice strips
and one obtains a running time of T, = O(n2%%/2) not
taking into account the additional overheads. Whether
this application of Grover’s algorithm in dynamic pro-
gramming is of genuine interest will depend how its phys-
ical implementation competes in practice with the capa-
bilities of classical computers.

Let us briefly sketch how our results generalize to d-
dimensional lattices. The lattice can be decomposed into
blocks such that each block has length 1/e along d —
1 dimensions. There is some choice of decomposition
such that the value of the Hamiltonian restricted to these
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blocks is at most (1—€(2d—1)(d—1)/d)Hopy. Choosing a
random assignment on the removed vertices ensures that
the value of the total Hamiltonian solution is at most that
of the Hamiltonian on the blocks. Solving the problem
for blocks using dynamic programming requires a total
time of O(ne~14(1/9"™ "),

GENERAL PLANAR GRAPHS

Let us now consider the general case of planar graphs.
In the lattice case we used the symmetry of the lattice
to argue that there exists a small subset of edges and
vertices such that they have a small contribution to the
Hamiltonian and removing them decomposes the lattice
into small disjoint blocks. For general planar graphs we
cannot use this argument due to the lack of symmetry
and hence we argue indirectly. We show that the magni-
tude of the optimal solution is at least a constant fraction
of the sum of the absolute values of quadratic terms cor-
responding to the edges. This allows us to find a subset
of edges with relatively small weight such that removing
them decomposes the graph into simpler disjoint graphs
for which the problem can be solved directly. Since the
removed edges have small weight adding them back in
does not increase the Hamiltonian by too much, irrespec-
tive of how the values of the vertices incident to these
edges are assigned.

For a planar graph G = (V. E) let C =32, g |cun|-
The key to our PTAS is the following result that shows
that the value of the optimal assignment scales linearly
with C.

Theorem 5. If G is planar, then H(Sopt) < —C/3.

We will prove this Theorem in the Appendix. Given
this Theorem the PTAS follows from the ideas of [16].
We sketch the details here for completeness. We begin
by describing the crucial notions of p-outerplanar graphs
and tree-widths.

Definition 6 (p-outerplanar graphs). A I-
outerplanar graph is a planar graph that has an
embedding in the plane with all vertices appearing on the
outerface. A p-outerplanar graph is a planar graph that
has an embedding in the plane such that removing all
the vertices on the outer face gives a (p — 1)-outerplanar
graph.

Note that the outerface of a 1-outerplanar graph need
not be a simple cycle. A tree or the graph consisting
of two cycles that share a common vertex are both 1-
outerplanar.

The notion of tree decompositions and tree-width was
introduced by Robertson and Seymour [20] and is ex-
tremely useful. We refer the reader to [16), 21] for the
relevant definitions and the intuition behind them. It



is known that a p-outerplanar graph has a tree-width
of at most 3p — 1 [22]. The tree decomposition of a p-
outerplanar graph can be computed in time O(pn) [23].
Given the tree decomposition, the Ising problem can be
solved exactly in time O(n2*) on graphs with n vertices
and of tree-width & using standard techniques (see for
example [16] 21]).

Our algorithm works as follows. Given the planar
graph G, it first constructs a drawing of G in the plane.
This can be done in linear time using for example the
algorithm of Hopcroft and Tarjan [24]. This gives an
outerplanar decomposition of G. Say it is h-outerplanar
(h could be as large as O(n)). Partition the vertices into
levels Vi, ..., V, where Vi is the outer face and V; is the
outer face obtained by removing V,...,V;_1. Let E; be
the edges that go from V; to V;4;. For j =0,...,1/e—1,
let G; denote the union of edges E; for all ¢ = j (modulo
(1/€)). As each edge lies in at most one set G}, there ex-
ists some index j such that the sum of |¢,,| of all edges
in G; is at most eC. Remove all the edges in G; from
the graph G. This decomposes G into a disjoint collec-
tion of (1/e€)-outerplanar graphs Fy, Fy, . ... We solve the
problem separately on each of these problems. Since we
only remove sets of edges (and no vertices) the solution
of the subgraphs gives an assignment for the vertices of
the original graph G.

Now consider the quality of the solution. Since the
edges in G; that were removed can contribute at most
=2 (uw)eq, |Cuv|, the optimal assignment for the sub-
problems has value at most H,p, +€C. Moreover since we
ignore these edges completely while obtaining the block
solution, when we consider the value of this assignment
for the overall graph, in the worst case these could con-
tribute an additional eC' to the Hamiltonian. Thus, the
assignment obtained by our algorithm has value at most
Hopt + 2¢C which by Theorem [5lis at most Hopt (1 — 6¢).
Note that the running time of the algorithm is dominated
by solving the problem on outerplanar graphs which re-
quires a total time of O(n23/€). Choosing € = 6§ this
implies that the algorithm obtains an assignment with
value at most (1 — §)Hopg in time O(n2'8/9).
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PROOF OF THEOREM 5

We first note that it suffices to show that ming Q(S) <
—(C/3 since Claim 1lshows that ming H(S) < ming Q(S).
Thus we consider planar graphs with only quadratic
terms in H(S), i.e. we assume that d, = 0 for all u.
Recall that Bieche et al. [6] has shown that this problem
can be solved exactly in polynomial time. Our proof of
Theorem 15 builds the ideas of Bieche and hence we first
describe their ideas. We begin with some notation.

A graph is planar if it can be drawn in the plane such
that no edges cross. This drawing defines disjoint regions
in the plane that are called faces. A cycle in a graph is a
collection of edges (u1,us), (ug,us),. .., (ue—1,up) where
up = u1. Given two cycles C7 and Cs, their sum C7 &
(5 is defined as the symmetric difference of C; and Cs.
The faces of planar graph form a cycle basis, that is,
every cycle can be expressed as a sum of faces. Given
an assignment S, an edge (u,v) is called unsatisfied if
u and v are not assigned according the sign of ¢, (i.e.
if ¢y > 0 but S8, = 1 or if ¢y, < 0 but 5,5, =
—1). A face F is called frustrated if it contains an odd
number of edges with positive weight. A key observation
is that for any assignment, a frustrated face must always
contain an odd number (hence at least one) of unsatisfied
edges. Conversely, if J is a subset of edges such that each
frustrated (resp. non-frustrated) face contains exactly an
odd (resp. even) number of edges in J, then there is an
assignment S such that the unsatisfied edges are exactly
those in J. Thus, Q(S) = —C +23, e [cuo|- Bieche
et al. [6] showed that for planar graphs finding such a
set J with minimum weight is equivalent to finding the
minimum weight 7T-join in the dual graph of G* (these
terms are defined below).

For a planar graph G, its dual graph G* is defined as
follows: G* has a vertex for each face in G. Vertices u
and v in G* are connected by an edge if and only if the
faces corresponding to v and v in G share a common edge.
Given a G, the dual G* is not necessarily unique (it de-
pends on the drawing of G), however G** = G. A subset
of edges E’ is called a cut-set if removing them discon-
nects the graph into two or more components. For planar
graphs, every cut-set in the dual graph G* corresponds
to a cycle in G. Let G = (V, E) be a graph with edge
weights, and let T be a subset of vertices T' C V such that

|T| is even. A T-join is a collection of edges J such that
each vertex in T is adjacent to an odd number of edges
in J and each vertex in V' \ T is adjacent to an even
number of edges in J. The minimum weighted T-join
problem is to find a T-join with minimum weight, and
this can be found in polynomial time using matchings.
As we mentioned above finding the optimal assignment
is equivalent to finding the minimum weight 7T-join in
G* where T to be the set of vertices corresponding to the
frustrated faces in (G, and where an edge corresponding
to (u,v) in G has weight |cyy].

We will use a polyhedral description of T-joins. For
a subset of edges J, let v(J) denote the corresponding
| E|-dimensional incidence vector (with 1 in the i-th co-
ordinate if edge ¢ lies in J and 0 otherwise). For a subset
of vertices W, let §(WW) denote the set of edges with one
end point in W and other in V' \ W. Given a graph G
and the set T, we say that a subset of edges J is an
upper T-join if some subset J' of J is a T-join for G.
Let P be the convex hull of all vectors v(J) correspond-
ing to the incidence vector of upper T-joins. P is called
the up-polyhedra of T-joins. Edmonds and Johnson [25]
gave the following exact description of P (see the book by
Schrijver [26], Chapter 29, par. 1-6 for further details).

Z xz(e) > 1, for all sets W s.t. |[WNT]|isodd, (5)
e€d(W)
0<z(e)<1 for all edges e. (6)
This implies that any feasible solution x to the system
of inequalities above can be written as a convex com-
bination of upper T-joins, i.e. x = > a;v(J;) where
0<a; <1and ZZ a; = 1. In particular this implies
that

Corollary 7. If all the edge weights w(e) are non-
negative, then given any feasible assignment x(e) satisfy-
ing the inequalities above, there exists a T-join with cost
at most Y, w(e)x(e).

We are now ready to prove Theorem [5.

Lemma 8. Let G be a simple (with no multiple edges be-
tween the same pair of vertices) planar graph with weights
|cuw| on the edges, and let G* be its dual graph. For any
subset of vertices T of G* such that |T| is even, the mini-
mum weighted T-join has weight at most (3_,, , [cuv|)/3.

Proof. Each cut-set J of G* corresponds to a cycle in
G. Since G is simple, each cycle has length at least 3,
and hence each cut-set J of G* contains at least 3 edges.
Consider the assignment z(e) = 1/3. It clearly satisfies
Eq. (6). Moreover it also satisfies Eq. (5) as 6(W) > 3
for al W C V, W # V. The result then follows from
Corollary (7. O

Lemma [8 implies Theorem 5 immediately, since the
value of the optimal assignment is —C' plus twice the



weight of the optimal T-join which is at most —C + necessary. Otherwise, consider the graph on two vertices
2C'/3 = —C/3. Observe that Theorem [5lis tight, as seen  with two edges, one with weight -1 and other with weight
from the example where G is a triangle with edge weights =~ +1. Here C' = 2, but the optimal assignment has value
+1,+1 and —1. Here C' = 3, but the optimal spin as- 0.

signment has value -1. The condition that G is simple is



