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Abstract
We considerthe problem of scheduling dynamically arriving jobs in a non-clairvoyant

setting, that is, when the sizeof a job in remainsunknown until the job nishes execution.
Our focusis on minimizing the mean slowdown where the slovdown of a job (also known
as stretch) is de ned asthe ratio of ow time to the sizeof the job.

We use resource augmentation in terms of allowing a faster processorto the online
algorithm to make up for its lack of knowledge of job sizes. Our main result is that the
Multi-lev el Feedba& (MLF) algorithm [14, 16], usedin the Windows NT and Unix operat-
ing systemscheduling policiesis an (1+ )-speedO((1=)° log? B )-competitiv e algorithm for
minimizing meanslovdown non-clairvoyantly, when B is the ratio betweenthe largestand
smallestjob sizes.In a sensethis provides a theoretical justi cation of the e ectiv enessof
an algorithm widely usedin practice. On the other hand, we alsoshaw that any O(1)-speed
algorithm, deterministic or randomized, is at least (min (n;logB)) competitiv e.

The motivation for resourceaugmertation is supported by an (min (n; B)) lower bound
on the competitiv e ratio without any speedup. For the static case,i.e. when all jobs arrive
at time 0, we show that MLF is O(log B) competitiv e without any resourceaugmertation
and also give a matching (log B) lower bound on the competitiv eness.

Keyw ords: Sdeduling, slovdown, online algorithms, non-clairvoyant algorithms, resourceaug-
mertation.
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1 Intro duction

1.1 Motiv ation

While sdhedulingalgorithmsin generalhave received a lot of interestin the past, mostalgorithms
assumethat all the information about a job is completelyknown whenthe job arrives. Howeer,
there are se\eral situations wherethe steduler hasto sdiedulejobs without knowing the sizes
of the jobs. This lack of knowledge,known as non-clairvoyane, is a signi cant impediment in
the stheduler'stask, as one might expect. The study of non-clairvoyant sdheduling algorithms
was initiated by Motwani et al. [12].

We considerthe problemof minimizing the total slovdown (alsocalledstretch) non-clairvoyantly
on a single processomwith preemptions. This was posedas an important open problem by Bec-
chetti et al. [3]. Slowvdown or stretch of a job was rst consideredby Benderet al. [6]. It is
the ratio of the ow time of a job to its size. Slovdown asa metric hasreceived much attention
lately [9, 17, 13 5, 4, 1, 7], sinceit capturesthe notion of \fairness". Note that a low slovdown
implies that jobs are delayed in proportion to their size, hencesmaller jobs are delayed less
and large jobs are delayed proportionately more. Muthukrishnan et al. [13] rst studied mean
slovdown, and shaved that the shortestremaining processingtime (SRPT) algorithm achieves
a competitive ratio of 2 for the single maciine and 14 for the multiple madine case. Note
that SRPT requiresthe knowledgeof job sizesand hencecannot be usedin the non-clairvoyant
setting. Similarly, the various extensionsand improvemerts [8, 1, 4, 7] to the problem have all
beenin the clairvoyant setting. Sinceclairvoyant steduling doesnot accurately model many
systems,there is signi cant interest in the non-clairvoyant version of slovdown.

As expected, non-clairvoyant algorithms usually have very pessimisticbounds (Seefor ex-
ample[12]). A major advancein the study of non-clairvoyant algorithms wasmadeby Kalyana-
sundaramand Pruhs [10], who proposedthe model of resouce augmentationwhere the online
algorithm is comparedagainst an adversary that has a slover processor. This provides a nice
framework for comparingthe performanceof algorithms wherethe traditional competitiv e anal-
ysis gives a very pessimisticguarartee for all algorithms. Our analysis makes use of resource
augmertation model.

1.2 Mo del

We considera single machine scenario,wherejobs arrive dynamically over time. Let J denote
the setof jobs. The sizeofajob J; 2 J , denotedby p;, isits total servicerequiremen. Howewer,
pi is not known by the sdheduler at any time beforethe job completes,in particular p; is not
known when job i arrives. Obviously, p; becomesknown when the job completes. The time
when a job arrivesis know as its releasedate and is denotedby r;. The completion time of



job Ji is denotedby ¢. The ow time of job J; isde ned asf; = ¢ r; and its slovdown is

G

si = fi=p. Another way of writing slovdown of J; is ' %dt. We are interestedin minimizing

the mean (or equivalertly total) slovdown.

Traditionally, an online algorithm is said to be c-competitive if the worst caseratio (over
all possibleinputs) of the performanceof the online algorithm is no more than c times the
performanceof the optimum oine adversary In the resourceaugmeration model [10], we
s& that an algorithm is s-speed c-competitive if it usesan s times faster processorthan the
optimum algorithm and producesa solution that has competitiv e ratio no more than c against
the optimal algorithm with no speedup.

1.3 Results

1. Generl Case: The main cortribution of this paperis to shav that MLF is O((1=)®log® B)-
competitivewith a (1+ )-speedup,forany xed > 0. HereB isthe ratio of the maximum
to the minimum job size. We note that MLF doesnot needthe knowledgeof B is and
fully online.

2. Nead for Resoure Augmentation: It is not hard to seethat in the absenceof an upper
bound on job sizes,no algorithm for minimizing meanslovdown canbe ( n) competitiv e.
Surprisingly, it turns out that no algorithm (deterministic or randomized)can be o(n=k)-
competitive even with a k-speedup. In particular, we needat least ( n) speedupto be
competitiv e.

3. The above lower boundsrequire instanceswherethe rangeof job sizesvariesexponertially
in n. In a more realistic scenario,when job sizeratios are boundedby B, we show that in
the absenceof speedup,any algorithm (deterministic or randomized)is ( B) competitiv e.
Moreover, we shav that ewven with a factor k speedup any algorithm (deterministic or
randomized)is at least (log B=k) competitive. Note that the performanceour algorithm
matchesthe lower bound upto a logB factor in the competitiv e ratio.

4. Static Case: When all the requestsarrive at time 0, we settle the question exactly. We
showv that in this case,MLF is O(logB) competitive without any speed up. We also
shov matching (log B) lower bound on the competitive ratio of any deterministic or
randomizedalgorithm, henceimplying that the performanceguarartee provided by MLF
is tight.

We also stressthat our algorithm for the generalcaseis fast and easyto implemert, which
is a useful advantage whenit comesto putting it to work in real systems,say a web sener. In



fact, it can be implemerted in O(n) space,with only O(logB) preemptionsper job. It needs
only O(1) work per preemption.

1.4 Relations to Other Problems

Minimizing total slovdown canbe thought of asa special caseof minimizing total weighted ow
time, wherethe weight of a job is inversely proportional to its size. Howewer, what makesthe
problem interesting and considerablyharder in a non-clairvoyant setting is that the sizes(hence
weights) are not known. Hencenot only doesthe online sdheduler have no idea of job sizes,it
alsohasno ideaasto which job is more important (has a higher weigh).

An interesting aspect of slovdown is that neither resourceaugmernation nor randomization
seemsto help in the generalcase. This is in sharp corntrast to weighted ow time where a
(1+ ) speedgivesa (1 + 1) competitiv e algorithm [2]. Similarly, for ow time there is a lower
bound of n*= for any deterministic algorithm, whereasusing randomization, algorithms which
are O(logn) competitive can be obtained [11, 3]. In cortrast, even with randomization and a k
speed-upthe slovdown problem s at least ( n=k) competitiv e.

In terms of proof techniques,all previoustechniquesusing resourceaugmernation [10, 5, 2]
relied on local competitiveness. For non-clairvoyant slovdown, proving local competitivenesss
unlikely to work: it could easily be the casethat the optimal clairvoyant algorithm has a few
jobs of sizeB, while the non-clairvoyant online algorithm is left with a few jobs of size1, thus
being ( B) uncompetitiv e locally.

Our main ideais to de ne a new metric, which we call the inversework metric. We usethis
metric to connectthe performanceof the online algorithm to the o ine algorithm. We alsouse
resourceaugmernation in a novel way which can potertially nd useselsewhere.

2 The MLF algorithm

We rst descrike a slight variation of MLF algorithm. For any xed > 0, we show that it is
(L+ )-speedO((1=)°log? B)-competitive. Here B is the ratio of maximum to minimum job
size. Our algorithm doesnot needto know B.

LIntuitiv ely, an algorithm is locally competitiv e if the costincurred in objective in ead unit step is within a
constart factor of that incurred by optimal algorithm. Local competitiv enesss both necessaryand su cien t for
global competitiv eness[5] when there is no speedup.



2.1 Algorithm Description

A job is saidto be active at time t, if it is releasedby that time but not completed. Denote by

X;j (t) the amourt of work that hasbeendoneonjob J; by time t. Letl; = ((1+ )" 1) for
=01
Partition the active jobs into a set of queuesQg; Q1;:::. Here, Qo is the lowest queue,Q; is

the next lowestand soon. A job j isin the queueQ, at time t, if the work donex; (t) 2 [lx; lk+1).
MLF always works on the earliest arriving job in the lowest non-empty queue. Thus, a job is
placedin Qo upon its arrivals and movesup the queuesduring its executionuntil it nishes.
Thus amourt of work doneon a job in queuek of MLF is exactly .1 lx. We call this ¢.
And it is givenby g, = ?(1+ ). Obsenethat I, = g+ cp+ :::+ G 1.
For a sdheduling algorithm A, we useA(s;J ) to denotethe slovdown of the algorithm A on

instanceJ when provided with an s speedprocessor.
We now state our main result of this paper. The proof will be givenin the next subsection.

Theorem 1 Fora xed > 0, MLF algorithm asde ned atoveis (1+ )-speed O((2)°log? (B))-
competitive algorithm.

2.2 Analysis

Given the original stheduling instanceJ , we want to modify it sothat sizesof all the jobs are
rounded up to the queuethresholdsin MLF. We construct a modi ed instance K as follows.
Considera job J; 2 J and let i be the smallestinteger sud that p (L+ )" 1). Corre-
sponding to the job J;, we add a job (also denotedby J;) in K with the samereleasetime. We

setits sizeto be ((1+ )" 1). Obsenethat, sizeof ead job in K is |, for somek, identical to
the threshold for one of MLF queues.

Observation 1 In thetransformationfromJ to K, sizeof a job J; doesritt decrease. Moreover,
it increasesby at most a factor of (1+ )2.

Note that, algorithm MLF has the property that, if we increasesize of a job, it will not
decreasdhe completiontime of any job. The following lemmashows us that the transformation
from instanceJ to K did not increasethe slovdowvn of MLF by a lot.

Lemma 1 MLF(s;J) (1+ )°MLF (s;K)

Pro of: For ajob Jj, let f; beit's owtime in instanceJ and fbethe owtime in instanceK.
Also let pj0 denoteit's sizein instanceK.



Then we know from Obsenation 1, that f;  f% Moreover, p’ (1+ )?p. Combining
these,

fi=p @+ )zfjozpf

Adding slovdown cortributions for all jobsin the instanceJ we get the result. |

Thus, instead of working on the original input instanceJ , we will work with the modi ed
instanceK, in which all job sizesare rounded up to the queuethresholdsof MLF.
We now de ne anewmetric calledthe \ inversework' metric asan upper bound for slovdown.

De nition 1 Consider any scheluling instance | , and an algorithm A operating on it. Let J;
be a job and if at time t, the amount of work doneon J; satis es the relation ((1+ )' 1)
Xj(t) < ((L+ )" 1), thendene wj(t) = ((L+ )"™* 1). The inversework of job J; is
de ned as: Rr?' ﬁdt. And the total inverse work of algorithm A is P 2 chjj ﬁdt.

We will denote the inverse work of algorithm A on input instancel, using an s speed
processorby AYs; ).

The main intuition of analysisis the following. A non-clairvoyant algorithm must spend
someprocessingtime probing for jobs of small sizes. Howeer, this can causeit to postpone
a small job while working on a large job. A clairvoyant algorithm on the other hand, hasthe
advantagethat it can postponeworking on a large job for a long time. The inversework metric
takescare of essetially that, it capturesthe advantage of \probing”. Another property of this
metric is that a good stedule for slovdown can be converted into a good sdedule for inverse
work, with somespeedup. Thesetwo ideasform the crux of our analysis. The details of the
argumern are given below.

First we will shawv that on the input instance K that we constructed above, we can bound
the slovdown in terms of inversework.

Lemma 2 For any algorithm A on the instance K, the slowdownis upper boundel by the inverse

work.
A(s;K)  AYqs:K)

Pro of: Considera job J;. At atime instancet, sudi that r; t ¢, the work doneon the
job is lessthan it's size. Also, in the instanceK, wehave pj = ((1+ )' 1) for somei. Hence
w;(t) p atalltimest ¢. Hence,cortribution of job J; in slovdown canbe boundedas

z G 1 z G 1
—dt —dt
i B oW (t)



Summing up over all jobsin the instanceK givesthe inequality. |

From the input instance K we create a new instance L by replacing eat job J; of size
(A+ )¢ 1)byjobsJj,;Jj;::::J;, ., with the sizestp; ou;:::; g 1 respectively. The release
dates remain same. Note that the sizesof the jobs J;,;J;,;:::;J;, , add up to the sizeof job
Jj, sincesize(J;) = Iy = o+ p + 111+ Gk 1.

We view MLF algorithm working on instanceK asthe algorithm SJF (Shortest Job First)
running on instancelL. The following obsenation makesthe connectionclear.

Observation 2 At any time t, the algorithm SJF with input instance L is working on a job
Jjb 2 L i MLF with input K is working on the job J; 2 K in queueb at the sametime. In

This givesus a way of relating inversework of MLF on instanceK to the slovdown of SJF
on instancelL.

Lemma 3 The slowdownof SJF on instance L dominatesthe inversework of MLF on instance

K
MLF qs;K) SJF(s:L)

Pro of: Considera job J; 2 K. Suppose,at the time t, we have wj(t) = ((1+ )™ 1) for

somei 0. Then, the cortribution to the inversework of MLF by the job J; at time t is (t)

However, work doneby MLF onjob J; isat least ((1+ )" 1). ThusJ; isin the queueQ;
of MLF. From obsenation 2, we know that SJF has nished the jobs J; ;Jj,;:::;J;, ,. Thus
slowdown cortribution by jobs J;;;J;,,,;::: in SJF is at least the cortribution by the job J;;.

Sizeof J;, is ?(1+ ). Thusits cortribution is ﬁ

Now it is easyto obserethat o = <@ y5 2@y Thusfor the job Jj, it's inverse
work cortribution to MLF is at mostthe slowvdown cortribution by corresmndingjobsJ;; J;,;:::
to SJF. Henceaggregatingover all jobsin K we get the result. |

Thus by lemmal & 2
MLF (s;J) (1+ )2SJF(s;L) 1)

We now relate the slovdown on SJF algorithm on instance L bad to the slovdown for
instanceK. For this purposewe modify J further. Let K°denotethe following modi cation on
instanceK. Add to the sizeof ead job. The sizeof ead job in K is ((1+ )" 1) for some



i 1. Now sizeof ea job in K%is (1L+ )'. Onceagain, we note herethat sizeof eah job
J; 2 J doesnot decreasdn K°and doesnot increaseby more than a factor of (1 + )2,

Let L (k) denotethe instanceobtained by multiplying ead job sizein K°by =(1+ )X. Next,
we remove from L (k) any job whosesizeis smallerthan 2.

Weclaim that, L = L(1)[ L(2)[ ::: To seethis, considerajob J; 2 K°of size (1+ )'.
Then L (1) cortains the correspnding job J;, , of size =(1+ ) (1+ )'= 2?1+ ) =g ;.
Similarly, L (2) cortains the job J;, , of sizeq , andsoon. ThusL isexactly L(1)[ L(2)[ :::.
In short, L is the union of scaleddown copiesof K°.

Now the idea is to construct a schedule for L (k) using SJF schedule for K° This will be
achieved in the next coupleof lemmas.

Lemma 4 Let fs;r(s;j) denotethe ow time of job j under SJF with a s-speed processor.
Then under SJF with ans 1 speed processor,we havefs;e(s;j) (1=9fs3e(1;]).

Pro of: Let x; (u; 1) denotethe work doneon job j, after u units of time sinceit arrived, under
SJF using a 1 speed processor. Similarly, let x; (u;s) denote the work done on job j, after u
units of time sinceit arrived, under SJF using an s speed processor. We will shav a stronger
invariant that for all jobs j and all timest, x;((t rj)=s;s) x;(t rj;1). Notice that this
strongerinvariant trivially implies the result of the lemma.

Considersomeinstancewherethis condition is violated. Let j bethe job andt bethe earliest
time for which x; ((t rj)=s;s) < x;(t r;;1). Clearly, the speeds processor(SJF(s)) is not
working onj at time t, due to minimality of t. Thus, SJF(s) is working on someother smaller
job j© SinceSJF(1)is not working onj ° it hasalready nished j °by sometime t°< t. Howewer,
this meansthat x;o((t® rj0);s) < Xjo(t® rj0; 1), which cortradicts the minimality of t. |

Lemma 5 Let L (k) be the instance de ned as atove. Thenif x  (1+ ) ¥, we have

SJIF(x s;L(K)) %SJ F(s;K9Y

Pro of: A job J;, 2 L(Kk) is a copy of the job J; 2 K°with the sizescaledby (1+ ) *. Thus, if
we run SJFon L (k) with an (1+ ) ¥ s speedprocessor,t will correspnd to running SJF on
K°with an s speedprocessor.Hencethe ow time of J;, 2 L (k) will be sameasthat of J; 2 K°.

From Lemma4, if we usex s speedinsteadof (1+ ) ¥ s, for SJF on L (k), then the ow
time of J;, will be at most (1+ ) k=x times smaller. Howewer, sizeof J;, is (1+ ) * times



smallerthan J; 2 K% Thus the slovndown of J;, isat most (1+ ) k=x 1= (1+ ) ¥) = 1=x
times that of J;. This provesthe result.

Now we will relate the optimal o ine sdedulewith the sdedule producedby SJF. For an
input instancel , we will useOPT(s;1) to denotethe slovdown incurred by optimal sdedule
for instancel usingan s speedprocessor.

Lemma 6 For the input instancesL and K° as de ned alove, we have
1
OPT((1+ ) s;L) O(=(log?, B)) SIF(s;K9

Pro of: Now we construct a sdiedule A for L by superimposing the SJF sdedulesfor the
instancesL (k)'s. The jobs in L(k) are run with a speedxy usingthe scedule given by SJF.
Note that the maximum job sizeis B, sowe needto look at instancesL (k) upto k = log+ (B=).

Wesetx; = (L+ ) ' fori = 1;2;:::;log,, log,, (B=) and x; = =log,, (B=) for

. : . P -
i > log,, log,, (B=). Notice that the total speedrequiredby A is 19 7%, 1+

By Lemmalb, the slovdown of sdhedule A on L (k) will be at most (%)SJ F(1;K9. Thuswe
can bound the total slovndown of A on the instancelL asfollows

IOgl+X (B:) 1 1
A((L+2) siL) (. )SIF(siK)  (9)logi. (B=)SIF(s;K)
i=1 i
sincewe can bound the sum P i % by (})log?, (B=). Lastly, sinceOPT is at leastasgood as

A, we get the result. |

We needto bound the slovdown of SJF on an instanceby the slovdown of OPT on the same
instance. We usea more generalresult due to Becdetti et al. [5] for this purpose. They showv
that for the problem of minimizing weighted o w time, the greedy algorithm Highest Density
First (HDF) is (1+ )-speed(1+ 1=)-competitiv e algorithm. The HDF algorithm works on the
job with highestweigh to sizeratio at any time. Sinceslovdown is a special caseof weighted
ow time with weighs equalto the reciprocal of size,we get that for any input instancel ,

SIF(@+ ) s1) (1+ HoPT(sil) @
We usethis fact for the quartities in Lemma6 to get the following:
SIF((1+ )® siL) @1+ })OPT((1+ )2 siL)

9



and
O((1)2(logz, B)) SIF(L+ ) siK9  O((D)(logZ, B)) OPT(s;K9

Thesetwo together give us:
SIF((1+ )® s;L) O((})?’(Iogi, B)) OPT(s;K9 (3)

Pro of:(of Theorem 1) Given an input instance J , we constructed the input instanceL and
showved in Equation 1 that

MLF((1+ )%J) (1+ )>SIF((1+ )%L) (4)
Combining this with Equation 3, we get

MLF ((1+ )%J) O((})3(|09§+ B)) OPT((1+ )%K9 (5)

Notice that eat job J; 2 K®hassizeat most (1 + )? times its sizein the original instanceJ .
Thus we trivially have that,

OPT((L+ )%KY9 OPT(1;J) (6)

Equations 5 and 6 together give us that
MLF ((1+ )%J) 0((})3(log§+ B))OPT(1;J)
or equivalertly that,

MLF (@ + )%3)  o((H)5(log?B))OPT(1:3)

3 Lower bounds

We now give lower boundswhich motivate our algorithm in the previoussection,in particular
the needfor bounded job sizesand the needfor resourceaugmeration. Moreover, all of the
lower boundsalso hold if we allow the algorithm to be randomized.

10



3.1 Bounded job sizes without resource augmen tation

Without resourceaugmenation the performanceof any non-clairvoyant algorithm is really bad,
even whenjob sizesare bounded. We show that any non-clairvoyant algorithm without speedup,
deterministic or randomizedis at least ( B) competitive.

Theorem 2 Any non-clairvoyant algorithm, deterministic or randomizel is at least ( B) com-
petitive for mean slowdown,where B is the ratio of job sizes.

Pro of: Consideran instancewherenB jobs of sizel, and n jobs of sizeB, arriveat time t = 0.
At time t = nB, the adversary givesa stream of m jobs of sizel ewvery unit of time.

The optimum algorithm nishes all jobs of sizel by nB and cortinuesto work on the stream
of sizel jobs. The slovdown incurred due to jobs of sizeB is at most n(2nB + m)=B and due
to the jobs of sizel is nB + m. The deterministic non-clairvoyant algorithm, on the other hand,
hasto spend at leastoneunit of processingon ead job to determineif it hassizel or B. Thus,
by choosingthe rst n jobs on which the non-clairvoyant algorithm works at least 1 unit to be
of sizeB, it can be madeto have at leastn jobs of sizel remaining at time t = nB. For the
next m units after time t = nB, there will be at least n jobs of sizel. Thus, total slovdown
incurred is at leastnm. Choosingn > B and m > nB, it is easyto seethat the competitive
ratio is at least ( B).

For the randomizedcase,we use Yao's Lemma, and the input instance consistsof nB + n
jobs, n of which are chosenrandomly and have sizeB while the rest have sizel. Again, since
any non-clairvoyant algorithm hasto spend at least 1 unit of processingto distinguish between

at job of sizel and B, it followsthat by time t = nB, the algorithm will have at least BE+’1 n n

jobs of sizel remaining in expectation. Thus the result follows. |

3.2 Lower bound with bounded size and resource augmentation

We now considerlower boundswhenresourceaugmertation is allowed. We rst considera static
(all jobs arrive at time t = 0) sdeduling instance, and give an (log B) lower bound without
resourceaugmernation. While this in itself is wealer than Theorem 2, the sdheduling instance
being static implies that even resourceaugmeration by k times can only help by a factor of k.

Lemma 7 No deterministic or randomizel algorithm can have performance ratio better than
(log B) for a static scheluling instance, where B is the ratio of the largestto the smalest job
size.

11



We rst look at how SJF behaves on this problem instance. The total slovdown for SJF

. P P . . .
is !i%B Zi iz0 2 = O(logB). This basically follows from the fact that SRPT hasto nish

Now we show that for any non-clairvoyant deterministic algorithm A, the adversary can
forcethe total slowvdown to be (log ?B). The roughideais asfollows: We order the jobs of our
instancesud that forall0 i logB, A spendsat least2 work onjobsji.;::: ;Jlogs before

it nishes job j;. In this case,the theoremfollows becausehe total slovdown of A on the given

instanceis
ISeB 1 .
g(log(B) i+ 1)2 = (log *(B)):

It remainsto show that we can order the jobs in sud a way. SinceA is a deterministic
algorithm that doesnot usethe sizeof incoming jobs, we can determinethe order in which jobs
receiwe a total of at least2 work by A. We let j; bethe (log(B) i+ 1)" job that recei\es?
work forall 0 i logB. It is clearthat this yields the claimed ordering.

The examplecan be randomizedto prove that even a randomizedalgorithm has meanslow-
down no better than (log B). The ideais to assumethat the instanceis a random permutation

at leasthalf of ji+1;:::;jioge (iN expectation). Thus its expected slovdown is %(IogB i+ 1)

and the total slovdown is (log ?B). We now use Yao's Minimax Lemmato obtain the result.
|

As the input instancein Lemma7 is static, a k-speedprocessorcan at mostimprove all the
ow times by a factor of k. Hencethe meanslovdown can go down by the samefactor. This
givesus the following theorem.

Theorem 3 Any k-speed deterministic or randomizel, non-clairvoyantalgorithm hasan (log B=Kk)
competitive ratio for minimizing mean slowdown,in the static case (and hene in the online
case).

3.3 Scheduling with general job sizes

The previous result also implies the following lower bound when job sizescould be arbitrarily
large. In particular, we can choosethe job sizesto be 1;2;:::2" which givesus the following
theorem.

Theorem 4 Any k-speed non-clairvoyant algorithm, either deterministic or randomizel, has
( n=k) performance ratio for minimizing mean slowdown.

12



Theorems2 and 4 shaw that in the absenceof resourceaugmenation and boundedjob sizes
achieving any reasonableguarartee on the competitiv e ratio is impossible. This motivates our
model in Section2, wherewe assumeboundedjob sizesand useresourceaugmernation.

4 Static scheduling

Static sdeduling is usually substartially easierthan the usual dynamic sdheduling (where jobs
have arbitrary releaseimes), and the sameis the casehere. We do not needresourceaugmerta-
tion here,and we shaw that the MLF is O(logB) competitive, hencematching the lower bound
shown in the previoussection.

4.1 Optimal Clairv oyant Algorithm

In that static case,it follows easyfrom Smith's rule [15 that SJF is the optimal algorithm for
minimizing total slovndown. We now show a rather generallower bound on the meanslovdown
under SJF on any input instance.

Lemma 8 For any scheluling instance with n jobsall arriving at time 0, SJF has ( n=logB)
mean slowdown.

Pro of: We rst shawv that we can assumewithout lossof generality that we can consideran
input instancewherethe job sizesare powersof 2. To seethis, giveninstancel , We lower bound

the total slovdown of SJF as follows: for a job of size x, we require SJF to work only 2°9xc
amourt in orderto nish the job and we divide the ow time by 299%¢ to get slovdown. Thus,
we can round down all the job sizesto a power of 2 and have the new total slovdown within a
factor of 2 of the total slovdown of original instance. 5

Now we have X1;Xz:::; Xioge jObS Of sizes2;4:::;B respectively. We alsohave x; = n.
Now, as there are at least x; jobs of size 2, the average ow time of a job of size 2" under
SJFis at least x;2 =2, and henceits slowdown is at least x;=2. Sincethere are x; sud jobs, it
follows that the cortribution to the total slovdown by jobs of size2' is at least (1=2)x2. Thus
the total slovdown is at least P (1=2)x?  1=(2 IogB)(P i Xi)? (by Caudy-Scwarz) which is
( n?=logB). Thus the meanslovdown for SJFis ( n=logB). |

4.2 Comp etitiv eness of MLF

Lemma 9 For a scheluling instance with n jobs, MLF hasa O(n) mean slowdown.
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Pro of: This follows trivially , sincefor any job of size2', the job waits at most for n other jobs
to receiw at processingof at most 2'. |
Combining the results of Lemmas8 and 9, we get the following result:

Theorem 5 For static sche&luling with boundel job sizes, the MLF algorithm is O(logB)-
competitive for minimizing mean slowdown.

5 Open guestions

The only \gap" in our paper is the discrepancybetweenthe upper and lower boundsfor the main
problem of non-clairvoyant sceduling to minimize meanslovdown. It would be interesting to
closethis.
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