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Abstract— The problem of sparse signal recovery from a for describing nonnegative measurements such as end-to-
relatively small number of noisy measurements has beenstigl  end response time in such systems [3], [9]. Non-Gaussian
extensively in the recent literature on compressed sensing observations, including binary, discrete, non-negatate

However, the focus of those studies appears to be limited to . . h L
the case of linear projections disturbed byGaussian noise, and variables, are common in various other applications such as

the sparse signal reconstruction problem is treated aginear  for example_, computational biology and medical ir_nag_ing:
regression with /;-norm regularization constraint. A natural  e.g., predicting the presence or absence of a certain diseas

question to ask is whether one can accurately recover sparse given DNA microarrays, or predicting a particular “state
signals under different noise assumptions. Herein, we extd of mind” (e.g., an emotional state of being angry, happy.

the results of [13] to the more general case ofxponential- . .
family noise that includes Gaussian noise as a particular case, 21XI0US, etc.) or response from fMRI images [8], [14].

and vields I;-regularized Generalized Linear Model (GLM) A common challenge in such applications is a very high
regression problem. We show that, under standard restrictd  number (on the order of 10,000-100,000) of variables, but a

isometry property (RIP) assumptions on the design matrix;1-  much lower number of samples (a few hundreds), and the
minimization can provide stable recovery of a sparse signah  aaq tg reconstruct not only predictive, but also inteilet
presence of the exponential-family noise, provided that ctain . .
sufficient conditions on the noise distribution are satisfid. regression mOde_ls that can select most relevant variaitis s
as genes or brain voxels.

In this paper, we will consider the general class of
exponential-family distributions that includes, besid&esus-

Accurate and efficient recovery of sparse high-dimensionglan, a wide variety of other commonly used distributions,
signals from low-dimensional linear measurements redeivesuch as exponential, Bernoulli, multinomial, gamma, chi-
much attention in the recent compressed sensing literatuggquare, beta, Weibull, Dirichlet, and Poisson, just to name
[4]-[7], [10], [12]. While finding the sparsest solutionisat few. The corresponding regression problem of recoveriag th
fying a set of linear constraints is NP-hard as it involvesinobserved vectar from the measurementscontaminated
a combinatorial problem ofs-norm minimization, itsi;- by an exponential-family noise is known as tBeneralized
relaxation can be exact under certain conditions and allowsnear Model (GLM)regression. GLM regression problem
for efficient optimization algorithms. Particularly ine=mting maximizes the exponential-family loglikelhood of the obse
for real-life applications is the case of signal recovennir vations (target variablg) with respect to the unobserved pa-
noisy measurements [11], [13], which relates to practicallyameters (signat), which turns out to be equivalent to mini-
all modern applications of compressed sensing in imageizing the correspondinBregman divergencé(y, u(Ax)),
processing, sensor networks, biology, and medical imaging/here 1. is the mean parameter of the exponential-family
just to name a few (see [16] for an extensive list of referancelistribution, and? = Ax is the corresponding natural pa-
on compressed sensing and its recent applications). rameter (there is a one-to-one correspondence betwees thos

The problem of sparse signal recovery from noisy observawo parameters). In case of Gaussian likelihood, for exaimnpl
tions is typically formulated as minimization of thienorm p = 6 and (assuming independent, unit-variance noise) the
of an unobserved signal subject to the sum-squared losscorresponding Bregman divergence is simply the squared
constraint|jy — Az||;, < e [11], [13]. From a probabilistic Euclidean distanc¢ly — Az||? . Adding /;-norm constraint
point of view, this problem is equivalent to loglikelihoodto GLM regression allows for an efficient method of sparse
maximization under the assumption of (1) linear Gaussiasignal recovery, and is often used in statistical literafd5].
noise P(y) ~ N(up = Ax,X = I) (which results into Thus, a natural question to ask is to what extent stable kigna
sum-squared function), and the sparsity-promoting Laplacecovery results from the compressed sensing literatysky ap
prior on the input signalp(x) ~ e~ Xl which produces to the linear measurements corrupted by an exponential-
the [;-norm. However, in many practical applications, itfamily noise? This work provides an initial investigation
might be more appropriate to use non-Gaussian models af this question, deriving some conditions for stable spars
noise: for example, Bernoulli or multinomial distribut®are signal recovery from exponential-family observations.
better suited for describing such measurements as (binary)We show that accurate recovery of sparse signals under
failures or multilevel performance degradations of end-tathe exponential-family noise assumption is possible inynan
end test transactions (“probes”) in a distributed computarases, and derive sufficient conditions on such recovery:
systems [17], [19]; exponential distribution is bettertedi for a class of exponential-family distributions with bowud

I. INTRODUCTION



¢"(y), where ¢(y) is the Legendre conjugate of the log-approximates the true signal well. More formally, Theorem
partition function that uniquely determines the distribnt 1 in [13] states:

and for several individual exponential-family membersttha

do not satisfy the above condition. Essentially, we showheorem 1[13] Let S be such thaf;s + 3645 < 2, where
that, if the signalx® is sufficiently sparse, the measurements is the S-restricted isometry constant of the matrix A,
noise is sufficiently small (where the noise is expresseas defined above. Then for any signdl with the support
as Bregman divergence between the measuremeand T° = {t: 2% # 0}, where|T°| < S and any noise vector
the meanu® of the distribution determined by the natural(perturbation) e with |le||;, < ¢, the solutionz* to the
parametep? = Ax°), and the matrix4 obeys the restricted problem in eq. 2 obeys

isometry property (RIP) with appropriate RIP constantnthe . 0

the solution to the sparse GLM regression problem approx- 2" =27, < Cs - ¢, ®)

imates the true signal well in the sense. Moreover, we where the constanCs may only depend orfs. For

show that the results of [13] for a more general case GEasonable values ofsss, Cg is well-behaved; e.g.
compressible, rather than sparse, signals can be alsalextenc ~ 8.82 for d45 = 1/5 and Cs ~ 10.47 for 6,5 = 1/4.

to the exponential-family noise.

Il. BACKGROUND Moreofver, 1[‘13]dSh0thr|]|atb(lt)t n? oth(le)r_t recoverty _rg:;hod
. . . “can perform fundamentally better for arbitrary pertur

A. Sparse Signal Recovery from Noisy Observat|0n_s of size ¢, i.e. even if an oracle would make the actual
We assume that? € R™ is an s-sparse signal, i.e. a support 7 of 20 available to us, making the problem
signal with no more tham nonzero entries, where<< m.  well-posed, the least-squares solutifi.e., the maximum-
Let A be ann by m matrix that produces a vector of linear ikelihood solution which is optimal in the absence of any

projectionsy’ = Az°, wheren << m, and let andy be other information) would approximate the true sign@with
a vector ofn noisy measurements that follow some noisghe error proportional te”.

distribution P(y|AIO) It is often assumed thatl satisfies Fina”y, [_‘]_3] extend their result from sparse to

the so-called "restricted isometry property” (RIP) at thespproximately sparse vectors in the following

sparsity level S (or S-restricted isometry property), that

essentially says that every subset of columnsAofwith  Theorem 2[13] Letz® € R™ be an arbitrary vector, and let

Cardinality less thart behaves like an almost OrthonormalxuS be the truncated vector Corresponding to the S |argest

system. Formally, following [7] values ofz° (in absolute value). Under the assumptions of
Theorem 1, the solution* to the problem in eq. 2 obeys

Definition 1 (Restricted Isometry Property) Let A1, where 20 05|
r —x, 1A

T subset{1,...,m} denote am x T submatrix of4 that con- l|z* — 2°||;, < Crs €+ Cog - (4)
tains columns with indexes . The S-restricted isometry ' ' VS
constantjs of A is the smallest quantity such that For reasonable values af,s the constants above are well-
behaved,; e. ~ 12.04 andCs s =~ 8.77 for d4,5 = 1/5.
(L= d9)llell?, < Azl < 1 +39)llellE, @ ved: €.0C%.s 2,5 s =1/

for any all subsetsI" with |[T| < S and for any vector ) ) S )
(¢;);er defined over coordinates ifi. The matrixA is said B. Exponential-family distributions and Bregman diver-
to satisfy the restricted isometry property if there exiish 9€NCES

constantys that the eq. 1 is satisfied. Herein, we will generalize the above results in the case
It was shown (e.g., in [7]) that if of exponential-familynoise. Note that|y — Az||;, < € is

a constraint on the negative log-likelihood of a Gaussian
variabley ~ N(u,¥) with p = Az and¥ = I (assuming
then solving thd;-minimization problem in eq. 2 below can independent unit-variance noise), i.e.

recover any signat that is S-sparse (contains no more than 1

S non-zero entries). —logP(y|Az") = f(y) + §||3/ — Az|[7,. )

Our question is: can one recovef from y, given that
noise is “sufficiently small” (to be defined precisely belGw)
This question has been answered in the compressed sen
literature for the particular case when the noise distidout
is Gaussian. Indeed, [13] show that, if: (1) — Az°|];, < e
(small noise assumption), (2 is sufficiently sparse and the
(3) matrix A obeys the restricted isometry property (RIP
with gppropriat_e _RIF_’ constants, then the solution to the log py.o(y) = x0 — 1(0) + log po(y), (6)
following [;-optimization problem

ds + das +d3s5 < 1,

Gaussian distribution is a particular member of the
S%aonential familyof distributions.

Definition 2 An exponential family is a parametric family
of probability distributions where the probability denshas
)the form

. ] . where 6 is called the natural parametery)(d) is the
o =argmin [[z]l;,  subject to [ly — Azl|li, <€ (2) (strictly convex and differentiablejumulant function or



the log-partition function that uniquely determines the that includes as a particular case the standard compressed-
member distribution of the exponential family, amdy) is sensing formulation, i.e. thg regularized linear regression
a non-negative function calledase measurthat does not (in that case, Bregman divergence is simply the Euclidian
depend on the parametér distance, angi(A4;z) = A;x).
We show that, if: (1) the noise is small, (2)° is

As shown by [2], there is a bijection between thesufficiently sparse and the (3) matrik obeys the restricted
exponential-family densitiep,, o(y) and Bregman diver- isometry property (RIP) with appropriate RIP constants,
gencesly(y, 1), So that each exponential-family density carthen the solution to the above problem approximates the

be also expressed as true signal well. More formally,
py.o(y) = exp(=dy(y, 1)) fo(y), (") Theorem 3 Let S be such thafiss + 3045 < 2, where
where = pu(0) = E,,,(Y) is the expectation ds is the S-restricted isometry constant of the matrix A,

as defined above. Then for any signdl with the support
T = {t : 2° # 0}, where|T°| < S, and for any vector
y = (y1, ..., yn) Of Noisy linear measurements where

parametercorresponding td, ¢ is the (strictly convex and
differentiable) Legendre conjugate @f f;(y) is a uniquely
determined function, andly(y,u) is the corresponding

Bregman divergence defined as follows. 1) the noise follows exponential-family distributions
po, (i), with the natural paramete, = (A;.z°),
Definition 3 Given a strictly convex functiop : S — R 2) the noise (in terms of Bregman divergence) is suffi-
defined on a convex sét C R, and differentiable on the ciently small, i.e¥i, dy, (yi, 1(A;:2%)) < ¢, and
interior of S, int(S) [18], the Bregman divergenced, : 3) each functiony,(-) (i.e., the Legendre conjugate of the
S x int(S) — [0, 00) is defined as corresponding log-partition function, uniquely defining
the Bregman divergence), satisfies the conditions im-
dp(x,y) = d(x) —d(y)— < (x—y),Vé(y) >, (8) posed by at least one of the Lemmas below,
where Vg (y) is the gradient of. the solutionz* to the problem in eq. 9 obeys
||.%'* - xOle <Cs- 5(6)5 (10)

In other words, the Bregman divergence can be thought ]
of as the difference between the valuegoit pointx and Where Cs is the constant from Theorem 1 of [13], and
the value of the first-order Taylor expansion ¢faround 9(€) iS @ continuous monotone increasing function eof
point y evaluated at poink (see Figures 1 and 2, whereS:t 6(0) = 0 (and thusi(e) is small whene is small).
h(z) = p(y)+ < (x — y), Vé(y) >). A particular form of t_hls functlon depends on particular
Table | (derived from Tables 1 and 2 in [1]) showsMembers of exponential family.
particular examples of commonly used exponential-family ) )
distributions and their corresponding Bregman divergence _ Proof: Following the proof of Theorem 1 in [13], we
For example, the unit-variance Gaussian distribution deadVill only have to show that the “tube constraint” (condition
to square loss, multivariate spherical Gaussian (diagonl Still holds (the rest of the proof remains unchanged), i.e

covariance/independent variables) gives rise to Euadfidiés that

tance, an multwanatg Gaussian with the inverse-covaean ||Az* — Az°||1, < &(e) (11)
(concentration) matrixC' leads to Mahalanobis distance, _ _ _ _ _
Bernoulli distribution corresponds to logistic loss, expowhered is some contlngous monotone Increasing function
nential distribution leads to Itakura-Saito distance, levtsi  Of ¢, and6(0) = 0, so its small where is small. It was

multinomial distribution corresponds to the KL-divergenc @ trivial consequence of the triangle inequality in case of
Euclidean distance; however, triangle inequality does not

IIl. OUR CONTRIBUTION hold, in general, for Bregman divergences, and thus we must

We now extend the result in Theorem 1 to the casBrovide a different proof for the tube constraint, possibly

of exponential-family noise. Let us consider the followingfo" €ach type of Bregman divergence (exponential-family

constrained!;-regularization problem that generalizes thefistribution). Since
standard noisy compressed sensing problem of [13] to the . m LA
following: |Az* — A2°||f, = Z(Ai,:l' — A;.2%)% = Z(Hi —07)?,
i=1 =1
manl|e]|1 subject to Zd(yi’“(Aix)) <e ) we will need to show thalp; — 69| < B(e), wherej(e) is a
! continuous monotone increasing functioneo$.t. 3(0) = 0

where d(y;, u(A;x)) is Bregman divergence between the(and thusg(e) is small whene is small), then in eq. 11
noisy observatiory; and the mean parameter of the corwe getd(e) = /m-((¢). Lemma 1 provides the proof
responding exponential-family distribution with the mau of this fact for a class of exponential-family distribution
paramete®; = A;x. Note that this problem corresponds towith boundedy” (y) (whereg¢(y) is the Legendre conjugate
l1-regularizedGeneralized Linear Model (GLM)egression, of the log-partition function that uniquely determines the



Fig. 1. Relative entropy (KL-divergence) Fig. 2. Itakura-Saito distance (Burg divergence)

TABLE I. Examples of commonly-used exponential-family disributions and their corresponding Bregman divergences.

Domain Distribution Po(y) . I o(1) dy(y, 1) Divergence
_(@—a)
R 1D Gaussian 21 se 252 a 2%2#2 s (y — w)? square loss
{0,1} Bernoulli qv(1— q)l’y q wlog p+ Yy log(%)-i- logistic loss
(1 —p)log(l —p) | (1 —y)log(:=%)
Ryy Exponential Ae™ MY 1/X —logp—1 & —log(#) —1 Itakura-Saito distance
n-simplex | nD Multinomial ﬁ 7, q;i’J [qu];z;ll P log(%]) POV log(l%) KL-divergence
~1Ix—all3
R™ nD Sph. Gaussian| (2;02)71 e 202 a 2%2”#”3 ez lly — ul|2 squared Euclidean distance
/detC) _ y==)T Cly—a) T T
R™ nD Gaussian (‘:Z—t()cn)e’ 2 a uCn =) Oly—p) Mahalanobis distanée
™

distribution). However, for several members of the expenerThus, we can simply substituteéAnr||,,|| by d(e) in eq. 13

tial family (e.g., Bernoulli distribution) this conditiois not on page 8 in the proof of Theorem 1 of [13], or, equivalently,

satisfied, and those cases must be handled individuallys, Thueplace2e (that was shown to boundAh||;,|| ) by d(e) in

we provide separate proofs for several different membetke eq. 14.

of the exponential family in Lemmas 2.1, 2.2 and 2.3, [ ]

and obtain particular expressions fgi(¢) in each case.  Just like for the sparse signal case (Theorem 1 in [13]), the

Note that for simplicity sake, we only consider univari-only change we have to make in the proof of the Theorem 2

ate exponential-family distributions, corresponding te t (general case of approximable, rather than sparse, sjgnals

case of independent noise for each measuremgmwhich  when generalizing it from Euclidean distance to Bregman

was effectively assumed in standard problem formulatiodivergence in eq. 9, is the tube constraint. Thus, once we

that used Euclidean distance corresponding to a sphericilowed it for the Theorem 3 above, the generalization to

Gaussian distribution, i.e. a vector of independent Gaussiapproximable signals follows automatically:

variables. However, Lemma 1 below can be extended from

scalar to vector case, i.e. to multivariate exponentialifa Theorem 4 Let z° € R™ be an arbitrary vector, and let

distributions that do not necessarily imply independefig@o =z, ¢ be the truncated vector corresponding to the S largest

Lemma 2.3 will provide a specific case of such distributiovalues ofz° (in absolute value). Under the assumptions of

- a multivariate Gaussian with concentration matrix C. Theorem 3, the solution* to the problem in eq. 9 obeys

The “cone constraint” i i - [l = 2% Slli,

part of the proof in [13] remains [|z* — 20|, < Ch.5-0(€) + Oy 5 - ——— L,

intact; it is easy to see that it does not depend on the VS

particular constraint in thé,-minimization problem 9, and whereC; ¢ and C; g are the constants from Theorem 2 of

only makes use of the sparsity @t and/;-optimality of z*.  [13], and 6(¢) is a continuous monotone increasing function

(12)



of € s.t. §(0) = 0 (and thusd(e) is small where is small).

A particular form of this function depends on particular

members of exponential family.

The following lemma states the sufficient conditions for

< V2e
- \/minQE[ynlin;ynlaz] (b”(:g)
from which, using the triangle inequality, we conclude

)

= pl| <y —p |+ ly —p°| <

the “tube constraint” in eq. 11 to hold in general case

of arbitrary exponential-family noise, provided that (y)
exists and is bounded on the appropriate intervals.

Lemma 1 Let y denote a random variable following an

exponential-family distributiorpy (y), with the natural pa-
rameter 6, and the corresponding mean parametesd).

Let dy(y, u(6)) denote the Bregman divergence associated

with this distribution. If
1) dy(y, u°(6°)) < e (small noise),

2) dy(y, ¥ (0%)) < e (constraint in GLM problem eq. 9),

and
3) ¢"(y) exists and is bounded OW..in, Ymaz), Where
Ymin = min{% Mov M*} and Ymaz = maX{% Moa :u'*}a
then
2\/§maxﬂe[u*;uo] |¢H(:u)

)|
6% —6°] < B(e) = Ve . -
Vmingepy, 187 (9)

(13)

Proof: We prove the lemma in two steps: first, we show
p2(6°)] is small if € is small, and then infer

that [11*(6%) —
|6* — 09| is small.

< 2v2¢ (14)

- \/minge[ymm;ymaz} ¢"(9)
Note that¢” () under the square root is always posi-
tive since¢ is strictly convex.

2) The mean and the natural parameters of an
exponential-family distribution relate to each other as
follows: 6(u) = ¢'(u) (respectively,0(p) = Vo(u)
for vector i), whereg¢'(u) is called thelink function
Therefore, we can write

107 = 0% = 1¢' (1) — &' ()| = 16" (i) (1™ — p°)],

where i € [u*; 1),

and thus, using the above result in eq. 14, we get
) 2\/§maxﬂ€[,u*;,u°] |¢”(/l)|

VG ] (D)
which concludes the proof.

10" — 6°] < Ble) = Ve

1) By definition in eq. 8, Bregman divergence is the The condition (3) in the above lemma requires that

non-linear tail of the Taylor expansion af(y) at
point u, i.e., the Lagrange remainderof the linear
approximation:

do(y, 1) = ¢" () (y — 1)*/2,

wherey; = min{y, u}, y2 = max{y, u}.

U € [y1592],

Let ! = min{y,x°}, ¥9 = max{y,u°} andy; =

min{y, u*}, y; = max{y, u*}. Using the conditions

0 < dg(y,pu®) < e and0 < dy(y,pu*) < ¢ and
observing that
¢"(9) < min ¢"(7)
IS
9" (9),

¢"(9) < min
JE€[yT;v3]

min
g€ [yhuin ;ynlaz]
min
HIS [ymin ?ymam]

and

we get

¢y —p)?/2<e & (y—u’)?<
V2e -
\/minﬁe[y?;yg] " (9)
< \/%
B \/min.@e[ymm;ymax] " (9)
V2e
\/ mingepy;ys) ¢ (9)

¢" (1)

&y —p <

and, similarly, |y — pu*| <

IN

¢"(y) exists and is bounded on the intervals between
and bothu® and p*. However, even when this condition
is not satisfied, as it happens for the logistic loss, where
¢"(y) = 5775 is unbounded at 0 and 1, and for several
other Bregman divergences shown in Table 1, we may still
be able to prove similar results using specific properties of
eachg(y), as shown by the following lemmas.

Lemma 2.1 (Bernoulli noise / Logistic loss)Let the
conditions (1) and (2) of Lemma 1 be satisfied, and let
o(y) = ylogy+ (1—y)log(1—1y), which corresponds to the
logistic-loss Bregman divergence and Bernoulli distribat
p(y) = p¥(1—p)* =Y, where the mean parameter= P(y =

1). We assume thdt < p* < 1,and0 < u° < 1. Then

16° — 0% < B(e) = 4e.

Proof: Using the definition of the logistic-loss Bregman
divergence from Table 1, and the conditions (1) and (2) of
Lemma 1, we can write:

0y _ Yy _ <
de(y, p1°) ylog(ﬂo) + (1 —y)log(5 —HO) <e
1 —
dy(y, 1) = ylog(-L) + (1 —y) log(7 )<e (15)
Hox —H
which implies
|dy (y, 1°) = dp(y, )| < 2e, (16)



and, after substituting the expressions 15 into eq. 16, atet ¢(y) = —logu — 1, Which corresponds to the Itakura-

simplifying, we get Saito distancel,(y, ) = ; - log( ) — 1 and exponential
10 1— O distribution p(y) = Ae*Y, where the mean parameter =
lylog(—=) + (1 — y)log(3— )| < 2e. (A7) 1/X. We will also assume that the mean parameter is always
K K separated from zero, i.éc, > 0 such thaty > c,.. Then
The above must be satisfied for eack {0,1} (the domain
of Bernoulli distribution). Thus, we get: 16 — 6°] < B(e) = \/(;_
1—pud . Cn
(1) |1og( *)I <2¢ if y=0, and
(2) |log( 0)| <2 ify=1, (18) Proof: To establish the result of the lemma we start
with inequality |u — logu — 1| < ¢, whereu is % Replacing
or, equlvalently ubyz=wu—1,2 > —1 gives us|z — log(l 4+ z)| < e.
1_ 0 Without loss of generality, let us assume tlaat % Then
(1) e 2 < u* <e* if y=0,and the Taylor decomposition of function— log(1 + z) at the
L=n point z = 0
—ae _ M P 2 3 4
(2) e <,u ser ify=1 z—log(l—l—z):%—%—i—%, for 0 € [0, 2] or [z, 0]

Let us first consider the case 9f= 0; subtracting 1 from

o o implies that
the corresponding inequalities yields Implies tha

0 22 28 04
*— >z — > = — >
8—25_1§N1 M <l €>z 1og(1+z)_2 3(Sll’lce 0).
N M* B . . . 2 3 2
o (=) (e 2= 1) < p* — 0 < (1— p*) (e —1). gr!s |2 'gurns, implies that < 1 and 2~ — 2= > = for
By the mean value theorent —1 = ¢* —¢® = L) | (z— Hence
0) = e®x, for somet € [0, z] if z > 0, or for somet € [z, 0] 52 1
if 2 <0.Thus,e 26 —1 = —¢? . 2¢, for somei € [—2¢, 0], z=log(l+z) > — for -2 <2<0, (20)
and sincee® is a continuous monotone increasing function, 22 1
e <1 andthuse=2¢—1 > —2¢. Similarly, e2¢ —1 = €® - 2, z—log(l+2)>— for 0<z< . (21)
5 i T 2e 2e 6 3
for somei € [0, 2¢], and sincee® < e*¢, we gete*s — 1 <
2¢ - e2¢, Thus, Combining together both estimates we ggt< /6, or
—2¢(1— p*) < p* = p® < 2ee®(1 - p*) = ly —ul < Vée-p,
= |p* = p¥| < 2e-e%. 19 and
Similarly, in case ofy = 1, we get | — p*| < V6e-max {u°, u*}.
0 _ %
6—26 _ 1 S # S 626 _ 1 Then
s o g0 L1 ot —p° V6 V6
va ) 5=l =I <
and can apply same derivation as above, and get same result” W0 p* 0 ' = min {pr, HO} =
0 i i i — & —
for |H u’| as in eq. 19. Finally, sincé(u) = ¢'(n) =
log(£= ) we get since by the assumption of the lemman {4.*, u°} > c,..
[ |
160 — %] = |1Og( HO ~) — log( W )| = We now consider multivariate exponential-family
— p* distributions; the next lemma handles the general case
10 1—p0 of a multivariate Gaussian distribution (not necessarily
= |log(—*) —1og(1 — )| spherical one that had a diagonal covariance matrix and
" corresponded to the standard Euclidean distance (see Table
0
From the eq. 18 we gdtog(’= o) < (=)< D
2¢, which implies
0 1.0 Lemma 2.3 (Non-i.i.d. Multivariate Gaussian noise / Ma-
16° — 6% = |10g(“_) — 1Og(1 K )| < 4e. halanobis distance)Let ¢(y) = y* Cy, which corresponds
M* gk —

to the general multivariate Gaussian with concentration
matrix C, and Mahalanobis distancéy(y, ) = 3(y —

| T 0 *
Cly — p). If dy(y, <eanddy(y, <, then
Lemma 2.2 (Exponential noise/ ltakura-Saito distance) el =) oy 1) oy 1)

Let the conditions (1) and (2) of Lemma 1 be satisfied, and 116° — 0% < V2| |C7YV2 -,



where||C]|| is the operator norm.

1]
Proof: SinceC' is (symmetric) positive definite, it can

be written asC = L”L where L defines a linear operator
ony space, and thus

/2> (y—p)"Cly —p) = (L(y — )" (Lly — p) =

=|IL(y — w)lI*. [4]

Also, it is easy to show thatC—||I < C < ||C||I (where [5]
|| B|| denote the operator norm &), and that

(2]

(3]

[4)]
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/2> || Ly — wI?> > [|IL7Y) 2y — pll® = g

€ _
= lly = ull < fSIL71L

Then, using triangle inequality, we get

(7]

[8]
= 1Ol < My = 10| + ly — w*[] < V26| |IL71]. [9]

Finally, sinced(u) = Vo(u) = Cu, we get

[10]
16° = 6*|| = [|Cu® = Cu*|| <||C|| - |In® = p*|| = [11]
=[[C]] - |u® = p* ]| < V2€|[L7H] - |-
Note that||Z~!|| = ||C~!||*/2, which concludes the proof. [12]
n
IV. SUMMARY (13]

In this paper, we extend the results of [13] to the more gen-

. . ) . - 2714)
eral case okxponential-family noiséhat includes Gaussian
noise as a particular case, and yielggegularizedGener-
alized Linear Model (GLMYegression problem. We show [15]
that, under standard restricted isometry property (RIP) as
sumptions on the design matrix;minimization can provide [16]
a stable recovery of a sparse signal under exponentialyfamil7]
noise assumptions, provided that the noise is sufficiently
small and the distribution satisfies certain (sufficienth-co
ditions, such as bounded second derivative of the Legendre
conjugate¢(y) of the log-partition function that uniquely Elg]
determines the distribution. We also provide distribution
specific proofs for several members of exponential family
that do not satisfy the above conditions. Moreover, we
show that the results of [13] for a more general case of
compressible (rather than sparse) signals can be exteaded t
the exponential-family noise in a similar way.

Clearly, this is work in progress, since so far we were able
to demonstrated recoverability of a sparse signal only for a
subset of distributions in the exponential family that sati
fying certain conditions. Directions for future work inde
exploring the recoverability conditions for other membefs
the exponential family, as well as investigating alteneti
recoverability criteria such as, for example, support vecp
(versus recovery in the-norm sense), which is often a more
relevant measure of success in practical applicationsarksp
regression and compressed sensing.
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