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Abstract

We study lattice bases where the angle between any basir et the linear subspace spanned
by the other basis vectors is at legstadians; we denote such bases as “nearly orthogonal”. e sho
that a nearly orthogonal lattice basis always contains ae$tdattice vector. Moreover, we prove that
if the basis vector lengths are “nearly equal”, then thesasihe unique nearly orthogonal lattice basis
up to multiplication of basis vectors hi1. We also study random lattices generated by the columns of
random matrices withh rows andm < n columns. We show that ifn < c¢n, with ¢ ~ 0.071, then
the random matrix forms a nearly orthogonal basis for theoamlattice with high probability for large
n and almost surely as tends to infinity. Consequently, the columns of such a randatrix contain
the shortest vector in the random lattice. Finally, we déscan interesting JPEG image compression
application where nearly orthogonal lattice bases playrgoitant role.
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1 Introduction

Lattices are regular arrangements of points in space tieastadied in numerous fields, including coding
theory, number theory, and cryptography [1, 15, 17, 21, Bdimally, a latticeC in R" is the set of all linear
integer combinations of a finite set of vectors; thatds: {u1b1 + ugbs + - - - + by, | u; € Z} for some
b1,ba, ..., by in R™. The set of vector® = {by,bs, ..., b, } is said tospanthe latticeL. An independent
set of vectors that spankis abasisof £. A lattice is said to ben-dimensional £:-D) if a basis contains
vectors.

In this paper we study the properties of lattice bases whestoks are “nearly orthogonal” to one
another. We define a basis to #h@rthogonal if the angle between any basis vector and tlealisubspace
spanned by the remaining basis vectors is at ikaatd-orthogonal basis is deemed totearly orthogonal
if 0 is at least; radians.

We derive two simple but appealing properties of nearlyatnal lattice bases.

1. A 3-orthogonal basis always contains a shortest non-zereckattector.
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2. If all vectors of ag-orthogonal ¢ > %) basis have lengths less th% times the length
of the shortest basis vector, then the basis is the unigxgethogonal basis for the lattice (up to

multiplication of basis vectors hy1).

Gauss [13] proved the first property for 2-D lattices. We pr{yeneralizations of) the above properties for
m-D lattices for arbitrarym.

We also study lattices generated by a set of random vect@$peus on vectors comprising Gaussian
or Bernoulli (iﬁ) entries. The set of vectors and the generated lattice areef@th referred to as a
random basiend arandom lattice respectively. Random bases and lattices find applicationeding [7]
and cryptography [28]. We prove an appealing property ofioam lattices.

If a random lattice in R™ is generated byn < ¢n (¢ = 0.071) random vectors, then the random
vectors form & -orthogonal basis of with high probability at finiten andalmost surelyasn — oo.

Consequently, the shortest vectordns contained by the random basis with high probability.

We exploit properties of nearly orthogonal bases to solvantamesting digital image processing prob-
lem. Digital color images are routinely subjected to corspi@n schemes such as the Joint Photographic
Experts Group (JPEG) standard [26]. The various settingd dsiring JPEG compression of an image—
termed as the image’'s JPEG compression history—are ofsmardied after decompression. For recom-
pression of images which were earlier in JPEG-compressen, fib is useful to estimate the discarded
compression history from their current representation.célethis problem JPEG compression history es-
timation (JPEG CHEst). The JPEG compression step maps aig@ge into a set of points contained in a
collection of related lattices [23]. We show that the JPECGESHoroblem can be solved by estimating the
nearly orthogonal bases spanning these lattices. Themwakd the derived properties of nearly orthogonal
bases in a heuristic to solve the JPEG CHEst problem [23].

Lattices that contain nearly orthogonal bases are somespleaial because there exist lattices without
any $-orthogonal basis (see (4) for an example). Consequehtiynew properties of nearly orthogonal
lattice bases in this paper cannot be exploited in all efhioblems.

The paper is organized as follows. Section 2 provides sorsie biafinitions and well-known results
about lattices. Section 3 formally states our results onyyeathogonal lattice bases and Section 4 furnishes
the proofs for the results in Section 3. Section 5 identifies properties of random lattices. Section 6 de-
scribes the role of nearly orthogonal bases in the solubdhd JPEG CHEst problem. Section 7 concludes
with a discussion of some limitations of our results andfeitiesearch directions.

2 Lattices

Consider ann-D lattice £ in R", m < n. By anordered basidor £, we mean a basis with a certain
ordering of the basis vectors. We represent an ordered byasis ordered set, and also by a matrix whose
columns define the basis vectors and their ordering. We @sbrtiteq .., .) for ordered sets (for example,
(b1,ba,...,bn)), and{.,.} otherwise (for examplefby, b, ..., b, }). For vectorsu,v € R"™, we use both
uTv (with T denoting matrix or vector transpose) and v) to denote the inner product af andv. We
denote the Euclidean norm of a vectoin R” by ||v||.

Any two based3; andB; of £ are related (when treated as< m matrices) a#3; = BolUf, wherel{ is a
m X m unimodular matrix that is, an integer matrix with determinant equattto.

"However, our random basis results suggest nearly orthbgasas occur frequently in low-dimensional lattices.



Theclosest vector problefCVP) and theshortest vector probleifsVP) are two closely related, funda-
mental lattice problems [1, 2, 10, 15]. Given a lattitand an input vector (not necessarilydjh CVP aims
to find a vector inC that is closest (in the Euclidean sense) to the input ve&wen finding approximate
CVP solutions is known to be NP-hard [10]. The SVP seeks avati with the shortest (in the Euclidean
sense) non-zero leng#{£). The decision version of SVP is not known to be NP-completkértraditional
sense, but SVP is NP-hard under randomized reductions i2ffack, even finding approximately shortest
vectors (to within any constant factor is NP-hard under oamded reductions [16, 20].

A shortest lattice vector is always contained by orthogdmsles. Hence, one approach to finding short
vectors in lattices is to obtain a basis that is close (in sgsmse) to orthogonal, and use the shortest
vector in such a basis as an approximate solution to the S\dndmonly used measure to quantify the
“orthogonality” of a lattice basi$b;, b, . .., by, } is its orthogonality defecf17],

I 114
|det ([bl,bg, e ,bm]) |7

with det denoting determinant. For rational lattices i¢ta$ comprising rational vectors), the Lovasz basis
reduction algorithm [17], often called the LLL algorithmitains arlLLL-reducedattice basis in polynomial
time. Such a basis has a small orthogonality defect. Thest ether notions of reduced bases due to
Minkowski, and Korkin and Zolotarev (KZ) [15]. Both Minkowsreduced and KZ-reduced bases contain
the shortest lattice vector, but it is NP-hard to obtain somes.

We choose to quantify a basis’s closeness to orthogonaliigrims of the following new measures.

e Weak#-orthogonality: An orderedset of vectorgb;, bo, ..., b,,) is weakly #-orthogonal if fori =
2,3,...,m, the angle betweeb; and the subspace spanned {8y, b2, ...,b;,—1} lies in the range
[6,%]. Thatis,

1 WMZ 1042 bi)
ol |[3252) e bi)

cos >0, forall a; € Rwith > [a] > 0. (1)

J

e ¢-orthogonality: A set of vectors{b, b, ..., by} is -orthogonal if every ordering of the vectors
yields a weaklyg-orthogonal set.

A (weakly) #-orthogonal basis is one whose vectors are (weakdgjthogonal. Babai [4] proved that an
n-D LLL-reduced basis i9-orthogonal wherain § = (@) ; for largen this value off is very small.

Thus the notion of an LLL-reduced basis is quite differentrrthat of a weakly;-orthogonal basis.
We will encounterg-orthogonal bases in random lattices in Section 5 and weakisthogonal bases
(with & > %) in the JPEG CHEst application in Section 6.

3 Nearly Orthogonal Bases. Results

This section formally states the two properties of nearthagonal lattice bases that were identified in the
Introduction. We also identify an additional property @werizing unimodular matrices that relate two
nearly orthogonal bases; this property is particulariyfulder the JPEG CHEst application.

Obviously, in an orthogonal lattice basis, the shortestsbasctor is a shortest lattice vector. More
generally, given a lattice bas{$,, bs, ..., b, }, letd; be the angle betweéen and the subspace spanned by



the other basis vectors. Then

N i b;|| sin 6;. 2
( )_Z_e{lr’g}gm}\l || sin (2)

Therefore, &-orthogonal basis has a basis vector whose length is no mane\{ £) / sin 6; if 6 = %, this
bound becomeg%. This shows that nearly orthogonal lattice bases contairt skectors.

Gauss proved that iR?, every z-orthogonal lattice basis indeed contains a shortestéattector and
provided a polynomial time algorithm to determine such ashasa rational lattice; see [32] for a nice
description. We first show that Gauss’s shortest latticeéoragesult can be extended to higher-dimensional
lattices.

Theorem 1 LetB = (by, by, ..., b, ) be an ordered basis of a lattic@. If 5 is Weakly(g + e)—orthogonal,
for0 <e< 5 then a shortest vector i is a shortest non-zero vector ifi More generally,

m
g u;b;
i=1

with equality possible only f =0 or > " | |u;| = 1.

for all u; € Z with > Ju,| > 1, (3)

min [|b;]| <
m} i=1

je{1,2,...,

Corollary 1 If 0 < e < §, then aweakl;(% + e)—orthogonal basis contains every shortest non-zero kattic
vector (up to multiplication by-1).

Theorem 1 asserts thateorthogonal lattice basis is guaranteed to contain a sstdettice vector i) > 7.
In fact, the bound; is tight because for any > 0, there exist lattices where soréieorthogonal basis, with
0 = § — ¢, does not contain the shortest lattice vector. For exansplesider a lattice ilR? defined by the
basis{b1, b2}, with [|b1]| = [[b2]| = 1, and the angle between them equakte- e. Obviouslybs — b; has
length less than 1.

For a rational lattice defined by some balis a weakly 3 -orthogonal basi$, = B, with U poly-
nomially bounded in size, provides a polynomial-size &iegte for\ (£). However, we do not expect all
rational lattices to have such bases because this woulg itmgl NP=co-NP, assuming SVP is NP-complete.
For example, the lattic€ spanned by the basis

10 3
B=]01 3 (@)

1

OOW

does not have any weakfy-orthogonal basis. It is not difficult to verify théat 0 0]” is a shortest lattice
vector. Thus\(£) = 1. Now, assume thaf possesses a weakfy-orthogonal basi® = (by, by, bs). Let
0, be the angle betwedn andb;, and letd, be the angle betwedn and the subspace spannediyyand
be. Sinceby, b, andbs have length at least 1,
=5 . . .o T 3

det(B) = [|ba[| [zl [bs]| |sin 61 [sin 2| = sin” = = 7. (5)
Butdet(B) = % < det(B), which shows that the lattic& with basis3 in (4) has no weakly -orthogonal
basis.

Our second observation describes the conditions underhwanilattice contains the unique (modulo

permutations and sign changes) set of nearly orthogonalddiasis vectors.
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Figure 1: (a) The vectors comprising the lattice are denoted by arcl®ne of the lattice bases comprises two
orthogonal vectors of lengtlisand1.5. Sincel.5 < 7 (g) = /3, the lattice possesses no other basis such that the
angle between its vectors is at legstadians. (b) This lattice contains at least tieorthogonal bases. One of the
lattice bases comprises two orthogonal vectors of lengtasd2. Here2 > n (g) and this basis is not the only

3 -orthogonal basis.

Theorem 2 Let B = (b1, b2, ..., by) be a weakly-orthogonal basis for a latticeC with 6 > . For all
ic{l,2,...,m},if

bl < n(0 min
bl <n®) _min |

V3
sinf + /3 cos’
then anyz-orthogonal basis comprises the vectorsdmultiplied by+-1.

‘bj”7 (6)

with (#) = (7)

In other words, a nearly orthogonal basis is essentiallguivhen the lengths of its basis vectors are nearly
equal. For example, both Fig. 1(a) and (b) illustrate 2-Bidas that can be spanned by orthogonal basis
vectors. For the lattice in Fig. 1(a), the ratio of the lersgtf the basis vectors is less thafZ) = /3.
Hence, there exists only one (modulo sign changes) badistsatthe angle between the vectors is greater
than3. In contrast, the lattice in Fig. 1(b) contains many didtifieorthogonal bases.

In the JPEG CHEst application [23], the target 3-D latticedsainR? are known to be weaklyZ + )-
orthogonal but no(% + e)—orthogonal. Theorem 2 addresses the uniqueneSsoofhogonal bases, but not
weakly g -orthogonal bases. To estimate the target lattice basiaee to understand how different weakly
orthogonal bases are related. The following theorem gteearthat for 3-D lattices, a Weak(yg1 + e)—
orthogonal basis with nearly equal-length basis vectorglisted to every weakly orthogonal basis by a
unimodular matrix with small entries.

Theorem 3 LetB = (by,b2,...,bn) and 5 be two weakly-orthogonal bases for a lattic€, wheref) > 7
Letld = (u;;) be a unimodular matrix such th& = Bu/. Define

2\ ! maXje12,..m} [|bill
K B — e % _ 3 Lyeeey . (8)
(B) <\/§> Wit (1.2, . 0]

Then,

uij| < K (B), forall ¢ andj.

For example, if3 is a weaklyd-orthogonal basis of a 3-D lattice with—<t-2:} Io:ll 1.5, then the entries

Bllnie{l,z,s}ﬂbiﬂ
of the unimodular matrix relating another weakiprthogonal basi# to B are eithet0 or £1.

5



4 Nearly Orthogonal Bases: Proofs

4.1 Proof of Theorem 1

We first prove Theorem 1 for 2-D lattices (Gauss's result) ueth tackle the proof for higher-dimensional
lattices via induction.

4.1.1 Proof for 2-D lattices

Consider a 2-D lattice with a basi = {b,, b2} satisfying the conditions of Theorem 1. L#tdenote the
angle between; andb,. Sincef < ¢’ < 7 by assumption,

b1 ][ b2
R

(b1, b2)| = [[a| [[b2 | cos 0" < ©)

The squared-length of any non-zero lattice veeter uib; + uzbe, With uy, us € Z and|uq| + |uz| > 0,
equals

[ol> = utP[lba]|* + Ju|*[|b2]|* + 2uyus by, ba)
> JunPl|br | A+ [ual?[|b2]* — 2Jur ||uz] (b1, bs)]
> JurP)br||* + Juz *||b2l|* — Jur|[uz|[|b1]| ||b2]]  (using (9))

(Jur [1B2ll = fuzl[b2]1)* + fu [z l1by ]| 152 (10)
min (|[oy]|%, [1b2]1%) .

v

with equality possible only if eithel; | + |uz| = 1 or ¢’ = %. This proves Theorem 1 for 2-D lattices.

4.1.2 Proof for higher-dimensional lattices

Letk > 2 be an integer, and assume that Theorem 1 is true for ékery )-D lattice. Consider &-D lattice
L spanned by a weaklfz -+ ¢)-orthogonal basigbi, b, . . . , bi), with e > 0. Any non-zero vector ir can
be written aszle u; b; for integersu;, whereu; # 0 for somei € {1,2,...,k}. If up =0, thean:1 u; b
is contained in thék — 1)-D lattice spanned by the weak{ + ¢)-orthogonal basib: , bz, . . ., by—1). For
ug = 0, by the induction hypothesis, we have

k k—1
E u; by g u; by
i=1 i=1

If € > 0, then the first inequality in the above expression can holdgaslity only ifo:‘l1 lu;| = 1. If
ur #0andu; =0fori=1,2,...,k— 1, then again

k
> uih
i=1

Again, it is necessary that,| = 1 for equality to hold above.
Assume thaty, # 0 andu; # 0 for somei € {1,2,...,k—1}. Nowa:1 u; b; is contained in the 2-D
lattice spanned by the vectoEf‘l1 u; by andugby. Since the ordered s@t;, bo, . .., by) is Weakly(g + e)—

orthogonal, the angle between the non-zero vecEfgll u; by andugby lies in the interval[g + €, g]

> min [bj[[ = min b
je{1,2,.. k—1} je{1,2,...k}

> 11be|| > ' bill.
> ||| = {11{12137,{}\\ il
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Invoking Theorem 1 for 2-D lattices, we have

k k—1
> b min( Y uibif, Hukka>
i=1 =1
> min( min b1, uukbku)

je{1,2,... k—1}

v

> min bil . 11

T je{1,2,..,k} | J ” (11)
Thus, the set of basis vectofs;, bo, . . ., by } contains a shortest non-zero vector in kRB lattice. Also, if
e > 0, then equality is not possible in (11), and the second pahetheorem follows. O

4.2 Proof of Theorem 2

Similar to the proof of Theorem 1, we first prove Theorem 2 @ Rttices and then prove the general case
by induction.

421 Proof for 2-D lattices

Consider a 2-D lattice ilR™ with basis vector$; andb, such that the basig , b, } is weaklyf-orthogonal
with > %. Note that for 2-D lattices, weak-orthogonality is the same @sorthogonality. Without loss
of generality (w.l.0.g.), we can assume that ||b1|| < ||b2||. Further, by rotating the 2-D lattice, the basis
vectors can be expressed as the columns oftke2 matrix

" b
0 b2
0 O

0 O

Let#’ € [0, Z] denote the angle betweépandb,. Clearly,

cos @ = M andsinf’ = @
[|b2]] [|b2]]
Since (6) holds by assumption,
V3|61 ]| V3|61 ]| _ V3
||b2||< . S . / /_|b |b ‘7
sinf ++/3cosf ~ sin® + v/3cosb ﬁ+\/§|‘;21|‘

where we have used the fact thg) is a non-decreasing function éffor 6 € [Z, 5]. Therefore,

wlx

lboa| < V3(1— |bay]). (12)

Let {51,32} denote anotheg-orthogonal basis for the same 2-D lattice. Using Theorennd. its
Corollary 1, we infer tha{b;, b, } contains every shortest lattice vector (multiplied-by), and{b;, b2} and



{51,32} contain a common shortest lattice vector. Assume W.I.O@Bt = =+b; is a shortest lattice vector.
Then, we can write

B0 B] = [0n 0] [j;l iﬂ with u € Z.
To prove Theorem 2, we need to show that 0.
Let 8 denote the angle betweénand+b,. Then,
COS2 5 = 7‘}51;323‘22
o[22

(u + b21)2
(’LL + b21)2 + b%2

(u + b21)2 .
> (U + b21)2 n 3(1 _ ’b21‘)2 (US|ng (12))

1

- - (13)
3(1—1b21])?

N ==

If u # 0, then
|’LL + b21| > |’LL| — |b21| >1-— |b21| >0 (from (12))

Hence,
|u + b21|2 Z (1 — |b21|)2.

Therefore, from (13) we have

cos’f > (14)

1
47
which holds if and only i) < . ThUS,{gl,gg} can beZ-orthogonal only ifu = 0. This proves Theorem 2
for 2-D lattices.

4.2.2 Proof for higher-dimensional lattices

Let B and B be twon x k matrices defining bases of the sam® lattice inR". We can writeB = BU

for some integer unimodular matrix = (u;;). Using induction ork, we will show that if 3 is weakly
g-orthogonal withs < 6 < 7, if the columns of53 satisfy (6), and i3 is z-orthogonal, therB can be
obtained by permuting the columns Bfand multiplying them byt+-1. Equivalently, we will show every
column ofi/ has exactly one component equaltio and all others equal t@(we call such a matrix signed
permutation matrix

Assume that Theorem 2 holds for &kt — 1)-D lattices withk > 2. Letby,bo,...,b; denote the
columns ofB and letby, b, . . ., b, denote the columns df. Since permuting the columns &fdoes not

destroyz-orthogonality, we can assume w.l.0.g. thatis B's shortest vector. From Theorem, is also
a shortest lattice vector. Further, using Corollaryt-d; is contained in3. Assume thab, = +b; for some



¢e{1,2,...,k}. Then
uir ... Ulp—1 +1 Uip+1 .- Uik

(15)

Above,U; isa(k — 1) x (¢ — 1) sub-matrix, where &g} is a(k — 1) x (k — ¢) sub-matrix. We will show
thatu;; =0, forall j € {1,2,...,k} with j # ¢. Define

Br - [ b@ bj ] s ~7« = |: gl 2?22 uwgz ] . (16)
Then, from (15) and (16),

3 +1 Uiy
BT—BT[ 01 }

SinceB, andB, are related by a unimodular matrix, they both define basdsea$ame 2-D lattice. Further,
B, is weakly #-orthogonal with|[b;|| < 7(8)||b|], andB, is z-orthogonal. Invoking Theorem 2 for 2-D
lattices, we can infer that;; = 0. It remains to be shown that’ = [i/] U3] is also a signed permutation
matrix, where

B =Bu,

with B’ = [by, bo, ..., be_1, besi, ..., by] andB’ = [52,63, . ,Zk] Observe thadet () = det(U) = +1.

Both B’ and3’ are bases of the sanfie — 1)-D lattice ag/’ is unimodular.3' is Z-orthogonal, whereas’
is weaklyd-orthogonal and its columns satisfy (6). By the inductiopdthesis{/’ is a signed permutation
matrix. Thereforel/{ is also a signed permutation matrix. O

4.3 Proof of Theorem 3

Theorem 3 is a direct consequence of the following lemma.

Lemmal LetB = (by,bs,...,by) be a weakly-orthogonal basis of a lattice, whete > %. Then, for
any integeruy, us, . . . , U,

m m—1

— 2 i€{1,2,....,m}

Lemma 1 can be proved as follows. Consider the vedipandb,; the anglef between them lies in the
interval (%, Z). Recall from (10) that

2
[urbr + uzbs[* > (fua] [ba]l = [ez| [[b2]])* + [ua |fus|[[b1 ]| [[b2]]-
Consider the expressiay — ;n)2 + yx with 0 < x < y. For fixedy this expression attains its minimum
value of (2) y* whenz = 4. By settingy = |uq| ||b1|| andz = |us| [|b2|| w.l.0.g, we can infer that

3
[lu1by + ugbs|| > > max_ |lu;bs|.
i€{1,2}

)



Since B is weakly §-orthogonal, the angle betweenb, and Zf;ll u;b; lies in the interval(g, g) for
k=2,3,...,m. Hence (17) follows by induction. O

m—1
We now proceed to prove Theorem 3 by invoking Lemma 1. Define- (@) . For anyj €
{1,2,...,m}, we have

m
E uijbi
=1

Since B and 53 are both weakly-orthogonal withd > Ty Milie(12  m} i) = mingegy o my [|0i]]-
Therefore,

> A max ‘
i€{1,2,...,m} i€{1,2,....,m}

T ie{1,2,...,m}

b max; b;
A max ’Uij’ < H ]” < i 1€{1,2,....m} H ZH _
i€{1,2,...m} minie{1727___7m} HbZH mi;e 2....m} ”bZH

Ak (B).
Thus,|u;;| < & (B), for all i andj. O

5 Random Latticesand SVP

In several applications, the orthogonality of random datfbases and the length of the shortest vek(d)
in a random latticeC play an important role. For example, in certain wireless mwamications applications
involving multiple transmitters and receivers, the reedivnessage ideally lies on a lattice spanned by a
random basis [7]. The random basis models the fluctuatiotiseirommunication channel between each
transmitter-receiver pair. Due to the presence of noiseidbal received message is retrieved by solving a
CVP. The complexity of this problem is controlled by the ogbnality of the random basis [1]. Random
bases are also employed to perform error correction codl8ydnd in cryptography [28]. The level of
achievable error correction is controlled by the shortestar in the lattice.
In this section, we determine theorthogonality of random bases. This result immediatetg les
identify conditions under which a random basis containgh(vigh probability) the shortest lattice vector.
Before describing our results on random lattices and basedirst review some known properties of
random lattices and then list some powerful results frondloam matrix theory.

5.1 Known Properties of Random L attices

Consider ann-D lattice generated by a random basis with each ofitH#asis vectors chosen independently
and uniformly from the unit ball ilR™ (n > m).? With m fixed and withn — oo, the probability that the
random basis is Minkowski-reduced tendsltii1]. Thus, as: — oo, the random basis contains a shortest
vector in the lattice almost surely. Recently, [3] provedtthsn — m — oo, the probability that a random
basis is LLL-reduced- 1. [3] also showed that a random basis is LLL-reduced with nero probability
whenn — m is fixed withn — oc.

5.2 Known Properties of Random Matrices

Random matrix theory, a rich field with many applications1[8}, has withessed several significant devel-
opments over the past few decades [12, 18, 19, 30]. We witlkimsome of these results to derive some

2Them vectors form a basis because they are linearly indepenttensasurely.
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new properties of random bases and lattices; the paperd@idas an excellent summary of the results we
mention below.

Consider am x m matrix B with each element o8 an independent identically distributed random
variable. If the variables are zero-mean Gaussian distribwith variance};, then we refer to such/& as a
Gaussiarrandom basis. If the variables take on value$4nﬁ, ﬁ} with equal probability, then we term

13 to be aBernoullirandom basis. We denote the eigenvalue8™B by v2,i = 1,2, ..., m. Gaussian and
Bernoulli random bases enjoy the following properties.

1. For both Gaussian and Bernoulj 37 B’s smallest and largest eigenvalueg,; andy? ., converge
almost surely tq1 — /c)? and(1 + \/c)? respectively as, m — oo and — ¢ < 1[6, 12, 30].

2. Lete > 0 be given. Then, there exists an such that for every, > N, andr > 0,

P (1ol < (1-2) ~0+9) = 8)
P <|wmax| > (1 ' \/% ' (r+e)> < (19)

with p = 2 for Gaussiar3 andp = 16 for Bernoulli 5 [6, 18].

In essence, a random matrix’s largest and smallest singallaes converge, respectively, te- , /7~ almost
surely asn, m — oo and lie close td + /7> with very high probability at finite (but sufficiently large)

5.3 New Resultson Random L attices

We now formally state the new properties of random latticentioned in the Introduction plus several
additional corollaries. The key step in proving these proge s to relate the condition number of a random
basis to it¥)-orthogonality (see Lemma 2). A matrix’s condition numisedéfined as the ratio of the largest
to the smallest singular value. Then we invoke the resul&eiction 5.2 to quantify thé-orthogonality of
random bases. Finally we invoke previously deduced prigseof nearly orthogonal lattice bases.

We wish to emphasize that we prove our statements only fticdatwhich are not full-dimensional.
Our computational results suggest these statements atreiador full-dimensional lattices. Further, Sorkin
[31] proves that with high-probability, Gaussian randontnmas are not nearly orthogonal when> n /4.
See the paragraph after Corollary 3 for more details.

Lemma 2 Consider an arbitraryn x m real-valued matrix3, with m < n, whose largest and smallest
singular values are denoted by, and;,, respectively. Then the columns®are 6-orthogonal with

_owin—1 21/}max wmin
/= sin <wr2nin + wrznax> ‘ (20)

The proof is given in Section 5.4. The value#aih (20) is the best possible in the sense that theris 2
matrix B with singular values),i, andy.x such that the angle between the two columng8 @ given by
(20). Note that for Iarg%% (that is, small condition number), tifein (20) is close tof. Thus, Lemma 2
quantifies our intuition that a matrix with small conditionmber should be nearly orthogonal.

By combining Lemma 2 with the properties of random matricged in Section 5.2, we can immediately
deduce thé-orthogonality of am x m random basis. See Section 5.4.2 for the proof.
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Theorem 4 Let B denote am x m Gaussian or Bernoulli random basis. H < ¢n, 0 < ¢ < 1, then as
n — oo, B is #-orthogonal almost surely with

1—c¢
6 =sin~! . 21
St (1 + c> (1)
Further, given are > 0, there exists amV, such that for every, > N, andr > 0, B is §-orthogonal,
1—¢c 3V3
— win—l _
f = sin <1+c 1 (r—l—e)), (22)

2

with probability greater tharl — 26_%, wherep = 2 for Gaussian5 and p = 16 for Bernoulli 5.

The value of in (21) is not the best possible in the sense that for a giverewat c, a randonn x m Gaussian
matrix with m < ¢n would beé’-orthogonal (with high probability) for som# > 0 (see Figure 2). The
reason is that thé predicted by Lemma 2 is satisfied hit matrices. However, Theorem 4 is restricted to
random matrices.

Theorem 4 allows us to bound the length of the shortest namazector in a random lattice.

Corollary 2 Letthen x m-matrix B = (b1, b, ..., by, ), Withm < ecn and0 < ¢ < 1, denote a Gaussian
or Bernoulli random basis for a lattic€. Then the shortest vector’s lengiiL) satisfies
1-c
A(L) >
(£) 2 1+c¢c

almost surely ag — oo.

Each column of a BernoullB is unit-length by construction. For Gaussiinit is not difficult to show that
all columns have length 1 almost surelyras— oo. Hence Corollary 2 is an immediate consequence of
Theorem 4 and (2). Corollary 2 implies that in random la#titeat are not full-dimensional, it is easy to
obtain approximate solutions to the SVP (within a constaatiar). This is because for random lattice®Rih
with dimensionn(1 — ), A(£) is greater thai times the length of the shortest basis vector (approxiyatel
Compare this with Daudé and Vallée’s [9] result that indam full-dimensional lattices ifR", A(L) is at
leastO(1/+/n) times the length of the shortest basis vector with high pdita

By substitutingd = % into Theorem 4 and then invoking Corollary 1, we can dedudicgnt condi-
tions for a random basis to Beorthogonal.

Corollary 3 Let then x m-matrix B denote a Gaussian or Bernoulli random basis for lattiCe f % <
¢ < (7—V/48) (=~ 0.071), thenB is Z-orthogonal almost surely as — occ. Further, given are > 0, there

: 4(1—c) 2 A : -
exists anV, such that for every. > N, and 33t €3 > r > 0, Bis g-orthogonal with probability
2

greater thanl — 2e_%, wherep = 2 for Gaussian3 and p = 16 for Bernoulli 5.

Figure 2 illustrates that, in practice, arx m Gaussian and Bernoulli random matrix is nearly orthogonal
for much larger values df* than our results claim. Our plots suggest that the proltidr a random basis
to be nearly orthogonal sharply transitions frarto 0 for * values in the interval0.2, 0.25]. Sorkin [31]
has shown us that if the columns Bfrepresent points chosen uniformly from the unit spherR’in(lone
can obtain such points by dividing the columns of a Gaussiatmixby their norms), then the best possible
% value for randonmm x m matrices to b%-orthogonal is% = 0.25. Further, ifm/n > 0.25, B is almost
surely notz-orthogonal as — oo. For largen, the columns of a Gaussian matrix almost surely have length
1, and thus behave like points chosen uniformly from the sptitere irR™. Therefore, as — oo, random
n x n/4 Gaussian matrices are almost surghprthogonal.
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5.4 Proof of Results on Random L attices

This section provides the proofs for Lemma 2 and Theorem 4.

54.1 Proof of Lemma?2

Our goal is to construct a lower-bound for the angle betwesrcalumn of3 and the subspace spanned by
all the other columns in terms of the singular valueg3ofClearly, if ¢,;, = 0, then the columns oB are
linearly dependent. Hence, (20) holdsizis columns aré-orthogonal withd = 0. For the rest of the proof,
we will assume that),,;, # 0.

Consider the singular value decomposition (SVD)Bof

B =XV, (23)

whereX’ and) aren x m andm x m real-valued matrices respectively with orthonormal caisrandd
is am x m real-valued diagonal matrix. Lét andx,; denote the-th column of B and X respectively, let
y;; denote the element from thieh row andj-th column ofY, and lety); denote the-th diagonal element
of W. Then, (23) can be rewritten as

P10 ... 0 Yl Y12 -+ Yim
0 2 ... O Y21 Y22 .- Yom
[bl b2 bm]:[l’l o ... l’m] . . . . . .

We now analyze the angle betwelgn(w.l.0.g) and the subspace spanned by, bs, . .., b, }. Note that
m
bi=> Wiyawi.
=1
Letb; denote an arbitrary non-zero vector in the subspace spdyngd, bs, ..., b, }. Then,
" m m m m m
b= Y arby =) ar Y iymwi= Y Tt Y Yk
k=2 k=2 =1 i=1 k=2
for someoy, € Rwith Y, |ag| > 0. Lety;; = > ;5 o yir- Then,
. m
b= Y digawi
=1

Letd > 6 denote the angle betweénandb;. Then,

5 ‘<bl’g1>‘ [(Q ity Vi i1 T, Dy i Uit 24)|
cost = 1161 | HZIH N ||Z:l11¢zyilﬂfj| ‘|Zi1¢§/l7lfxz|| 9
‘Z?Ll %2 Yi1 gil‘

mog2g2 fsmo2 e )
\/Zz:l ¢z Yi1 \/Ez:l wz Yi1
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where the orthonormality ok’s columns is used to obtain (25) from (24). Lgti = 1,2,...,m, andy;
denote column vectors

Y1i Y11
Y2i _ Y21
yi=| . and y; = | .
Ymi gml
Since'yﬁ = Zzlzz O Yy
y’{yl =0.

Then (25) can be rewritten using matrix notation as
i W24
\/yT\Iﬂy \/~T\I,2 ~
1 1\ Y% Y1
with U2 := U7, The anglegis minimized when the right hand side of (26) is maximized.

For arbitrary3 with only the singular values known (that ¥, is known), theg-orthogonality of53 is
given by solving the following constrained optimizatioroplem.

cosf =

(26)

T\IJZN
cosf = max ‘yl y1| , such thatgly, =o0. 27)

Y1,Y1 \/y?‘l’z Y1 \/@J{‘Iﬂzﬁ

Wielandt’s inequality [14, Thm. 7.4.34] states thatdifis a positive definite matrix, with,;, andymax
denoting its minimum and maximum eigenvalues (both aretigei then

2
T 2 Ymax — Ymin T T
ot Ayt < | —————— vt Az A
|27 Ay|” < (fymaervmin) ( )y Ay)
for every pair of orthogonal vectors andy (equality holds for some pair of orthogonal vectors). In our
problem,A = U2, x = §1, ¥y = Y1, Ymax = V2ax @Ndymin = ¥2.. . Therefore, using Wielandt's inequality
and (27), we have

2 a2
cosf = M
wmax + wmin
Hence o
sinf = 7¢2 ma_T_ J;m , (28)
which proves (20). O

5.4.2 Proof of Theorem 4

The first part of Theorem 4 follows easily. From Section 5.2,can infer that withm < en, 0 < ¢ < 1,
both¢iin > 1 — /c andyax < 1+ +/c almost surely as — oo. Invoking Lemma 2 and substituting

Ymin = 1 — /e andimax = 1+ /cinto (20), it follows that as. — oo, B is #-orthogonal almost surely
with 8 given by (21).

14



We now focus on proving the second part of Theorem 4.dLet,/c, and define

1—d?
G(d) - 1_'_—(12.
We first show that fos > 0,
G(d+6) > G(d) — 34£5. (29)
Using the mean value theorem,
G(d+6) = G(d) + G (d + S) 5, for somes € (0,4), (30)

with G’ denoting the derivative aff with respect tai. Further,

G'(d) = — 5 > —3‘/§, for d > 0. (31)
(1+ d?) 4

One can verify the inequality above by differentiatiG(d), and observing that’(d) is minimized when
3d* +2d? — 1 = 0. The only positive root of this quadratic equationifs= 1/3 or d = 1/+/3. Combining
(30) and (31), we obtain (29).

From the results in Section 5.2, it follows that the prokgbthat both minimum and maximum singular
values off5 satisfy

[Ymin] > 1= (Ve+r+e) and [¢max] <1+ (Ve+7r+e) (32)

n7‘2

is greater than — 2¢~ » . When (32) holds3 is at leastin ! (G (\/c + r + ¢))-orthogonal. This follows
from (20). Invoking (29), we can infer th#t is #-orthogonal withd as in (22). O

6 JPEG Compression History Estimation (CHESst)

In this section, we review the JPEG CHEst problem that ms/aur study of nearly orthogonal lattices,
and describe how we use this paper’s results to solve thidgaro We first touch on the topic of digital
color image representation and briefly describe the esd@uimponents of JPEG image compression.

6.1 Digital Color Image Representation

Traditionally, digital color images are represented byc#pag the color of each pixel, the smallest
unit of image representation. According to the trichromaktieory [29], three parameters are sufficient
to specify any color perceived by humahsFor example, a pixel's color can be conveyed by a vector
Whep = (Wg, ws,w,) € R, wherew,,, w,, andw,, specify the intensity of the color’s red (R), green (G),
and blue (B) components respectively. Gaj),,, the RGB encoding of a color. RGB encodings are vectors
in the vector space where the R, G, and B colors form the stdnaofét basis vectors; this coordinate system
is called the RGR:olor space A color image withM pixels can be specified using RGB encodings by a
matrix P € R3*M

3The underlying reason is that the human retina has only tipes of receptors that influence color perception.
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6.2 JPEG Compression and Decompression

To achieve color image compression, schemes such as JPEt&fisform the image to a color encoding
other than the RGB encoding and then perfamuantization Such color encodings can be related to the
RGB encoding by @olor-transformmatrix C € R3*3. The columns of” form a different basis for the
color space spanned by the R, G, and B vectors. Hence an R@Goiega ., can be transformed to the
C encoding vector a8~ 'w,,,,,; the imageP is mapped taC~1P. For example, the matrix relating the
RGB color space to the ITU.BT-6L.CbC'r color space is given by [27]

w, 02909 0587 0.114 | [w,
we, | = [-0.169 —0.331 0.5 | |w,]|. (33)
w 05 —0.419 —0.081] |w

Cr B

The quantization step is performed by first choosing a diagquositive (non-zero entries are positive),
integerquantizationmatrix @, and then computing the quantized (compressed) imagedtohP asP, =
[Q~'C~'P|, where[.] stands for the operation of rounding to the nearest inte$fREG decompression
constructsP; = CQP. = CQ [Q~'C~'P|. LargerQ’s achieve more compression but at the cost of
greater distortion between the decompressed inkygnd the original imagé .

In practice, the image matrix’ is first decomposed into different frequency componehRts=
{P, Py, ... P}, for somek > 1 (usually ¥ = 64), during compression. Then, a com-
mon color transformC is applied to all the sub-matrice®;, P, ..., P,, but each sub-matrix
P, is quantized with a different quantization matrigg;. = The compressed image i, =
{Pe1,Pep,.... Py} = {[Q7'C7IP |, [Qy'CTIR] ..., [Q;'C~P] }, and the decompressed im-
age isP; = {CQ1PC71, CQQPC’Z, . ,CQkPC’k}.

During compression, the JPEG compressed file format stbeesaitrixC' and the matrice§);’s along
with P.. These stored matrices are utilized to decompress the JP&EGe| but are discarded afterward.
Hence we refer to the s¢tC, Q1,Q2, . .., Qi } as thecompression historgf the image.

6.3 JPEG CHEst Problem Statement

This paper’s contributions are motivated by the followingestion: Given a decompressed imagg =
{CQP.1,CQ2PF, 2, ...,CQLP.;} and some information about the structure@fand the®;’s, can we
estimate the color transfor@ and the quantization matriceg;'s? As {C,Q1,Q2,...,Qk} comprises
the compression history of the image, we refer to this probds JPEG CHEst. An image’s compression
history is useful for applications such as JPEG recompegsi, 22, 23].

6.4 Near-Orthogonality and JPEG CHEst

The columns ofCQ;F.; lie on a 3-D lattice with basi€’Q); becauseF, ; is an integer matrix. The es-
timation of CQ;'s comprises the main step in JPEG CHEst. Since a lattice ag@ multiple bases, we
must exploit some additional information about practicaloc transforms to correctly deduce thi&));’s
from theC'Q; P, ;’s. Most practical color transforms aim to represent a coging an approximately rotated
reference coordinate system. Consequently, most prhctta transform matrice§’ (and thus(C'Q);) can
be expected to be almost orthogonal. We have verified that’allsed in practice are Weakl(yg + e)—
orthogonal, with) < e < %.4 Thus, nearly orthogonal lattice bases are central to JPEESCH

“In general, the stronger assumptionzobrthogonality does not hold for some practical color tfanma matrices.
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6.5 Our Approach

Our approach is to first estimate the product9; by exploiting the near-orthogonality @f and to then
decompos&’Q); into C and@;. We will assume thaf’ is Weakly(g + e)—orthogonaI,O <e< g

6.5.1 EstimatingtheCQ;’s

Let B; be a basis of the lattic; spanned by’@;. Then, for some unimodular matr%, we have
B; = CQ;U;. (34)

If B; is given, then estimating'Q); is equivalent to estimating the respecti¥e
Thanks to our problem structure, the corrétis satisfy the following constraints. Note that these
constraints become increasingly restrictive as the nurobieequency componentsincreases.

1. Thel;’s are such thaBBi4; ! is weakly(Z + €)-orthogonal.

2. The product/; B; ' Bju; " is diagonal with positive entries for ariyj € {1,2,...,k}.
This is an immediate consequence of (34).

If in addition, B; is weakly (4 + ¢)-orthogonal, then

3. The columns d¥; corresponding to the shortest columnd®fare the standard unit vectors timed .
This follows from Corollary 1 because the columns of bthand C'Q); indeed contain all shortest
vectors inC; up to multiplication by+1.

4. All entries oftf; are < k(B;) in magnitude.
This follows from Theorem 3.

We now outline our heuristic.

(i) Obtain bases; for the latticesC;, i = 1,2, ..., k. Construct a weaklyZ -+ ¢)-orthogonal basiss,
for at least one lattic&,, ¢ € {1,2,... k}.

(i) Computer(By).
(iif) For every unimodular matrit/, satisfying constraint$, 3 and4, go to step (iv).

(iv) For U, chosen in step (iii), test if there exist unimodular masitg for eachj = 1,2,... ,k,j # ¢
that satisfy constrair?. If such a collection of matrices exists, then return thileotion; otherwise
go to step (iii).

For step (i), we simply use the LLL algorithm to compute LLéduced bases for ea¢h. Such bases
are not guaranteed to be weal(l{,{' + e)-orthogonal, but in practice, this is usually the case foumber of
theL;’s. Instead of LLL, the method proposed in [25] could be alsplyed (as suggested by the referees).
In contrast to the LLL, [25] always finds a basis that contdiresshortest lattice vector in low-dimensional
lattices (up to 4-D) such as th&’s in our problem. In step (iv), for each frequency compongst ¢, we
compute the diagonal matri®; with smallest positive entries such thigt = B; B, ' D; is integral, and

then test Whethéﬁj is unimodular. If not, then for the give,, no appropriate unimodular matix; exists.
The overall complexity of the heuristic is determined maiby the number of times we repeat step
(iv), which equals the number of distinct choices &frin step (iii). This number is typically not very large
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Table 1: Number of unimodular matrices satisfying conetsst and4 for small .

k || constraint4 | constraints3 and4
1 6960 5232

2 135408 43248

3 1281648 197616

4 5194416 513264

5| 20852976 1324272

because in step (i), we are usually able to find some We@(lsy e)—orthogonal basi8; with k < 2. In fact,
we enumerate all unimodular matrices satisfying condsaiand4 and then test constraitt (In practice,
one can avoid enumerating the various column permutatib@sumimodular matrix). Table 1 provides
the number of unimodular matrices satisfying constrdirgglone and also constrainsand 4. Clearly,
constraints3 and4 help us to significantly limit the number of unimodular meés we need to test, thereby
speeding up our search.

Our heuristic returns a collection of unimodular matri¢&s} that satisfy constraintsand2; of course,
they also satisfy constraintsand4 if the corresponding3;’s are Weakly(g + e)—orthogonal. From the
U;'s, we computeCQ; = B4, If constraintsl and2 can be satisfied by another soluti¢@!}, then it
is easy to see that! # U; for everyi = 1,2,...,k. In Section 6.5.3, we will argue (without proof) that
constraintsl and2 are likely to have a unique solution in most practical cases.

6.5.2 Splitting CQ; into C and Q);

Decomposing th€’Q);’s into C and@);’s is equivalent to determining the norm of each columi@'dfecause
the Q;'s are diagonal matrices. Since thg’s are integer matrices, the norm of each columi’@}; is an
integer multiple of the corresponding column normf In other words, the norms of thgth column
(j € {1,2,3}) of different CQ;’s form a sub-lattice of the 1-D lattice spanned by fhth column norm of
C. As long as the greatest common divisor of jhth diagonal values of the matricég’s is 1, we can
uniquely determine thg-th column ofC; the values of)); follow trivially.

6.5.3 Uniqueness

Does JPEG CHEst have a unique solution ? In other words, lis theollection of matrices

(C,Q1, Q3. QL) # (C,Q1,Q2,...,Qr)

such thatC'Q’ is a Weakly(g + e)—orthogonal basis of; for all i € {1,2,...,k}? We believe that
the solution can be non-unique only if tlig's are chosen carefully. For example, tgtbe a diagonal
matrix with positive diagonal coefficients. Assume thatfot 1,2,...,k, Q; = «;Q, with o; € R and
a; > 0. Further, assume that there exists a unimodular métmot equal to the identity matriX such
thatC’ = CQU is weakly (5 + ¢)-orthogonal. Defin&); = o,/ fori = 1,2,... k. ThenC'Q} is also a
weakly (Z + €)-orthogonal basis for;. Typically, JPEG employs);’s that are not related in any special
way. Therefore, we believe that for most practical casesxJEHESst has a unique solution.
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6.54 Experimental Results

We tested the proposed approach using a wide variety ofasstsc In reality, the decompressed im&je

is always corrupted with some additive noise. Consequetttlgstimate the desired compression history,
the approach described above was combined with some asditimise mitigation steps. Our algorithm
provided accurate estimates of the image’s JPEG comprebstory for all the test cases. We refer the
reader to [22, 23] for details on the experimental setup asdlts.

7 Discussion and Conclusions

In this paper, we derived some interesting properties oflpeathogonal lattice bases and random bases.
We chose to directly quantify the orthogonality of a basiteims of the minimum anglé between a basis
vector and the linear subspace spanned by the remaining\gasgors. Whedl > % radians, we say that the
basis is nearly orthogonal. A key contribution of this paigeo show that a nearly orthogonal lattice basis
always contains a shortest lattice vector. We also invatgtdhthe uniqueness of nearly orthogonal lattice
bases. We proved that if the basis vectors of a nearly ortreddmasis are nearly equal in length, then the
lattice essentially contains only one nearly orthogonaisaTlhese results enable us to solve a fascinating
digital color imaging problem called JPEG compressiononysestimation (JPEG CHESst).

The applicability of our results on nearly orthogonal basdanited by the fact that every lattice does
not necessarily admit a nearly orthogonal basis. In thisesdattices that contain a nearly orthogonal basis
are somewhat special.

However, in random lattices, nearly orthogonal bases ofteguently when the lattice is sufficiently
low-dimensional. Our second main result is thatratD Gaussian or Bernoulli random basis that spans a
lattice inR™, with m < 0.071 n, is nearly orthogonal almost surely as— oo and with high probability at
finite but largen. Consequently, a randomx 0.071 n lattice basis contains the shortest lattice vector with
high probability. In fact, based on [31], the boun@71 can be relaxed t0.25, at least in the Gaussian case.

We believe that analyzing random lattices using some of éohrtiques developed in this paper is a
fruitful area for future research. For example, we haventgeealized (using Corollary 3) that a random
n x 0.071 n lattice basis is Minkowski-reduced with high probabilig].[
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Figure 2: Empirical probability that an x m Gaussian or Bernoulli random matrix i§-orthogonal. At
n = 256, 512, 1024, and 2048 and atm indicated by circles (for Gaussian) and triangles (for Beuiii),
we tested200 randomly generated matrices. The empirical probabilitghie fraction of random matrices

that were -orthogonal.
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