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AbstractWe prove that if a lattice basis is nearly orthogonal (the angle between any basis vector and thelinear subspace spanned by the other basis vectors is at least �3 radians), and the basis vector lengthsare nearly equal (they are within a certain constant factor of one another), then the basis is Minkowskireduced. We use this result to show thatm i.i.d. vectors drawn uniformly from the unit ball in Rn forma Minkowski-reduced basis of the lattice generated by the vectors almost surely as n tends to in�nity, ifm � cn for a constant c < 1=4. This latter result extends a result of Donaldson (1979) who proved theabove property for �xedm as n tends to in�nity.
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1 Introduction
A lattice L in Rn is the set of all linear integer combinations of a �nite set of linearly independent vectors;that is, L = fu1b1+u2b2+ � � �+umbm jui 2 Zg where b1; : : : ; bm are in Rn and are linearly independent.The set of vectors B = fb1; : : : ; bmg is called a basis of the lattice L. A lattice is said to be m-dimensionalif a basis containsm vectors.Neelamani, Dash and Baraniuk [8] de�ne a lattice basis to be �-orthogonal if the angle between any basisvector and the linear subspace spanned by the remaining basis vectors is at least �. They call a �-orthogonalbasis nearly orthogonal if � is at least �3 radians. They prove that a �3 -orthogonal basis always contains ashortest non-zero lattice vector. Thus, the shortest lattice vector problem (SVP) becomes trivial for a �3 -orthogonal basis, just as it is trivial for an orthogonal basis. We prove additional properties of �3 -orthogonalbases in this paper. We show that such a basis is �nearly� KZ-reduced, in the sense that a �3 -orthogonal basiscan be transformed into a KZ-reduced basis in polynomial time. Secondly, we show that if all vectors of a�-orthogonal (� � �3 ) basis have lengths no more than 2=cos � times the length of the shortest basis vector,then the basis is Minkowski reduced for some ordering of the vectors.Various authors have studied lattice problems in the context of random lattices, i.e., lattices generated bya set of random vectors. Donaldson [4] proved that for �xed m, a random n �m matrix chosen uniformlyfrom the unit sphere inRnm de�nes aMinkowski reduced basis of the lattice generated by its columns almostsurely as n ! 1. It follows that as n ! 1, one of the columns of the random matrix is a shortest lattice�S. Dash and G.B. Sorkin are with the IBM T. J. Watson Research Center, Yorktown Heights, NY 10598; Email:fsanjeebd,sorking@us.ibm.com. R. Neelamani is with the ExxonMobil Upstream Research Company, 3319 Mercer, Houston,TX 77027; Email: neelsh@rice.edu; Fax: 713 431 6161.
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vector almost surely. In earlier work, Daudé and Vallée [3] showed that in a random lattice generated by nvectors chosen independently and uniformly from the unit ball in Rn, the expected number of iterations ofthe LLL algorithm [6] isO(n2 log n). Now consider anm-dimensional lattice in Rn generated bym vectorschosen independently and uniformly from the unit ball in Rn; these vectors form a basis because they arelinearly independent almost surely. Recently, Akhavi, Marckert and Rouault [2] proved that as n�m!1,the probability that this basis is �nearly LLL-reduced� [6] tends to 1. More precisely, they show that such abasis satis�es the size condition in the LLL algorithm (see condition (ii) in the de�nition of LLL reductionin Section 2). This condition imposes restrictions on the lengths of consecutive vectors obtained by a Gram-Schmidt orthogonalization of the basis vectors. Neelamani, Dash and Baraniuk [8] show that for c = 0:071,if m � cn, then as n ! 1, this basis is almost surely �3 -orthogonal. In Section 3, we improve the valueof c to 1/4. We then show that if c is any constant less than 1/4, then as n ! 1, m � cn vectors i.i.d.vectors chosen uniformly from the unit ball in Rn form a Minkowski reduced basis almost surely (for somere-ordering of the vectors) and also a KZ-reduced basis almost surely. These result implies Donaldson'sresult cited above.
2 Main results
Consider anm-dimensional lattice L in Rn,m � n. By an ordered basis of L, we mean a basis with a givenordering of the basis vectors. We represent such a basis by an ordered set, for example (b1; : : : ; bm), or asthe columns of a matrix B. We represent an unordered basis as fb1; : : : ; bmg. We refer to the Euclideannorm of a vector v as its length, and denote it by kvk. We denote the length of a shortest non-zero vector ina lattice L by �(L),
De�nition 1 (Minkowski reduced). An ordered basis (b1; : : : ; bm) isMinkowski reduced if b1 is a shortestlattice vector, and for i = 2; 3; : : : ;m, bi is a shortest vector among lattice vectors not in the span offb1; : : : ; bi�1g.

In de�nitions like the above, in our randomized setting we could replace �a shortest vector� with �theshortest vector�, as it is almost certainly unique up to sign, but we will stay with the more general phrasing.The QR decomposition of a matrix B is its representation as B = QR whereQ is an orthonormal matrixand R is an upper-triangular matrix. Let an ordered basis be given by the columns of a matrix B = QR.
De�nition 2 (Proper). A basis B = QR, R = (rij), is proper [5] if rij 2 (�jriij=2; jriij=2] for alli; j 2 1; : : : ;m.

Lovász [7] refers to a proper basis as a weakly reduced basis.
De�nition 3 (LLL-reduced). Given a number � in the interval (0;p3=2), a basis B = QR, R = (rij), is�-LLL-reduced if(i) for i = 1; : : : ;m� 1; jri+1;i+1j � �jriij and(ii) it is proper.

Condition (i) is what we called the size condition in Section 1. For any �xed � in the interval (0;p3=2),the LLL algorithm [6] obtains a �-LLL-reduced basis in polynomial time with the property that the �rstbasis vector has length most �(L)=�n�1.We de�ne proj?b1;:::;bi(v) to be the projection of the vector v on the subspace orthogonal to b1; : : : ; bi.The next de�nition is from Kannan [5].
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De�nition 4 (KZ reduced). An ordered basis (b1; : : : ; bn) is KZ-reduced if:(i) b1 is a shortest lattice vector;(ii) in the lattice generated by B0 = fproj?b1(b2); : : : ;proj?b1(bn)g, B0 is a KZ-reduced basis; and(iii) the basis is proper.
The letters K and Z in KZ-reduced stand for Korkin and Zolotarev. Kannan [5] observes that a KZ-reduced basis is also LLL-reduced (for some � 2 (0;p3=2)).

De�nition 5 (nearly KZ reduced). A basis is nearly KZ-reduced if it satis�es (i) in De�nition 4 and satis�es(ii) with the words KZ-reduced replaced by nearly KZ-reduced.
It is well-known [5] that a nearly KZ-reduced basis can be transformed to a KZ-reduced basis (i.e.,properness attained) in polynomial time, via the procedure used in LLL-reduction to make a basis proper.

De�nition 6 (�-orthogonal). A set of vectors fb1; : : : ; bmg is �-orthogonal if for i = 1; : : : ;m, the anglebetween bi and the subspace spanned by fb1; : : : ; bi�1; bi+1; : : : ; bmg lies in the range [�; �2 ].Neelamani, Dash and Baraniuk [8] prove the following result.
Theorem 7. A �3 -orthogonal basis contains a shortest non-zero lattice vector.
Theorem 8. If B = fb1; : : : ; bmg is a �3 -orthogonal basis for a lattice L, then some ordering of B is nearlyKZ-reduced.

Proof: De�ne b0i = proj?b1(bi) for i = 2; : : : ;m. De�ne a length-ordered basis to be one where (i) b1is a shortest basis vector, and (ii) B0 = fb02; : : : ; b0mg is a length-ordered basis of the lattice spanned by itscolumns. Any basis can be length-ordered: just choose a shortest basis vector as the �rst, then recursivelylength-order the projections of the others.We will prove by induction on the dimension of the lattice that a length-ordered �3 -orthogonal basis isnearly KZ-reduced. The statement is clearly true for one-dimensional lattices. Assume we have proved it forall (m� 1)-dimensional lattices. Let B be a length-ordered �3 -orthogonal basis of anm-dimensional lattice(observe that �3 -orthogonality is independent of ordering). By Theorem 7, b1 is a shortest lattice vector. Wecan assume that B = (rij) is an upper triangular matrix with non-zeros on the diagonal (by taking its QRdecomposition and using the columns of Q to de�ne the coordinate system). Let �i be the angle between biand the subspace spanned by b1; : : : ; bi�1, and let �0i be the angle between b0i and the subspace spanned byb02; : : : ; b0i�1. Now sin2(�i) = r2iiPik=1 r2ki :Further the vectors b02; : : : ; b0m are the same as the vectors b2; : : : ; bm except for the �rst coordinate (i.e., r1iis deleted from bi). Therefore
sin2(�0i) = r2iiPik=2 r2ki � sin2(�i) for i = 3; : : : ;m:

We conclude that �0i � �i and B0 = fb02; : : : ; b0mg is �3 -orthogonal. By de�nition, B0 is length-ordered, andtherefore by induction it forms a nearly KZ-reduced basis of the lattice generated by its columns. ThereforeB also forms a nearly KZ-reduced basis. 2 Therefore, a KZ-reduced basis can be obtained from a�3 -orthogonal basis in polynomial time.In the following theorem, note that as � increases the �rst hypothesis becomes stricter and the secondone more relaxed.
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Theorem 9. Let B = fb1; : : : ; bmg be a �-orthogonal basis for a lattice L with � � �3 . Further, supposethat for all i 2 f1; 2; : : : ;mg, 2 cos � kbik � minj2f1;2;:::;mg kbjk : (1)
Then some ordering of the basis is Minkowski reduced.

Proof: Let B be a basis satisfying the conditions of Theorem 9 and assume it is ordered such that
kb1k � kb2k � � � � � kbmk ;

and 2 cos � kbmk � kb1k. We can assume that kb1k = 1. We will show that for any S � f1; 2; : : : ;mg,




Xi2S uibi





 � maxi2S kbik ; (2)

if ui 2 Z and juij � 1 for all i 2 S. Consider a subset of indices S with k being the largest index in S. Letv = Pi2S;i6=k uibi, where ui 2 Z and juij � 1 for all i 2 S n fkg, and let �0 be the angle between bk andv. De�ne l1 = kvk and l2 = kbkk. Obviously l1; l2 � kb1k = 1 and �0 � �. We will show that for anynon-zero integer uk 




Xi2S uibi






2 � kbkk2 � 0: (3)

Observe that kv + ukbkk2 = (l1 � ukl2 cos �0)2 + (ukl2 sin �0)2 =l21 + u2kl22 � 2ukl1l2 cos �0 � l21 + u2kl22 � jukjl1;as 2l2 cos �0 � 1. Therefore
kv + ukbkk2 � kbkk2 � l21 + u2kl22 � jukjl1 � l22: (4)

As l1 � 1, the right hand side in (4) is non-negative for jukj = 1. Further
l21 + u2kl22 � jukjl1 � l22 � l21 + u2kl22 � jukjl1l2 � l22 =

(l1 � 12 jukjl2)2 + 34u2kl22 � l22:
If jukj � 2 then u2k � 4 and 34u2kl22 � l22 > 0. This proves (3) and therefore (2).We now show that for i = 2; 3; : : : ;m, bi is the shortest vector in L not contained in the span offb1; : : : ; bi�1g. Assume that this is not true. Then there exists some set of indices S not entirely containedin f1; 2; : : : ; i� 1g, and non-zero integers ui; i 2 S, such that v =Pi2S uibi has length less than kbik. Butif k is the maximum index in S, then k � i and therefore, kbkk � kbik. But (3) implies that kvk � kbkk,which is a contradiction. This proves that B is Minkowski-reduced. 2The result is easy to show for � = �2 and � = �3 . In the �rst case, if the basis vectors are ordered byincreasing lengths, than the ordered basis is Minkowski-reduced. In the second case, 2 cos � = 1, and allthe basis vectors have lengths equal to �(L) and the basis is therefore Minkowski-reduced.
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3 Random lattices
For a given probability distribution of vectors in Rn, we de�ne an m-dimensional random lattice � withm � n � as one which is generated by m i.i.d. vectors drawn from the distribution. The distributions wewill consider in this paper are: uniform over the unit ball in Rn; the vector entries are standard normalrandom variables; the vector entries are Bernoulli random variables with success probability 1/2. Whenm � n, m vectors drawn from the above distributions are almost surely linearly independent as n ! 1and de�ne a basis of the generated lattice. We will also consider lattices generated by columns of an n�mmatrix drawn uniformly from the unit ball in Rnm; the columns of this matrix form a basis almost surely asn!1. The ideas and techniques we use here are similar to, and draw upon those in Daudé and Vallée [3]and Akhavi, Marckert and Rouault [2]. However, all our results are for the casem < n, and thus apply onlyto non full-dimensional lattices.Neelamani, Dash and Baraniuk [8] showed that lattice bases de�ned by m vectors drawn from the �rstthree distributions above are almost surely �3 -orthogonal as n tends to in�nity with m � 0:071n. Weimprove the ratio ofm to n in the case of the �rst two distributions based on the following lemma.
Lemma 10. LetX be a vector (X1; : : : ; Xn) whose entries are independent standard normal random vari-ables, Xi � N(0; 1). Let c 2 (0; 1). As n ! 1, the (random) angle between X and the subspace Lspanned bym similar, independent random vectorsX1; : : : ;Xm withm = bcnc is almost surely

tan�1 r1c � 1! :
Proof: L is almost surely m-dimensional. It is well known that the squared length of X has chi-squared distribution �2n, and its orientation is uniform over a unit sphere in Rn. By the latter property,the (random) angle between X and L is identically distributed to the angle between X and any �xedm-dimensional subspace L0. For convenience, let L0 be the subspace spanned by the m unit vectors(1; 0; 0; : : : ), (0; 1; 0; : : : ) etc.The projection ofX onto L0 is

X
0 = (X1; : : : ; Xm; 0; : : : ; 0);

and the orthogonal component ofX with respect to L0 is
X
00 = (0; : : : ; 0; Xm+1; : : : ; Xn):

The angle � between X and L0 is precisely the angle between X and X0, which is given by tan(�) =kX00k = kX0k. Immediately,
� = tan�1�qL2n�m=L2m � ; (5)

where L2n�m and L2m are a pair of independent chi-squared random variables representing the squaredlengths of X 00 and X 0 respectively.If n and m are both large (for example if m = bcnc and n ! 1) then both L2n�m and L2m areconcentrated random variables, and their ratio will also be concentrated. (A chi-squared random variable
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with k degrees of freedom has expectation k and variance 2k.) Stronger statements are possible, but a simpleconcentration inequality (see Appendix A) is that for any �xed � > 0, as k !1,P �(1� �)k < L2k < (1 + �)k� � 1� exp(�
(k)):Thus, withm = bcnc and n!1,P �(1� �)2 < [L2n�m=L2m] /[(n�m)=m] < (1 + �)2� � 1� exp(�
(n)):From (5) and because tan�1 has bounded derivative, setting
�� := tan�1 �pn=m� 1 � = tan�1 r1c � 1! ; (6)

we have that for any � > 0, P �(1� �)�� < � < (1 + �)��� � 1� exp(�
(n)): (7)
2As a corollary, let X1; : : : ;Xm be i.i.d. vectors as above, and let �i be the angle formed between Xiand the subspace spanned by the other vectors. Then the inequality (7) applies simultaneously to the entirecollection of angles �i in place of the single angle �. This is easy to see. For each i, the probability that �iviolates the inequality is exp(�
(n)), and by the union bound, the probability that any angle violates it is atmostm exp(�
(n)). Fromm < n, this is again exp(�
(n)). Further, solving for tan�1 �p1=c� 1 � =p3, one gets c = 1=4. Therefore, for any constant c0 < 1=4, matrices with bc0nc i.i.d. columns are�3 -orthogonal almost surely as n tends to in�nity.In the results above, if m � cn and does not tend to 1, then the random variable L2m is not aconcentrated random variable. However, the proof in Appendix A can be easily modi�ed to show thatL2m � cm(1 + �) with probability greater than 1 � exp(�
(m)). Then, if X1; : : : ;Xm are i.i.d. vectorsas in the previous Lemma, they form a ��-orthogonal collection almost surely, except that the angle betweenany vector and the subspace spanned by the remaining vectors will not be concentrated around ��, but willbe larger than �� almost surely. We have thus proved the following result.Theorem 11. Let c 2 (0; 1). An n � m matrix whose entries are independent standard normal randomvariables is almost surely ��-orthogonal, with �� given by (6), as n ! 1 and m � cn. If c < 1=4, then then�m matrix is almost surely �3 -orthogonal.De�nition 12. We call the following distributions for n�m matrices simple Gaussian distributions.(i) All entries of the matrix are i.i.d. standard normal random variables.(ii) Each column of the matrix is chosen independently and uniformly from the unit ball in Rn.(iii) The matrix is chosen uniformly from the unit ball in Rnm.A matrixB drawn from any of the three distributions above has the following property: given a constantc 2 (0; 1), as n ! 1 with m � cn, for any � 2 (0; 1) almost surely every pair of columns bi and bj ofB satisfy kbik � (1 + �)kbjk. We explicitly prove this property for distribution (i) in De�nition 12 in theappendix. For the second distribution, all columns of B have length at most 1. Further, with probability atmost exp(�
(n)), a vector drawn uniformly from the unit ball in Rn has length 1=(1 + �) or less (mostof the volume of a high-dimensional unit ball is concentrated near its boundary). Therefore, by the unionbound, the probability that any column of B has length less than 1=(1 + �) is at most exp(�
(n)). Finally,for the third distribution, it is easy to see that the columns of B behave (as n!1) like i.i.d. vectors drawnfrom the ball with radius 1=pm.
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Theorem 13. Let B denote an n�m matrix drawn from a simple Gaussian distribution. Ifm � cn, wherec < 1=4, then as n ! 1, some ordering of B forms a Minkowski reduced basis of the lattice generated byits columns. If c < 1=5, then some ordering of B forms a KZ-reduced basis almost surely.
Proof: Assume c < 1=4. Then for some �xed � > 0, B is almost surely (�3 + �)-orthogonal. Let

1 + �0 = 12 cos(�3 + �) :
We know, based on the earlier discussion, that almost surely the column-lengths of B are within a factorof (1 + �0) of one another. Applying Theorem 9, we conclude that some ordering of B is almost surelyMinkowski reduced.Assume c < 1=5. Then for some �xed � > 0, B is almost surely (� + �)-orthogonal, where tan(�) =p1=c� 1 = 2. Also, almost surely the column-lengths of B are within a factor of (1+�0) of one another, forany �0 > 0. Let B0 be obtained by arbitrarily permuting columns of B; it is also (�+�)-orthogonal. Considerits decomposition B0 = QR, where R = (rij) is an m �m upper triangular matrix. Let the columns of B0be a1; : : : ; am. Let �i be the angle between the aith and the subspace spanned by the preceding columns ofB0. For any i; j 2 1; : : : ;m, jriij � kaik sin �i, while jrij j � kajk cos �j . As �i; �j � �+ �,

jrij jjriij � kajk cos �jkaik sin �i � kajk cos(�+ �)kaik sin(�+ �) < 12 ;
for appropriately chosen �0. Therefore B0 is a proper matrix. We can assume (by re-ordering columns of B)that B0 is length-ordered; then it is also KZ-reduced almost surely. 2Note that the matrices satisfying the conditions of the previous theorem are almost surely LLL-reduced;recall that this is a consequence of their being KZ-reduced. Donaldson[4] proved that matrices drawn fromthe third simple Gaussian distribution discussed above are almost surely Minkowski reduced as n ! 1but m is �xed. Thus Theorem 13 is a signi�cant extension of his result. As we mentioned earlier, Akhavi,Marckert and Rouault proved that matrices drawn from the second simple Gaussian distribution satisfythe size-reduction property of the LLL-algorithm even with many more columns (they only require thatn�m!1). Our results thus imply that if the number of columns is reduced then much stronger reductionproperties can be proved.Finally, observe that matrices with �1 entries drawn from a Bernoulli distribution with success prob-ability 1/2 have equal-length columns. Therefore the following is an immediate consequence of the �3 -orthogonality of such matrices form � 0:071n as n!1.
Theorem 14. An n�m matrix with�1 entries drawn from a Bernoulli distribution with success probability1/2 is almost surely Minkowski reduced as n!1 withm � 0:071n.
A Column Lengths of a Gaussian Random Basis
We will prove that given an � > 0, all columns of an n�m random matrix B = (b1; : : : ; bm) whose entriesare i.i.d. Gaussian random variables with mean 0 and variance 1 satisfy

n(1� �) � kbik22 � n(1 + �) (8)
with probability at least 1�c1mpne�c2n for large n. During the proof, w.l.o.g. we will assume that n = 2k,for some integer k.
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Let b be a vector in Rn, whose components i.i.d. Gaussian random variables with mean 0 and variance1. Then kbk2 has a chi-squared distribution with 2k degrees of freedom. Its probability density function(PDF) is given by
f(x; 2k) = (1=2)ke�x=2xk�1(k � 1)!with (k � 1)! denoting (k � 1) factorial. First, note that

f(2k; 2k) = 12 e�kkk�1(k � 1)! = 12 e�kkkk!
By Stirling's formula, for large k

k! � e�kkkp2�k ) f(2k; 2k) � 12p2�k < 1:
The approximate equality in Stirling's formula can be replaced by a more precise inequality [10]

k! > e�kkkp2�k e1=(12k+1)8k � 1;
to infer that f(2k; 2k) < 1pk for large k. De�ne

g(x) = f(x; 2k)pkf(2k; 2k) = 1pke�x+2k2 � x2k�k�1 :
Then f(x; 2k) < g(x). Therefore,

P �kbik2 > 2k(1 + �)� = Z 1
2k(1+�) f(x; 2k)dx

� Z 1
2k(1+�) g(x)dx

= Z 1
2k(1+�) 1pke�x+2k2 � x2k�k�1 dx:

Substituting x by 2k(1 + �), we getZ 1
2k(1+�) g(x)dx = Z 1

� 2pke�k�(1 + �)k�1d�: (9)
To obtain bounds on the above integral, we derive a bound on 1 + x. We know that 1 + x < ex forx > 0. Thus 1 + � < e�. Choose some r > 0 such that 1 + � = e�=er = e��r. Then

1 + x � ex�r; 8x � �:
This is because 1 + x = ex�r at x = � and ddx(1 + x) < ddxex�r for all x � �. Similarly, one can show that1� x < e�x for x � 0, and there is some positive s > 0 such that

1� x � e�x�s; 8x � �:
Therefore (1 + �)k�1 � e(��r)(k�1); 8 � � �:
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Substituting this upper bound in (9), we getZ 1
� 2pke�k�(1 + �)k�1d� � Z 1

� 2pke�r(k�1)e��d�
= 2ke��e�r(k�1):

Similarly the probability that kbk2 < 2k(1� �) is bounded above byZ 2k(1��)
0 g(x)dx = Z 1

� 2pkg(2k(1� �))d� = Z 1
� 2pkek�(1� �)k�1d�; (10)

where the last two terms are obtained by the substitution of variables x = 2k(1� �) for � between � and 1.We can use the fact that 1� � � e���s to bound the integral in (10) byZ 1
� 2pkek�e�(�+s)(k�1)d� = Z 1

� 2pke�s(k�1)e�d� = 2ke�s(k�1)(e� e�):
Therefore, there are positive constants c1; c2 such that

P �kbk2 =2 [n(1� �); n(1 + �)]� � c1pne�c2n: (11)
Let I = [n(1� �); n(1 + �)]. It follows from (11) that

P �kbik2 =2 I� � c1pne�c2n; for i = 1; 2; : : : ;m:
Consequently,

P  m[
i=1
�kbik2 2 I	

! > 1� c1mpne�c2n:
The expression on the right hand side of the above inequality is 1 � exp(�
(n)), as long as m = O(nk)for any �xed positive integer k.
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