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Abstract

We prove that if a lattice basis is nearly orthogonal (the angle between any basis vector and the
linear subspace spanned by the other basis vectors is at least % radians), and the basis vector lengths
are nearly equal (they are within a certain constant factor of one another), then the basis is Minkowski
reduced. We use this result to show that m i.i.d. vectors drawn uniformly from the unit ball in R™ form
a Minkowski-reduced basis of the lattice generated by the vectors almost surely as n tends to infinity, if
m < cn for a constant ¢ < 1/4. This latter result extends a result of Donaldson (1979) who proved the
above property for fixed m as n tends to infinity.
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1 Introduction

A lattice £ in R” is the set of all linear integer combinations of a finite set of linearly independent vectors;
thatis, £ = {u1b) + ugba + - - - + by, | u; € Z} where by, . . ., by, are in R™ and are linearly independent.
The set of vectors B = {by, ..., by} is called a basis of the lattice L. A lattice is said to be m-dimensional
if a basis contains m vectors.

Neelamani, Dash and Baraniuk [8] define a lattice basis to be #-orthogonal if the angle between any basis
vector and the linear subspace spanned by the remaining basis vectors is at least 6. They call a -orthogonal
basis nearly orthogonal if 0 is at least 5 radians. They prove that a 5-orthogonal basis always contains a
shortest non-zero lattice vector. Thus, the shortest lattice vector problem (SVP) becomes trivial for a Z-
orthogonal basis, just as it is trivial for an orthogonal basis. We prove additional properties of 5 -orthogonal
bases in this paper. We show that such a basis is “nearly” KZ-reduced, in the sense that a §-orthogonal basis
can be transformed into a KZ-reduced basis in polynomial time. Secondly, we show that if all vectors of a
6-orthogonal (6 > %) basis have lengths no more than 2/cos 6 times the length of the shortest basis vector,
then the basis is Minkowski reduced for some ordering of the vectors.

Various authors have studied lattice problems in the context of random lattices, i.e., lattices generated by
a set of random vectors. Donaldson [4] proved that for fixed m, a random n X m matrix chosen uniformly
from the unit sphere in R™™ defines a Minkowski reduced basis of the lattice generated by its columns almost
surely as n — oo. It follows that as n — o0, one of the columns of the random matrix is a shortest lattice
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vector almost surely. In earlier work, Daudé and Vallée [3] showed that in a random lattice generated by n
vectors chosen independently and uniformly from the unit ball in R”, the expected number of iterations of
the LLL algorithm [6] is O(n? log n). Now consider an m-dimensional lattice in R” generated by m vectors
chosen independently and uniformly from the unit ball in R™; these vectors form a basis because they are
linearly independent almost surely. Recently, Akhavi, Marckert and Rouault [2] proved that as n —m — oo,
the probability that this basis is “nearly LLL-reduced” [6] tends to 1. More precisely, they show that such a
basis satisfies the size condition in the LLL algorithm (see condition (ii) in the definition of LLL reduction
in Section 2). This condition imposes restrictions on the lengths of consecutive vectors obtained by a Gram-
Schmidt orthogonalization of the basis vectors. Neelamani, Dash and Baraniuk [8] show that for ¢ = 0.071,
if m < cn, then as n — oo, this basis is almost surely %-orthogonal. In Section 3, we improve the value
of ¢ to 1/4. We then show that if ¢ is any constant less than 1/4, then as n — oo, m < cn vectors i.i.d.
vectors chosen uniformly from the unit ball in R” form a Minkowski reduced basis almost surely (for some
re-ordering of the vectors) and also a KZ-reduced basis almost surely. These result implies Donaldson’s
result cited above.

2 Main results

Consider an m-dimensional lattice £ in R™, m < n. By an ordered basis of L, we mean a basis with a given
ordering of the basis vectors. We represent such a basis by an ordered set, for example (b1, ..., by, ), or as
the columns of a matrix B. We represent an unordered basis as {by,...,b,}. We refer to the Euclidean
norm of a vector v as its length, and denote it by ||v||. We denote the length of a shortest non-zero vector in
a lattice £ by \(L),

Definition 1 (Minkowski reduced). An ordered basis (by, . .., by,) is Minkowski reduced if by is a shortest
lattice vector, and for 1 = 2,3,...,m, b; is a shortest vector among lattice vectors not in the span of
{b1,...,bi 1}

In definitions like the above, in our randomized setting we could replace “a shortest vector” with “the
shortest vector”, as it is almost certainly unique up to sign, but we will stay with the more general phrasing.

The QR decomposition of a matrix B is its representation as B = () R where () is an orthonormal matrix
and R is an upper-triangular matrix. Let an ordered basis be given by the columns of a matrix 5B = QR.

Definition 2 (Proper). A basis B = QR, R = (ry;), is proper [5] if rij € (—|rsl/2,|ri|/2] for all
1,7 €1,...,m.

Lovasz [7] refers to a proper basis as a weakly reduced basis.

Definition 3 (LLL-reduced). Given a number § in the interval (0,+/3/2), a basis B = QR, R = (rj), is
0-LLL-reduced if

(i) fori=1,....m —1, |riy1i11] > 0|ri| and

(ii) it is proper.

Condition (i) is what we called the size condition in Section 1. For any fixed ¢ in the interval (0,+/3/2),
the LLL algorithm [6] obtains a J-LLL-reduced basis in polynomial time with the property that the first
basis vector has length most A\(£) /6™ 1.

We define proj 4, . (v) to be the projection of the vector v on the subspace orthogonal to by, ..., b;.
The next definition is from Kannan [5].



Definition 4 (KZ reduced). An ordered basis (b, ..., by) is KZ-reduced if:

(i) by is a shortest lattice vector;

(ii) in the lattice generated by B' = {proj 4, (b2),...,proj p, (by)}, B' is a KZ-reduced basis; and
(iii) the basis is proper.

The letters K and Z in KZ-reduced stand for Korkin and Zolotarev. Kannan [5] observes that a KZ-
reduced basis is also LLL-reduced (for some § € (0,/3/2)).

Definition 5 (nearly KZ reduced). A basis is nearly KZ-reduced if it satisfies (i) in Definition 4 and satisfies
(ii) with the words KZ-reduced replaced by nearly KZ-reduced.

It is well-known [5] that a nearly KZ-reduced basis can be transformed to a KZ-reduced basis (i.e.,
properness attained) in polynomial time, via the procedure used in LLL-reduction to make a basis proper.

Definition 6 (f-orthogonal). A set of vectors {by, ..., by} is 6-orthogonal if for i = 1,...,m, the angle
between b; and the subspace spanned by {b1,...,b;_1,bit1,..., by} lies in the range [0, T].

Neelamani, Dash and Baraniuk [8] prove the following result.

Theorem 7. A T-orthogonal basis contains a shortest non-zero lattice vector.

Theorem 8. If B = {b1,...,bn} is a 5-orthogonal basis for a lattice L, then some ordering of B is nearly
KZ-reduced.

Proof: Define b = proj , (b;) fori = 2,...,m. Define a length-ordered basis to be one where (i) b1
is a shortest basis vector, and (ii) B’ = {b),,..., bl } is a length-ordered basis of the lattice spanned by its

columns. Any basis can be length-ordered: just choose a shortest basis vector as the first, then recursively
length-order the projections of the others.

We will prove by induction on the dimension of the lattice that a length-ordered §-orthogonal basis is
nearly KZ-reduced. The statement is clearly true for one-dimensional lattices. Assume we have proved it for
all (m — 1)-dimensional lattices. Let 53 be a length-ordered % -orthogonal basis of an m-dimensional lattice
(observe that 5 -orthogonality is independent of ordering). By Theorem 7, by is a shortest lattice vector. We
can assume that B = (r;;) is an upper triangular matrix with non-zeros on the diagonal (by taking its QR
decomposition and using the columns of () to define the coordinate system). Let 6; be the angle between b;
and the subspace spanned by by, ..., b;_1, and let ) be the angle between b, and the subspace spanned by

bh,...,b,_,. Now
2

. re.
sin?(6;) = ——4—.
i 2
D k=1 Tii
Further the vectors b), ..., b}, are the same as the vectors bo, . . ., by, except for the first coordinate (i.e., 71
is deleted from b;). Therefore
r2
sin?(6)) = i > sin?(0;) fori=3,...,m.

> k=2 Thi
We conclude that 0 > 6; and B’ = {b5,...,b},} is 5-orthogonal. By definition, B’ is length-ordered, and
therefore by induction it forms a nearly KZ-reduced basis of the lattice generated by its columns. Therefore
B also forms a nearly KZ-reduced basis. O Therefore, a KZ-reduced basis can be obtained from a
z-orthogonal basis in polynomial time.

In the following theorem, note that as 6 increases the first hypothesis becomes stricter and the second
one more relaxed.



Theorem 9. Let B = {by,...,by} be a 0-orthogonal basis for a lattice L with 0 > %. Further, suppose
that for alli € {1,2,...,m},

2cos0 b < mi bjll- 1
cosf[bill < min {1t (1)

Then some ordering of the basis is Minkowski reduced.
Proof: Let B be a basis satisfying the conditions of Theorem 9 and assume it is ordered such that
o1l < b2l < -+ < [l
and 2 cos 0 || by, || < ||b1]|- We can assume that ||b;|| = 1. We will show that forany S C {1,2,...,m},

Z u;b;

> max ||bi|, (2)
‘ €S
€S

ifu; € Z and |u;| > 1 for all ¢ € S. Consider a subset of indices S with k being the largest index in S. Let
v =3 sk Wibi, where u; € Z and |u;| > 1foralli € S\ {k}, and let ' be the angle between by, and
v. Define I; = ||v| and lo = ||bg||. Obviously l1,lo > ||b1]] = 1 and ' > 0. We will show that for any

non-zero integer ug
2

— ||bglI> > 0. 3)

Z u;b;

1€S

Observe that
v + wbg||* = (11 % ugls cos )% + (ugls sin @) =

2+ udl? + 2uglilycos O > 12+ udl? — Jugl,

as 21y cos @' < 1. Therefore
v + g |* = 1B6ll? > 1F + uils — |uglly — 13 )
As l; > 1, the right hand side in (4) is non-negative for |uy| = 1. Further

B4 ulld — |ug|llh — 13 > 13 +udls — Jugllils — 13 =

1 3
(I, — 5|u,§|12)2 + Zuizg — 12

If |ug| > 2 then u% >4 and %u%l% — 12 > 0. This proves (3) and therefore (2).

We now show that for ¢ = 2,3,...,m, b; is the shortest vector in £ not contained in the span of
{b1,...,bi—1}. Assume that this is not true. Then there exists some set of indices .S not entirely contained
in {1,2,...,4 — 1}, and non-zero integers u;, 7 € S, such that v = ), 5 u;b; has length less than ||b;||. But
if k& is the maximum index in S, then & > i and therefore, ||b|| > ||b;||. But (3) implies that |[v|| > ||bk]|,
which is a contradiction. This proves that B is Minkowski-reduced. O

The result is easy to show for § = 5 and 6 = % In the first case, if the basis vectors are ordered by
increasing lengths, than the ordered basis is Minkowski-reduced. In the second case, 2cosf = 1, and all
the basis vectors have lengths equal to A(£) and the basis is therefore Minkowski-reduced.



3 Random lattices

For a given probability distribution of vectors in R", we define an m-dimensional random lattice — with
m < n — as one which is generated by m i.i.d. vectors drawn from the distribution. The distributions we
will consider in this paper are: uniform over the unit ball in R™; the vector entries are standard normal
random variables; the vector entries are Bernoulli random variables with success probability 1/2. When
m < n, m vectors drawn from the above distributions are almost surely linearly independent as n — oo
and define a basis of the generated lattice. We will also consider lattices generated by columns of ann X m
matrix drawn uniformly from the unit ball in R”"; the columns of this matrix form a basis almost surely as
n — 00. The ideas and techniques we use here are similar to, and draw upon those in Daudé and Vallée [3]
and Akhavi, Marckert and Rouault [2]. However, all our results are for the case m < n, and thus apply only
to non full-dimensional lattices.

Neelamani, Dash and Baraniuk [8] showed that lattice bases defined by m vectors drawn from the first
three distributions above are almost surely %-orthogonal as n tends to infinity with m < 0.071n. We
improve the ratio of m to n in the case of the first two distributions based on the following lemma.

Lemma 10. Let X be a vector (X1, . .., X;,) whose entries are independent standard normal random vari-
ables, X; ~ N(0,1). Let ¢ € (0,1). Asn — oo, the (random) angle between X and the subspace L
spanned by m similar, independent random vectors X1, ..., X, with m = |cn| is almost surely

1
tan_1< —1).
c

Proof: L is almost surely m-dimensional. It is well known that the squared length of X has chi-
squared distribution x2, and its orientation is uniform over a unit sphere in R™. By the latter property,
the (random) angle between X and L is identically distributed to the angle between X and any fixed
m-dimensional subspace L’. For convenience, let L’ be the subspace spanned by the m unit vectors
(1,0,0,...),(0,1,0,...) etc.

The projection of X onto L/ is

X'=(X1,...,Xm,0,...,0),
and the orthogonal component of X with respect to L is
X" =(0,...,0, Xmni1,---, Xn)-

The angle ¢ between X and L’ is precisely the angle between X and X', which is given by tan(¢) =

[IX”| / IX']|. Immediately,
¢ = tan™* <m) ) (5)
where L2

2 and L2, are a pair of independent chi-squared random variables representing the squared

lengths of X" and X' respectively.
If n and m are both large (for example if m = |cn| and n — o0o) then both L2 , and L2, are
concentrated random variables, and their ratio will also be concentrated. (A chi-squared random variable



with k degrees of freedom has expectation k and variance 2k.) Stronger statements are possible, but a simple
concentration inequality (see Appendix A) is that for any fixed € > 0, as £ — oo,

P((1 - ek < L < (L+€)k) > 1 —exp(—Q(k)).
Thus, with m = |en] and n — oo,
P((1—€)2 < [L2/L2] /l(n —m)/m] < (1+€)2) > 1 - exp(—Qn)).

From (5) and because tan—! has bounded derivative, setting

b := tan~! (\/W) — tan! <’/i_1>’ (6)

we have that for any € > 0,

P((1-€)¢ << (1+e)p) >1—exp(—Q(n)). (7)
O
As a corollary, let X1,...,X,, be i.i.d. vectors as above, and let ¢; be the angle formed between X;

and the subspace spanned by the other vectors. Then the inequality (7) applies simultaneously to the entire
collection of angles ¢; in place of the single angle ¢. This is easy to see. For each i, the probability that ¢;
violates the inequality is exp(—£2(n)), and by the union bound, the probability that any angle violates it is at

most m exp(—£(n)). From m < n, this is again exp(—(n)). Further, solving for tan ! <\/1/c -1 ) =

V3, one gets ¢ = 1/4. Therefore, for any constant ¢ < 1/4, matrices with |¢'n] i.i.d. columns are
7-orthogonal almost surely as n tends to infinity.

In the results above, if m < e¢n and does not tend to oo, then the random variable L%1 is not a
concentrated random variable. However, the proof in Appendix A can be easily modified to show that
L2, < c¢m(1 + €) with probability greater than 1 — exp(—Q(m)). Then, if X,...,X,, are i.i.d. vectors
as in the previous Lemma, they form a ¢-orthogonal collection almost surely, except that the angle between
any vector and the subspace spanned by the remaining vectors will not be concentrated around ¢, but will
be larger than ¢ almost surely. We have thus proved the following result.

Theorem 11. Let ¢ € (0,1). An n X m matrix whose entries are independent standard normal random
variables is almost surely ¢-orthogonal, with ¢ given by (6), as n — oo and m < cn. If ¢ < 1/4, then the
n X m matrix is almost surely 5-orthogonal.

Definition 12. We call the following distributions for n x m matrices simple Gaussian distributions.
(i) All entries of the matrix are i.i.d. standard normal random variables.

(ii) Each column of the matrix is chosen independently and uniformly from the unit ball in R".

(iii) The matrix is chosen uniformly from the unit ball in R™™.

A matrix B drawn from any of the three distributions above has the following property: given a constant
¢ € (0,1), as n — oo withm < cn, for any € € (0,1) almost surely every pair of columns b; and b; of
B satisfy ||b;|| < (14 €)||b;||. We explicitly prove this property for distribution (i) in Definition 12 in the
appendix. For the second distribution, all columns of B have length at most 1. Further, with probability at
most exp(—€2(n)), a vector drawn uniformly from the unit ball in R™ has length 1/(1 + €) or less (most
of the volume of a high-dimensional unit ball is concentrated near its boundary). Therefore, by the union
bound, the probability that any column of B has length less than 1/(1 + €) is at most exp(—£2(n)). Finally,
for the third distribution, it is easy to see that the columns of B behave (as n — o0) like i.i.d. vectors drawn
from the ball with radius 1//m.



Theorem 13. Let B denote an n X m matrix drawn from a simple Gaussian distribution. If m < cn, where
¢ < 1/4, then as n — oo, some ordering of B forms a Minkowski reduced basis of the lattice generated by
its columns. If ¢ < 1/5, then some ordering of B forms a KZ-reduced basis almost surely.

Proof: Assume c < 1/4. Then for some fixed € > 0, B is almost surely (§ + €)-orthogonal. Let

1
/
Lhe= 2cos(5 +e€)
We know, based on the earlier discussion, that almost surely the column-lengths of B are within a factor
of (1 + €¢') of one another. Applying Theorem 9, we conclude that some ordering of B is almost surely
Minkowski reduced.

Assume ¢ < 1/5. Then for some fixed ¢ > 0, B is almost surely (¢ + €)-orthogonal, where tan(¢) =
v/1/c —1 = 2. Also, almost surely the column-lengths of B are within a factor of (1+¢') of one another, for
any € > 0. Let B’ be obtained by arbitrarily permuting columns of J; it is also (¢ + €)-orthogonal. Consider
its decomposition B’ = QR, where R = (r;;) is an m x m upper triangular matrix. Let the columns of 5’

be ay, ..., an. Let §; be the angle between the a;th and the subspace spanned by the preceding columns of
B.
Foranyi,7 € 1,...,m, |ry| > ||a;|| sin@;, while |r;;| < ||aj|| cos@;. As 0;,0; > ¢ + €,
rijl _ llajllcosb; _ lajllcos(¢+¢) _ 1
Irial = llagllsin6; = lai|| sin(¢+¢) 2’

for appropriately chosen €. Therefore B’ is a proper matrix. We can assume (by re-ordering columns of 5)
that B is length-ordered; then it is also KZ-reduced almost surely. O

Note that the matrices satisfying the conditions of the previous theorem are almost surely LLL-reduced;
recall that this is a consequence of their being KZ-reduced. Donaldson[4] proved that matrices drawn from
the third simple Gaussian distribution discussed above are almost surely Minkowski reduced as n — oo
but m is fixed. Thus Theorem 13 is a significant extension of his result. As we mentioned earlier, Akhavi,
Marckert and Rouault proved that matrices drawn from the second simple Gaussian distribution satisfy
the size-reduction property of the LLL-algorithm even with many more columns (they only require that
n —m — 00). Our results thus imply that if the number of columns is reduced then much stronger reduction
properties can be proved.

Finally, observe that matrices with +1 entries drawn from a Bernoulli distribution with success prob-
ability 1/2 have equal-length columns. Therefore the following is an immediate consequence of the %-
orthogonality of such matrices for m < 0.071n as n — oo.

Theorem 14. An n X m matrix with £1 entries drawn from a Bernoulli distribution with success probability
172 is almost surely Minkowski reduced as n — oo with m < 0.071n.

A Column Lengths of a Gaussian Random Basis

We will prove that given an € > 0, all columns of an n x m random matrix B = (by, ..., by, ) whose entries
are i.i.d. Gaussian random variables with mean 0 and variance 1 satisfy

n(l—e) <|[bi]l3 <n(l+e) (8)

with probability at least 1 —cym+/ne 2" for large n. During the proof, w.l.o.g. we will assume that n = 2k,
for some integer k.



Let b be a vector in R", whose components i.i.d. Gaussian random variables with mean O and variance
1. Then ||b|? has a chi-squared distribution with 2k degrees of freedom. Its probability density function
(PDF) is given by
(1/2)k6—m/2xk—1
;2k) =

with (k — 1)! denoting (k — 1) factorial. First, note that

le Fkpk-1 le kEk
2k: 2k —
f(2k;2k) = 2 (k—1)! 2 R

By Stirling’s formula, for large £

1
2k

K~ e FEEN2mk = f(2k;2k) = <1

The approximate equality in Stirling’s formula can be replaced by a more precise inequality [10]
k! > e FER 2k e/ 02 Dyg > 1,

to infer that f(2k; 2k) < ﬁ for large k. Define

glo) = A o e (L

f($§2k) 1 %Jrzxc ($ )kfl
VEF(2k;2k)  VE .

Then f(z;2k) < g(z). Therefore,

P(|bi]* > 2k(1 +¢) = /1+ f(z; 2k)dx

< Lo
k(1+€)

= / ﬂHk (£>k_1 dz.
k(1+€) 2k

Substituting z by 2k(1 + 4), we get
o o
/ g(z)dz = / 2VEke™* (1 + §)k1do. 9)
2k(1+¢) €

To obtain bounds on the above integral, we derive a bound on 1 + z. We know that 1 + x < e for
x > 0. Thus 1 + € < e. Choose some r > 0 such that 1 + € = e“/e” = e“~". Then

l1+z <", Vz>e
This is because 1 + z = e*~" at z = € and %(1 +1z) < dd e*~" for all z > e. Similarly, one can show that

1—x < e *forx > 0, and there is some positive s > 0 such that
l—z<e™?% Vz>e

Therefore
(14 8)F 1 <@ nED  y5>e



Substituting this upper bound in (9), we get

o o
/ 2Vke ®(146)F1ds < / 2Whe 045

= 2ke e "),

Similarly the probability that ||b]|?> < 2k(1 — €) is bounded above by

/ M = / " oVEg(2k(1 - §))ds / 2Vke! (1 - 6)F"ds, (10)
0

€ €

where the last two terms are obtained by the substitution of variables x = 2k(1 — §) for § between € and 1.
We can use the fact that 1 — § < e~°~ to bound the integral in (10) by

/2\fek‘se (0+8)(k— 1dé—/ 2Wke**F=Dedds = 2ke="F= (e — ¢).

€ €

Therefore, there are positive constants cy, c2 such that

P (bl ¢ [n(1 = &), n(1 + 6)]) < erv/me™". )

LetZ = [n(1 — €), n(1 + €)]. It follows from (11) that

P([|b:il* ¢ I) < e1v/ne™ ",  fori=1,2,...,m

Consequently,

m
P (U {||bz||2 € I}) >1-— clm\/ﬁe—cm
i=1

The expression on the right hand side of the above inequality is 1 — exp(—(n)), as long as m = O(nF)
for any fixed positive integer k.
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