Dependent Rounding in Bipartite Graphs

Rajiv Gandhi* Samir Khullerf

Abstract

We combine the pipage rounding technique of Ageev &
Sviridenko witha recent rounding method devel oped by Srini-
vasan, to develop a new randomized rounding approach
for fractional vectors defined on the edge-sets of bipartite
graphs. We show various ways of combining this technique
with other ideas, |eading to the foll owing applications:

e richer random-graph models for graphs with a given
degree-sequence;

o improved approximationalgorithmsfor: (i) throughput-
maximization in broadcast scheduling, (ii) delay-
minimization in broadcast scheduling, and (iii)
capacitated vertex cover;

o fair scheduling of jobs on unrelated parallel machines.

A useful feature of our method isthat it lets us prove certain
(probabilistic) per-user fairness properties.

1. Introduction

Various combinatorial optimization problemsincludehard
cardinality constraints: e.g., a broadcast server may be able
to broadcast at most one topic per time step. Two of the
known approaches to accommodate such constraints are the
deterministic method of Ageev & Sviridenko[1], and aprob-
abilistic method devel oped by Srinivasan [17]. In thiswork,
we combine these two approaches to develop a dependent
randomized rounding scheme (the term “dependent” under-
scores the fact that various random choices we make here
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are highly dependent). We then show applications to vari-
ousproblems. We start by describing the dependent rounding
scheme.

Suppose we are given abipartitegraph (A, B, E) with bi-
partition (A, B). We arealso givenavaue z; ; € [0, 1] for
each edge (7,j) € F. We show arandomized polynomial-
time scheme that rounds each z; ; to a random variable
X;; € {0,1}, insuch away that the following properties
hold.

(P1): Marginal distributions.
PI‘XZ'J' =1= Lj 5.

For every edge (i,)),

(P2): Degree-preservation. Consider any vertex i € AU B.
Define its fractional degree d; tobe ;. ; ;e zi;, andin-
tegral degree D; to be the random variable )~ ; ;e g Xij-
Then, we have Pr D; € {|d;], [d;]} = 1. Notein particu-
lar that if d; is an integer, then D; = d; with probability 1;
thiswill often model the cardinality constraintsin our appli-
cations.

(P3): Negative correation. If f = (¢, j) isan edge, let X;
denote X; ;. Then for any vertex i and any subset S of the
edges incident on i:

vbe{0,1}, Pr AN(X;=b) < J[PrX;=b (1
fes fes

The elegant pipage rounding method [1] is basicaly
a deterministic relative of this scheme wherein “D; &
{ld;], [d;]}" and someother useful propertieshol d; thework
of Srinivasan [17] isfor thecase where G = (A4, B, E) isa
sar, i.e, where |A| = 1. As mentioned above, our depen-
dent rounding scheme combinesthesetwo earlier approaches
to guarantee (P1), (P2) and (P3). When combined with sev-
eral other idess, it leads to the following applications. One
noteworthy feature of some of these applicationsisthat they
offer (probabilistic) per-user guarantees. In general, for op-
timization problems with multiple users where each user has
her/hisown objectives, it isdifficult to simultaneoudly satisfy
all users. For aclassof applications, our approach letsus pro-
vide guarantees of theform: each given user is satisfied with
a certain (reasonable) probability.

(a) Random-graph models for massive graphs. There
has been considerable interest recently in modeling massive



graphs like the Web graph and the Internet graph (see, e.g.,
thetalksat [8]); in particular, there has been much study of the
power law property of the degree-sequences of such graphs
(see, eg., [6]). Random graph modelsfor such graphscan let
us simulate various algorithms on such massive graphs[7],
and hence there has been much renewed interest in generating
(and studying the properties of) random graphs with a given
degree sequence; see, e.g., [10]. However, sinceagraphisfar
more than its degree sequence, we ask: can we model addi-
tional features of such graphs? Concretely, supposeempirical
measurements show, e.g., that vertices of degree /n aremore
likely to be linked to vertices of degree n'/?, than to those of
degree logn. Can such features be modeled in our random
graphs, in additionto satisfying agiven degree sequence? We
consider this problemin Section 2.1 and show that the prob-
lem can be completely solved for bipartite graphs; for gen-
era graphs, we show that some deviation from the degree se-
guenceisinevitable in general, and show a deviation that is
smaller than what is achievable by other methods that we are
aware of.

(b) Approximation algorithms in broadcast scheduling.
Traditiona scheduling problems require each job to receive
its own chunk of processing time. The growth of (multime-
dia) broadcast technol ogieshas|ed to situationswherecertain
jobs can be batched and processed together: e.g., al users
waiting to receive the same topic in a broadcast setting, get
satisfied when that topic is broadcast. In such a broadcast
scheduling scenario where the server can broadcast onetopic
per time-step, two problems have received much attentionre-
cently [13, 9, 11, 2, 3]. In thefirst problem, given a set of
users that arrive over time, each with its own desired topic,
the server needs to schedule its broadcasts in order to mini-
mize the total waiting time of the users. Define an «-speed
solution to be one in which the server can broadcast up to
« topics per time-step. Improving upon [13, 9], in [11], a-
speed (-approximations are devel oped for this problem, for
the («, 5)-pairs (2, 2), (3,3/2), and (4, 1). We improvethe
last two of these, to present a 3-speed 1-approximation. The
(G-approximation is obtained by comparing with a 1-speed
optimal solution. A dua maximization problem in this con-
text is: given a set of time-windows in which each of the
jobs (topic-requests) can be processed, come up with a (1-
speed) schedul e which maximizesthetota weight of satisfied
jobs. These problems (and severa generalizations) have been
shown approximable to within 1/2 [3]. For the case where
each time-window is an interval, we developap = 3/4-
approximeation; for arbitrary time-windows, we present ap =
(1 —1/e) ~ 0.632—approximation. In both these cases, we
can a so achieve aform of per-user fairness: we present algo-
rithmswhich, on every given instance, will either prove that
there is no schedule that satisfies al users, or present aran-
domized schedule where each user is satisfied with probabil -
ity at least p.

(c) Capacitated vertex cover. Thisisageneraization of the

classical vertex cover problemon graphs G = (V, E). Given
anintegral capacity &, and cost w, for each vertex, we want
afunctionz : V. — IN o and an orientation of the edges, such
that >, w, z, isminimized subject to the constraintsthat the
number of edges directed into each vertex v isat most &,z .
This problem arises in the context of atesting application in
the process of drug design (for details see [12]). A primal-
dua 2-approximation algorithm and an LP-rounding based
4-gpproximation have been given for this problem [12]. We
present a simple LP-rounding based 2-approximation; fur-
thermore, when generalized to the version of this problem
with assignment costs, we get a better approximation guar-
antee. Recently, Chuzhoy and Naor [5] addressed a variant
of the capacitated vertex cover problem in which thereis a
bound 4, on z,. In other words, a vertex v can be used at
most b, times to cover edges. They gave a 3-approximation
for the unweighted case and showed that the weighted case
isat least as hard as the set-cover problem. Asacorollary to
our rounding procedure, for the weighted version, we obtain
a 2-approximate solutionin which avertex v isused at most
2b,, timesto cover edges.

(d) Scheduling on unrelated parallel machines. One of the
early LP-rounding results in scheduling is as follows [15].
Supposewe haveaset of jobsand aset of machines. Eachjob
J must be processed on some machine; processing it on ma-
chines involvesaload of p; ; on machinei. Supposewe wish
to find a schedule that minimizes the makespan: the maxi-
mum total load on any machine. A 2-approximation, as well
as a proof that a 1.5—approximation would imply P = N P,
are shown in [15]. Since then, the approximability of this
problem has been open. Chekuri and Khanna [4] show that
it is possible to obtain a schedule in which the makespan is
at most 7" but each job gets scheduled with a probability 1/2.
Their dgorithm usesthe agorithmin[15]. However, itisnot
clear if we can further boost the probability of each job be-
ing scheduled and achieve a makespan of |ess than twice the
optimal. We present the following result. Let ¢ € (0,1) be
an arbitrary constant, and 7" be the optimal makespan. We
present randomized schedules in which the makespan is at
most (2—(1))7 with probability 1, with each given job get-
ting scheduled with probability at least 1 — 1/e — e. Weview
such probabilistic per-user guarantees as a useful dimension
in multi-criterion optimization. Consider scenarios wherewe
cannot exceed the optima makespan significantly. In such
a setting, one approach could be to schedule some constant
fraction of the jobs; our type of result is stronger than this,
and al so guarantees each user a certain probability of getting
what the user wants.

(e). A gtrengthening of (P3) for star-graphs. Recdl that
[17] guarantees (P1), (P2) and (P3) for star-graphs. For star-
graphs, we show that dependent rounding enjoys a much
stronger negative-correlation property than (P3), in Sec-
tion2.2.



Our applications come about by combining the dependent
rounding with various other ideas. The per-user guarantees
that we are able to provide, as well as application (a), are
some of the novel features of our results; in particular, to our
knowledge, these are not achievabl ethrough currently known
approaches.

2. The Dependent Rounding Scheme

Suppose we are given the bipartite graph (A, B, ) and
thevaluesz; ; asintheintroduction. Our dependent random-
ized rounding scheme is as follows. Initidizey; ; = =; ; for
each (4,j) € E. Wewill probabilistically modify they; ; in
severa (at most |E|) iterationssuch that y; ; € {0,1} at the
end (at whichpointwewill set X; ; = y; ; forall (4, j) € E).
Our iterationswill satisfy the following two invariants:

(11) For dl (2,_]) el,y ;€ [0, 1]

(12) Cdl (7,7) € E rounded if y; ; € {0, 1}, and floating
if y;; € (0,1). Once an edge (i, j) gets rounded, y; ;
never changes.

An iteration proceeds asfollows. Let F* C E bethe current
set of floating edges. If ¥ = 0, we are done. Otherwise,
find (in linear time) a simple cycle or maximal path P in the
subgraph (A, B, F'), and partition the edge-set of P into two
matchings My and M. Notethat such apartitionexistssince
(A, B, E) isabipartitegraph. Define

o = min{y>0: ((3(i,j) € My :yi; +7=1)\/
(3(i,4) € Mz 1 ysj — v = 0));

B = min{y>0: ((3(G,5) € My yij—7=0)\/
(3(,5) € Mz 1 yi 5 +v=1)).

Sincetheedgesin M; U M- are currently floating, it is easy
to seethat the positivereals o and 5 exist. Now, independent
of al random choices made so far, we execute the following
randomized step:

With probability 5/(« + ), St y; j = yij + «
foral (i,j) € My, andy; ; = y;; — o for al
(7,J) € Mas; with the complementary probability
of a/(a+p),sety; j == y;;—pforal (i,7) € My,
and Yij =i+ 0 for dl (l,j) € M,.

This completes the description of an iteration. A simple
check shows that the invariants (11) and (12) are maintained,
and that at least one floating edge gets rounded in every iter-
ation.

L et usnow anayzethe above randomized algorithm. First
of al, since every iteration rounds at least one floating edge,

we see from (12) that we need a most |E| iterations. Let us
now prove (P2) for avertex i. If i had at most one floating
edge incident on it a the beginning of our dependent round-
ing, itis easy to verify that (P2) holds; so suppose: initially
had at |east two floating edges incident on it. We claim that
aslong asi has at least two floating edges incident on it, the
vaue D(y) = Z (i,)eE Yid remans at itsinitial value of
d;. To seeth|s flrst notethat if 7 isnot in the cycle/maximal
path P chosen in an iteration, then D§y> isnot atered in that
iteration. Next, consider an iteration in which ¢ had at least
two floating edges incident on it, and in which i wasin the
cycle/lpath P. Then, i must have degree two in P, and so,
it must have one edge in M; and one in M,. Then, since
edges (4, j) € M, havetheir y; ; value increased/decreased
by the same amount as edges in M, have their y. . value de-

creased/increased, we see that D§y> does not change in this
iteration. Now consider the last iteration at the beginning of
which i had at least two floating edges incident on it. At the
end of thisiteration, we will have Dl(y) = d;, and ¢ will have
at most onefloating edgeincident onit. It isnow easy to note
that (P2) holds.

Properties(P1) and (P3) can be proved by inductiononthe
number of floating edges, inspired by the approach of [17];
wejust give asketch of the proofshere. Fix avertex i and an
edge (i,j) € E; letY;;  bethe random variable denoting
thevalueof y; ; at the beginning of iteration k. Wewill show
by backward induction on & that

V(k,v), PrX”_1| Yijr=v)=uv; 2

we may then substitute (k,v) = (1,z; ;) to see that (P1)
holds. The base case where k£ > |F| + 1, istrivia. Assum-
ing (2) for k, let usproveitfor k — 1. SupposeY; ; r—1 = v
for some v. Initeration k — 1, either Y; ; p issetto Y j p—1
with probability 1, or there are values o and # such that:
Yi ik := v+awithprobability /(a+3), andY; ; == v—7
with probability a/(a+ ). So by theinduction hypothesis,
PrX;; =1|(Y;kr-1 =v)equas

(B/(a+8)) - (v+ )+ (a/(a+p)) - (v =) =v.

Thiscompl etes our sketch of the proof for (P1). Property (P3)
can be proven by asimilar, dightly more complicated, induc-
tion.

2.1. Random-graph modelsfor massive graphs

Recently, there has been growing interest in modeling the
underlying graph of the Internet, WWW, and other such mas-
sive networks. If we can modd such graphs using appro-
priate random graphs, then we can sample multiple times
from such amodel and test out candidate a gorithmswe have
for such graphs, such as Web-crawlers. A particularly suc-
cessful result of the study of such graphs has been the un-
covering of the power-law behavior of the vertex-degrees of



many such graphs(see, eg., [6]); hence, there has been much
interest in generating (and studying) random graphs with a
given degree-sequence (see, eg., [10]). Web/Internet mea-
surements capture a lot of connectivity information in the
graph, in addition to the distribution of the degrees of the
nodes. In particular, through repeated sampling, these mod-
els capture the probability with which anode of acertain de-
gree d; might share an edge with a node of degree d,. Our
guestion here is: since a network is much more than its de-
gree sequence, can we model connectivity in addition to the
degree-sequence? Concretely, given n, a degree-sequence
di,ds,...,d,, andvaues{z; ; € [0,1] : i < j}, wewishto
generate an n-vertex random graph G = ({1,2,...,n}, F)
inwhich: (A1) vertex : has degree d; with probability 1, and
(A2) theprobability of edge(s, j) occurringisz; ;. (Notethat
we must have d; = Zj z; j.) Thisis the problem we focus
on, in order to take a step beyond degree-sequences.

It iseasy to see that our dependent rounding scheme com-
pletely solvesthisproblem, if G isbipartite. Next, can we get
such aresult for general graphs? Unfortunately, the answer is
no: the reader can verify that no such distribution (i.e., ran-
dom graph mode!) existsfor thetrianglewith z; » = 253 =
z13 = 1/2 (and hencewithd, = dy = d3 = 1). Thisex-
ample hasd; + d, + ds3 being odd, which violates the basic
property that the sum of the vertex-degrees should be even.
However, even if the vertex-degrees add up to an even num-
ber, thereare simpl e cases of non-bipartitegraphswherethere
is no space of random graphs which satisfies (A1) and (A2).
(Consider two vertex-digointtriangleswithal six z; ; values
being 1/2, and connect the two triangles by and edge whose
x; ; valueis 1.) Thus, we need to compromise — hopefully
just alittle—for general graphs. We show how to efficiently
generate random graphsthat preserve (A2), and relax (A1) to
have with probability one that for each i, its (random) degree
D; satisfies |D; — d;| < [logn]. The only other method we
know of in thiscontext isto construct arandom graph where
each edge (¢, j) isputinindependently, with probability z; ;.
This again preserves (A1), but does much worse for (A2):
the high-probability guarantee we get hereis that for each i,

|D; — d;| < O(max{+/d; logn,logn}).

Briefly, our agorithm for non-bipartite graphs is as fol-
lows. Arbitrarily partition the vertex set V' into two sets A
and B, whose sizes differ by at most one. Next, round al the
edges (i, j) € A x B, using our bipartite rounding scheme.
Finally, recursively (and independently) round the edges in
the two subgraphs induced by A and B. (Also, in our con-
structions of both bipartite and non-bipartite graphs, the ap-
propriate analog of (P3) holds.)

2.2. An extension of (P3) for star-graphs

Recall that the work of [17] shows how to guaran-
tee (P1), (P2) and (P3) for star-graphs. For star-graphs,
we now show that our dependent rounding in fact has a

much stronger negative correlation property than (P3). For
any vertex ¢, any pair of digoint subsets S; and S, of
the edges incident on ¢, and any b € {0,1}, we can
show that Pr A ;¢ s (X =) | (Aes, (X7 = b)) isupper-
boundedby Pr A ;¢ ¢, (X; = b). Itiseasy toseethat thisim-
plies (P3), but not vice versa. The proof is inspired by our
proof for (P3), butismoreinvolved and a so usesthe property
that for star graphs, at least one floating edge incident on the
center of the star getsroundedin every iteration. The proof is
omitted from thisversion. We anticipate that this strong cor-
relation property will lead to some interesting applications.

3. Broadcast Scheduling

In this section, we study two related scheduling problems
inabroadcasting moddl, i.e., amodd inwhich all userswait-
ing to receive the same topic get satisfied when that topicis
broadcast. The input is as follows. There is a set of pages
P = {1,2,...,n}. We assume that time is discrete and at
time¢, any subset of pages can be requested. Let (p,t) rep-
resent arequest for page p at time ¢ and let DY be the dead-
line for request (p,t). Let Y’ denote the number of requests
(p,t). For clarity of exposition, we assume that all requests
(p, t) havethe same deadline DY ; our a gorithmworksfor the
casewhen different requestsfor pagep at timet havedifferent
deadlines. A time dot ¢ isthe window of time between time
t — 1 andtimet. Let T" bethelast time of request for a page.
Without loss of generality, we can assumethat 7" is polynomi-
ally bounded. The server can broadcast one page at any time;
an «-speed, 3-approximation (or («, 5)-approximation) for a
problem is one where o pages can be broadcast at any step,
and where a g-approximationisachieved w.r.t. al-speed op-
timal solution. We say that arequest (p, t) issatisfied at time
SP,if S¥ isthefirst timeinstanceafter ¢t when page p isbroad-
cast. We work in the off-line setting in which the server is
aware of al thefuture requests.

3.1. Throughput Maximization

In this problem, our goal is to schedule the broadcast of
pagesinaway so asto maximizethetotal throughput,i.e, the
total number of requests satisfied before their deadlines. (A
simple extension also gives thisresult for the weighted case,
where each request has aweight.) Bar-Noy et al. [3] present
a 1—speed, 1/2—approximation for this problem in a genera
setting; wenow give an al gorithmbased on dependent round-
ing that gives a 1-speed, 3/4—approximation for throughput
maximization.

3.1.1 Integer Programming Formulation

We use the followinginteger programming (1P) formulation.
The binary variable y?, = 1 iff page p is broadcast at time



t'. Thebinary variable 2 = 1 iff request (p, t) issatisfied at
sometimet’, ¢t < ¢’ < DY. Thefirst set of constraints ensure
that whenever arequest (p, t) issatisfied, page p is broadcast
at' t <t < DY. Thesecond set of constraints ensure that
at most one pageis broadcast at any giventime. Thelast two
congtraints ensure that the variables assume integral values.
By letting the domain of 2} and y}, be 0 < 27,3/, < 1, we
obtain the LP relaxation for the problem.

. o p
Maximize » " vl - &
(p,1)

Z yh—2 >0  Vp it >t

t'=t+1 (3)
dh<i vt/

P

¥ €{0,1} Vp,t,t'

v €{0,1} Vp,t'

3.1.2 A 3/4-approximation Algorithm

1. Solve optimally the LP relaxation.

2. Construct a bipartitegraph G = (U, V, E) asfollows. U
consists of vertices that represent time dots. Let u; beaver-
tex in U corresponding to time¢. Consider a page p and the
time instances during which page p is broadcast fractionally
in the LP solution. Let these time dots be {¢1, 2, ... 15}
such that ¢; < t;41. We will group these time slotsinto m
windows, WJP, 1 < j < m, such that in each window except
thefirst and thelast, exactly one page p is broadcast fraction-
ally. Thefirst and last windows may broadcast afull page or
less. The grouping of time dlotsinto windowsis done asfol-
lows. Choose z € (0, 1] uniformly at random. z represents
the amount of service provided by thefirst window. For each
time instance ¢;,, we will associate a fraction bp that rep-
resents the amount of contribution made by t|me slot ty, to-
wardsthefractional broadcast of pagep in Wp For al A and

forj > 2, deﬁnebfhy1 and b . asfollows. If Sl <z
then by, | = min{yy, Et,<th vews bo 1} and 0 oth-
erwise. For al j > 2 |f22,:1 ¥l < j— 1+ zthen
by, ;= min{y], — - Et'<th,t've b7, ;3 and 0
otherwise.

th] 1’

A time dot ¢;, belongsto W]?’ iff bfhyj > 0. Thisimplies
that awindow W7 consistsof consecutivetime sotsand that
atime dot can belong to at most two windows. Also, theto-
tal number of windows, m € {[>_, 51, [>.. v5] + 1}.
Thevertex set V' consistsof verticesthat represent pages. For
each pagep, we have vertices v}, vh ... o2, inV. Foral p
and j, v% ; isconnected to vertices corresponding to time-slots
inW?. Thevalue of an edge (v}, uy, ) isequa to b, .. This
constructlon isillustratedin Figure 1, in which asubgraph of
G that isinduced on the vertices and edges relevant to a par-

9 |

<
O

Figure 1. Subgraph of G relevant to page
p whose ity < j < t7, values are
0.3,0.3,0.5,0.5,0.2,0.9,08. z =1

ticular page p are shown. z = 1 and yf,tl < j < t7,vaues
ae0.3,0.3,0.5,0.5,0.2,0.9,0.8.

3. Perform dependent rounding on G'. In the rounded solu-
tion, if an edge (v7, us, ) gets chosen then we broadcast page
patimety.

Analysis. Consider arequest r = (p,t). Lett € /. Let
I be the fraction of request r satisfied by the optimal LP so-
[ution before its deadline. Note that the fraction /,. can span
a most two adjacent windows. Let w = Et,xyt,ewjp by ;.
Picking z € [0, 1) uniformly at random is equivalent to pick-
ingw € [0, 1] uniformly at random. Fix w. Let A,, and B,,
be the set of time dlots serving r in W7 and W7, respec-
tively. Let R be the random variable that is 1 iff page p is
broadcast during slot ¢ in the rounded solution and is 0 oth-
erwise. Notethat -, , RP and )", p R aea most 1,
because of property (P2) of dependent rounding.

Lemma3.1 For afixedw, let S, (w) betherandomvariable
thatis 1 if r is satisfied in the rounded solution and is 0 oth-
erwise. Then, E[S, (w)] > max{w,l, —w} ifw < [., and
E[S,(w)] > I, ifw > [,.

Proof: S,(w) = max(y ;e RY, Y ;cp, RY)implies

E[S,(w)] = PrS.(w)=1
= Pr(Y_ RE=D\(D RI=1)
€Ay, i€By,
> maXPrZRp PrZRf)
I€EA 1€By
_ max{w,l, —w} ifw <,
o { otherwise

Lemma3.2 Let S, betherandomvariablethatis1 iff r is
satisfied before DY intherounded solutionandis0 otherwise.
Then, E[S,] > 21,.



Proof: E[S,] > fol E[S,(w)] dw = folr max(w, [, —w) dw+
[t dw =[50 = wydw + [ wdw + [ dw =
I, — 12/4 > 21,

Lemma 3.3 Our algorithm broadcasts at most one page at
any time instance.

Proof: Thefractional values of the edgesincident on any ver-
texin U sumup toat most 1. Hence, by property (P2) of de-
pendent rounding, for any vertex u; € U, a most one edge
incident on u; getschosen in therounded solution. Theclaim
follows.

Theorem 3.4 Let OB.J betherandomvariablerepresenting
thetotal number of requests satisfied by our algorithm. Then,
E[OBJ] > 20OPT.

Proof: SinceOBJ = ) rS,, E[OBJ] = 3" rE[S,].
Using Lemma 3.2, weget E[OBJ] > 20PT.

Our proof approach aso leads to the following type of
algorithm, which offers a per-user guarantee: on every in-
stance, the algorithmwill either prove that there isno sched-
ule that satisfies al users, or present a randomized sched-
ule where each user is satisfied with probability at least 3/4.
Also, for the case where each request has an arbitrary time-
window (instead of aninterval) inwhichit must be processed,
a simpler rounding scheme can be shown to yield the ana
log of Theorem 3.4 aswell as of thisper-user guarantee, with
1—1/e ~ 0.632 replacing the value 3 /4.

3.2. Minimizing Response Time

In this problem, for each request (p, t), itsdeadline D} =
oo. Our goal isto schedul e the broadcast of pagesin away so
asto minimizethetotal responsetime of al requests. Theto-
tal response timeis 3=, , 77 (S — t), where for a request
(p,t), SY is the first time instance after ¢ when page p is
broadcast. Here, we give a (3, 1)-approximation algorithm.

3.2.1 [P Formulation

The problem of minimizing response time can be formulated
asan|Pasfollowsasin[11]. Thebinary variabley!, = 1 iff
page p is broadcast at timet’. The binary variable z¥,, = 1
iff arequest (p,¢) issatisfied at time¢’ > ti.e ¥}, = 1 and
Y, = 0,t < ¢ < t'. Thefirst set of constraints ensure
that whenever a request (p,t) is satisfied at time ¢/, page p
is broadcast at ¢'. The second set of constraints ensure that
every request (p, t) issatisfied at sometimet’ > ¢. Thethird
set of constraints ensure that at most one page is broadcast
at any giventime. Thelast two sets of constraintsensure that
thevariablesassumeintegral values. By lettingthe domain of

zh,, and yf, be0 < zf,,, 7, < 1, we obtain the LP relaxation
for this problem.

T+n
Minimized 3" ST (¢ — 1)1} - 2h,
p ot t'=tt+1
Yo — oy 20 Vp bt >t
T+n
Z 2hy > 1 Vp,t
tr=t41
douh <1 vt/
P
h €{0,1} Vp, b,
yf, € {0, 1} vp, t/
4

3.22 Algorithm

Let an («, 3)-algorithm stand for an agorithm that outputsa
solutionin which « pages are broadcast at any time instance
and the cost of the solutionis 3-factor away fromtheoptimal .
The current-best algorithm for this problem achieves bounds
of (2,2),(3,1.5),and (4, 1) [11]. Inthis Section, we give an
algorithm that improves last two of these bounds. Our algo-
rithm uses dependent rounding and givesboundsof (2, 2) and
(3,1). Our agorithm guarantees that the expected response
time of each request isat most twiceitsresponse timein the
LP solution.

1. Solvethe LP relaxation optimally.

2. Let T be the given instance of the problem. For any page
p, let N, = {t1,t5,...,t;,} denote the times at which re-
quests for page p are made in instance I. Let f1(1/2,p,1)
be the first time instance when 1/2-fraction of request (p, t)
gets satisfied in the LP solution, i.e, ft(1/2,p,t) =
min{#”| Eﬁjlz”rl zf,, > 1/2}. Wetransforminstance I into
asimplified instance I’ which has the following property. If
N,, represents the times of positive requests for page p in I’
thenfor any times {t;,,#;,} C N,, suchthatt;, < t;, wehave
ft(1/2,p,t,) < t,. Foreveryt € N, \ N/, wehavewehave
ft(1/2,p,t) > ', wheret’ € N;. Wedrop al requests for
page p made a each timet € N, \ N,. Thistransformation
is done separately for each page. The pseudo-code is given
in Figure 2.

3. Construct a bipartitegraph G = (U, V, E) asfollows. In
U, we have avertex u; for each timeinstancet. For each re-
quest » = (p,t) inI', we have avertex v, in V. Let H,
be the set of time dots that satisfy haf of request ' in the
LP solution at minimum cost. For each timedot ¢’ € H,,
define b, = min{y}),1/2 = 3=,y ynep , bin}. In other
words, b7, isthecontributionof timeslot ¢’ towards satisfying
exactly half fraction of request r’. The edge set E' consistsof
edgesthat connect each vertex v,.. to the vertices correspond-
ing to time dotsin H,.. The value associated with an edge
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Figure 2. Algorithm to obtain 7’

(ver, uyr), wheret’ € H,. is2b%,. Notethat for any two edges
(vpr, up) @nd (vpr, ), ' @nd ' correspond to request for
two different pages.

4. Perform dependent rounding on G. For any request r’ =
(p,t), if an edge (v,/, uy) is selected then broadcast page p
at'.

3.23 Analyss

For any request r = (p,t) € 1, let f, bethefraction of re-
quest stisfied inthe LP solution at or beforethefirst timein-
stance ¢; suchthat ¢, € N/ andt; > ¢. Let C/ bethe cost
of satisfying this £, fraction of request. Let C'* be the cost
of satisfying the next half of request r, i.e, the cost of satis-
fying exactly half fraction of r after ¢;. Let C} be the cost
of satisfyingthelast e = 1/2 — f, fraction of request . Let
C, = Cf + C! + C¢ bethe cost of satisfying r inthe LP so-
[ution. Note that for arequest ' € I’, since f = 0 we have
¢/ =0andCs, > Ch. Forarequestr € I\ I', f < 1/2.
Let R betherandom variablethat is1 iff page p isbroadcast
during slot ¢ in the rounded solution and is 0 otherwise.

Lemma3.5 For any request ' = (p,t) € I',if S, is
the random variable denoting the cost of satisfying r’ in the
rounded solution then we have E[S,/] < Cr.

Proof: Since S,» = min{(# — t)R},|t' € H, }, we get
E[ST‘I] = Zt’EHT/ (t/ - t) Pr Rg)/ =1 = ZtIEHTI (t/ -
t)Qb];/ = QCZL/ S C:,L/ + C;/ = Cr’

Lemma3.6 Consider any requestsr = (p,t) € I\ I’ and
r' = (p,t') € I',wheret’ € N isfirst such timeinstance
after ¢. If S, isthe random variable denoting the cost of sat-
isfying r in the rounded solution then we have E[S,] < 2C,.

Proof: Since S, = min{(t" — t)R},|t" € H,}, we have
E[Sr] = Et”EH /(t” — t) Pr tho// = 1 = Ei”EH /(t” —
)26, = 2C* < 2C,.

Theorem 3.7 The above rounding scheme yields a 2-speed,
2-approximate sol ution.

324 A 3-speed, 1-factor Algorithm

In this section we give a (3, 1)-algorithm that builds on the
(2, 2)-algorithm developed in Section 3.2.2. Notethat in the
2-speed solution therequestsin I’ get satisfied optimally us-
ing the two channels as shown in Lemma 3.5. By using two
channelswe can only guarantee afactor of 2 for the requests
inI\ I'. We now show that by using an extra channel we
can satisfy therequestsin 7'\ I’ optimally thus obtaining a 3-
speed, 1-approximatesolution. Inadditiontothefour stepsin
Section 3.2.2, we perform steps 5 and 6 as described bel ow.

5. Construct a bipartitegraph G’ = (U’, V', E’) asfollows.
For each time instance ¢, we have avertex u; inU’. InV’,
for each timet’ € N, we have one vertex v;' representing
al requestsr = (p,t) suchthatt < ¢’ and ft(1/2,p,t) > t'.

Each vertex v;' is connected to u;» wheret < " < ' and

v}, > 0. The value associated with esch edge (v}, , u;») is

y?u .

6. Perform dependent rounding on G’. For an edge (v;' , Ut)
that gets chosen in the rounded solution, broadcast page p at
time¢. We will refer to the broadcast on this channel as the
third channel.

Lemma3.8 For anyrequest r = (p,t) € I\ I',if S, is
the random variable denoting the cost of satisfying r in the
rounded solution then we have E[S,] < C..

Proof: Recal the definition of f. from Section 3.2.3. Let
fr = 1/2 —¢,¢ > 0. By property (P2) of dependent round-
ing a most one edge incident on the vertex representing r
gets chosen. By property (P1) of dependent rounding, re-
quest r gets satisfied on the third channel with a probability
f, with an expected cost of C. It gets satisfied on the first
two channels (pages broadcast in step 4) with a probability
1—fr=1/2+c¢.

E[S,]

Cf +(1/24 o201

= Cf 4! 20! (5)
Let ¢;, be the last time instance that contributes towards the
cost CP. CP < 1/2(ty — ). Also, CF > e(ty, — t). Com-

bining these facts with Equation (5), we get E[S,] < C/ +
Chtelth—t) <CI+CH+Cr =G,

Theorem 3.9 The above rounding scheme yields a 3-speed,
1-approximate solution.



Proof In steps 1-4, we broadcast at most two pages per time
instance as argued in Theorem 3.7. In steps 5-6, we broad-
cast at most one page at any timeinstance since thefractiona
value of edges incident on any vertex in U’ is a most one.
Thus steps 1-6 ensure a 3-speed solution. The proof of opti-
mality followsfrom Lemmas 3.5 and 3.8.

4. Capacitated Vertex Cover

Let G = (V, E) bean undirected graph with vertex set
V ={1,...,n} and edge set F. Suppose that w, denotesthe
weight of vertex v and k,, denotesthe capacity of vertex » (we
assume that &, isan integer). A capacitated vertex cover is
afunctionz : V — INg such that there exists an orienta
tion of the edges of G inwhich the number of edges directed
into vertex v € V isa most k,z,. (These edges are said
to be covered by or assigned to v.) The weight of the cover
is EUEV zywy, Where z, = z(v). The MINIMUM CAPACI-
TATED VERTEX COVER problemisthat of computing amin-
imum weight capacitated cover. The problem generalizesthe
MINIMUM WEIGHT VERTEX COVER problem which can be
obtained by setting k£, = |V| — 1 forevery v € V. Themain
difference isthat in vertex cover, by picking a node » inthe
cover we can cover al edgesincident to v, in thisproblemwe
can only cover asubset of at most £, edges incident to node
v. Clearly, the problemisNP-hard since it generalizes awell
known NP-hard problem.

We denote by é(v) the edges in F which are incident to
v. We also denote by d(v) = |§(v)| thedegreeof v € V.
For S C V wedenote by G(S) = (V, E(S)) the subgraph
induced by S. We denote an edge with end-verticesi, j asa
set {7, 7}. We deal with orientation (direction) of edges. Ori-
enting an edge {7, j} from i to j is equivalent to replacing
it by a directed edge (an arc) (7, j). A primal-dual factor 2
approximation was given by Guha, Hassin, Khuller and Or
[12] and afactor 4 approximation was given using L P round-
ing. In this paper, we derive a 2 approximation by a simple
LP rounding method, using dependent rounding. One advan-
tage of thisapproach isthe ease of implementation compared
to a primal-dual agorithm (since very fast and easy to use
LP solvers are available). In addition, more general objec-
tive functions can be easily captured in thisframework, such
asassignment costs (see Section 4.2). Recently, Chuzhoy and
Naor [5] addressed avariant of capacitated vertex cover prob-
lem in which there is a bound b, on z,. In other words, a
vertex v can be used a most b, timesto cover edges. They
gave a 3-approximation for the unweighted case and showed
that the weighted case is hard to approximate within a factor
of O(logn). Asacorollary to our rounding procedure, for
the weighted version, we obtain a 2-approximate solutionin
which avertex v isused a most 2b,, times.

4.1. 1P formulation and rounding scheme

An|Pformulationisasfollows([12]).

Minimize ", wyz,

yeu+yeu21 GZ{U,’U}EE,
kvxv_ Z Yev 20 UEV,

e€é(v) (6)
Ty 2 Yeu veecF,
Yey € {0, 1} vEe€ F,
xy € INg veV.

Inthisformulation, y., = 1 denotesthat theedgee € E
iscovered by vertex v. Clearly, thevalues of = in afeasible
solution correspond to a capacitated cover. While we do not
need the constraints z, > y., for the IP formulation, they
will play an important role in the relaxation.

Algorithm Threshold and Round:

1. Solve the above LP to obtain an optimal fractiona solu-
tion.

2. Pick avalue o uniformly at random in theinterval [, 1].

3. Foreach edgee = (u,v) if yo.y > athensety’, = 1,ese
if Yoo > athensetyr, = 1.

4. For theremaining edges (wherey?, < a andy?, < a)we
will use dependent rounding. Let the set of remaining edges
be E’.

5. Create a bipartite graph asfollows. Let one side contain a
vertex corresponding to each edgein E’. The other side con-
tainsavertex corresponding to each vertex in V. Thereisan
edgefrome € E' tou € V if e isincident on u. The weight
of thisedge iSy.,. W.I.0.0, Yeu, + yeu = 1. We now use de-
pendent rounding to roundthe y.,, valuestointegersy:,. We

define z;, = [Zeﬂlﬂ] In other words, after rounding
the ye., vaI uesto {0, 1} we simply define the z, valueto be
the number of copies of « that are required to cover al the
edges assigned to it.

Theorem 4.1 The expected cost of the integral solution
produced by Algorithm Threshold and Round, is at most
20PTyp, where OPTrp isthe cost of the minimum frac-
tional solution to the relaxation. Moreover, E[z}] < 2z,,.

Corollary 4.2 If b, isan upper bound on z,,, then Algo-
rithm Threshold and Round produces a 2-approxi mate solu-
tioninwhich z} < 2z,.

The proof of Theorem 4.1 is quite complicated and omit-
ted. We will show that if we pick o as % then we can obtain
a 3-approximation.

Theorem 4.3 If a = % then the expected cost of the algo-
rithmisat most 30 PTrp.



Proof: We will show that for any vertex v, the expected cost
of z} isat most 3z,,. Since the cost of the solution produced
is)", wyxy, the bound follows.

Let d, bethe number of edges assigned to » by edges that
have their y., value at least 2. Some edges (v, u) are as-
signed to the other end u since y.,, > 2. Leta, + f, =
> ces(o)n Yeu, Where0 < f, < 1and a, isan integer.

Notice that

dy +a, +1 dy + ay
RN SRR}

E(I:) = fu (|_

We would liketo provethat thisisat most 3z, .

We consider two cases. If d,, + a, < k, thenthe LHSis
smply 1. If 2, > %,We are done. We now show that thisis
thecase. If d, > 1,sincez, > y., > 2, theclaim follows.
If d, = 0and E' N é(v) # 0 then for the unassigned edges
we have y., > % (otherwise they would have been assigned
to the other end point). Since z, > y.,, the clam follows.

We now consider the other case where d, + a, > k,.
We can upper bound [z] by z + 1. Using this bound, we
get E[z}] = fo(ftutEhe) 4 (1 — f)tpthe =
dytantky fu 2(dvtay) fo 2(dvtav+fo

i S T D S T <

3(%(‘1”:7“”””)), i.e, a most three times the cost of the op-
timal LP solution.

4.2. Assignment Costs

We can generaize this problem in the following way: in
additionto havingweightson thevertices, we havean assign-
ment cost ¢.,, for assigning an edge e to vertex u. InthelR,
the only change that we make is to add ZeeE Zu66 Ceuleu
to the objective function. We now solve the resulting relax-
ation of thelPto thenatural LP and run Algorithm Threshold
and Round by choosing « in the same way.

Supposethat inthe optimal solution of thelinear program,
the optimum cost isOPTr,p = OPT}p + OPT}p which
represents the optimum fractional cost due to the weighted
sum of chosen vertices and the assignment cost of edges.

Theorem 4.4 Algorithm Threshold and Round finds a solu-
tion y* such that the expected assignment cost is at most
(4 — 2/2)OPT}p.

Combining thiswith Theorem 4.1 where we bound the ex-
pected cost of the weighted sum of the chosen vertices by
20PT,, weclearly obtain an integral solutionthat isa 2 ap-
proximation for the problem where our objective is the sum
of the weighted cost of vertices and the assignment cost of
edges.

Theorem 4.5 Algorithm Threshold and Round finds a solu-
tion z*, y* such that the expected weight of vertices is at
most 20 P17}, and the expected assignment cost is at most
(4 — 2¢/2)OPT§p. Thus this gives a 2 approximation for
the problem with vertex weights and assignment costs (since
thetotal cost isat most 20 P p).

5. Schedulingon Unrelated Parallel Machines

Givenaset J of jobs, aset M of machines, and (for each
j € Jandi € M) thetimep;; required to process job j
on machine i, the problem is to schedul e the jobs on the ma-
chines so asto minimize the makespan. Lenstra, Shmoysand
Tardos [15] give a 2-approximate solution for this problem;
their result isas follows. Define alinear program LP(¢) with
avariable z; ; for each machine: and job j; z;; is1iff job j
isscheduled onmachines. Let Sy = {(¢, )| ps; < t}. LP(t)
asks for afeasible solution for the following system of lin-
ear constraints: (i) ), z;; = Lforal j; (i) >-. 2ijpi; <t
for dl ¢; (iii) z;; > 0 foral (4,5) € Sy; and (iv) z;; = 0
for al (¢,7) ¢ S;. Itiseasy to seethat the given instance
has makespan at most ¢ only if LP(¢) has afeasible solution;
thus, theinfimum of all such “feasible” ¢ is alower bound on
the optimal makespan. We will throughout let 7" be a lower
bound on this infimum which is close to the infimum with
high precision; such a 7" can be computed efficiently via a
bisection search. Then, the work of [15] presents a round-
ing method to produce a schedule of makespan at most 27,
which isa 2-approximation. Since then, it has been an open
guestion if we can do better in polynomial time.

In the spirit of offering per-user guarantees, we can aso
ask the following question. Are there constants p > 0 and
q < 2 for which we can construct arandomized schedul e that
has makespan at most 47" with probability 1, and where each
given job gets scheduled with probability at least p? (The al-
gorithm of [15] providesp = 1 and ¢ = 2.) As pointed out
by Chandra Chekuri to us, thisisindeed possibleforp = 1/2
and ¢ = 1 [4]. Itisnot clear how to extend this approach to
achievep > 1/2 and ¢ < 2; we show such aresult here.

Let 7" be as above, and let the vector = denote an op-
timal solution to LP(7"). We need the following notion of
(¢, v)-weighted dependent rounding. Briefly, we will work
with a star graph G;, whose center is some machine ¢ and
whose leaves are the jobs j. We have a dependent round-
ing instance on this graph given by the vector z; we modify
our dependent rounding scheme as follows. Note that there
isno cyclein G;. In dependent rounding, suppose we pick
apath P = (j1,1, j2); let the values y; . be the probabilis-
tically changing values as in Section 2. We now define « to
be the smallest positive y for which either y; ;, +v = 1 or
Yi j» — (Pij, /Pij.) -y = 0; define G to be the smallest positive
~ forwhicheither y; j, —v = 0 0r y; j, + (pij, /pij.) ¥ = 1.
With probability 8/(a + 3), increment y; ;, by « and decre-
ment y; ;, by (pij, /pij,) - a; with probability a/(a + ),



decrement y; ;, by 4 and increment y; ;, by (pi;,/pij.) - -
Finally, suppose the maximal path P isjust an edge (¢, j). If
pij > (1 —¢)Tandy;; < ¥, sety;; tobezero (thisis
crucial); dse (i.e, if p;; < (1 —@)T orify;; > ), st
yi,; := 1 with probability y; ; and set y; ; := 0 with proba-
bility 1 —y; ;. Thisscheme has some useful propertieswhich
we exploit bel ow.

Algorithm. We are given a constant ¢ > 0, and proceed as
follows.

1. Find the lower bound 7" by bisection search, and solve
LP(T) optimally to get a solution vector z.

2. Consider abipartitegraph G = (J, M, E'), where J isthe
set of jobs, M is the set of machines and an edge (i,j) €
E iff z;;; > 0. Repeatedly applying a “scaling-rounding-
rescaling” technique of [14] a certain number of times, we
obtai n thefollowing modified instance. Theload on each ma-
chineisa most 7. Moreover, every job is assigned at least
1/(1 + 6) fractionally, where 6§ = O(e). Crucially, thereare
constantsd = d(e) and u = u(e) (withlime_qu(e) = 0)
such that for al j, one of the following two conditionsholds:
@2 4, ;572 %ij < u(e), or (b) foral s suchthat z;; > 0,
wehavez;; > 1/(d(1+ 6)).

3. Foreech: € M, let G; be the subgraph of GG induced
onvertex i and itsneighbors. Perform (1/2, ¢)-weighted de-
pendent rounding on all the G; independently, for a certain
¥ = O(1/d). Schedulejob j on an arbitrary machine ¢ for
which z;; getsrounded to 1, if such an i exists.

Theorem 5.1 The above algorithm yidds a (2 — Q(1))-
approximate solution in which each job is scheduled with a
probability of at least (1 — 1 — ¢).
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