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[14, 17]. A particularly general (and challenging) case in-
volves scheduling ominrelated parallel machingswvhere

We develop a single rounding algorithm for schedul- the processing times of jobs depend arbitrarily on the ma-

ing on unrelated parallel machines; this algorithm works
well with the known linear programming-, quadratic

chines to which they are assigned. That is, we are given
jobs andn machines, and each job needs to be scheduled on

programming-, and convex programming-relaxations for exactly one machine; we are also given a collection of inte-
scheduling to minimize completion time, makespan, andger valuew; ; such that if we schedule jopon machine,

other well-studied objective functions. We obtain the fol-

lowing applications for the general setting of unrelated par-
allel machines: (i) a bicriteria algorithm for a schedule

then the processing time of operatipis p; ;. Three major
objective functions considered in this context are to mini-
mize the weighted completion-time of the jobs, fienorm

whose weighted completion-time and makespan simultaneof the loads on the machines, and the maximum completion-

ously exhibit the current-best individual approximations for
these criteria §/2 and 2, respectively); (ii) better-than-
two approximation guarantees for scheduling under tfhe
normforalll < p < oo, improving on th&-approximation
algorithms of Azar & Epstein; and (iii) the first constant-
factor multicriteria approximation algorithms that handle

time of the machines, or thmakesparti.e., the L., norm
of the machine-loads) [15, 18, 19, 5]. There is no mea-
sure that is considered “universally good”, and therefore
there has been much interestsimultaneouslyptimizing
many given objective functions: if there is a schedule that
simultaneously has co§f; with respect to objective for

the weighted completion-time and any given collection of eachi, we aim to efficiently construct a schedule that has

integer L, norms. Our algorithm yields a common gen-
eralization of rounding theorems due to Karp et al. and

cost \;T; for the ith objective, for each. (One typical
goal here is to minimizenax; \;.) Most of the best re-

Shmoys & Tardos; among other applications, this yields sults for these single-criterion or multi-criteria problems are

an improved approximation for scheduling with resource-

dependent processing times studied by Grigosiead.

1 Introduction

The complexity and approximability of scheduling prob-

based on constructing fractional solutions by different linear
programming (LP)-, quadratic programming-, and convex
programming-relaxations and then rounding them into in-
tegral solutions. Two major rounding approaches for these
problems are those of [15, 18], and standard randomized
rounding [16] as applied to specific problems in [19, 5].

In this work, we develop a single rounding technique
that works with all of these relaxations, gives improved

lems for multiple machines is an area of active researchpounds for scheduling under tg, norms, and most im-

1work done while at the Los Alamos National Laboratory.

portantly, helps develop schedules that are good for multiple

2Research supported in part by NSF Award CCR-0208005 and NSF COmbinations of the completion-time aiid-norm criteria.

ITR Award CNS-0426683.

For the case of simultaneous weighted completion time and



makespan objectives, our approach yields a bicriteria ap-chine loads is at most some givéh and (b) the weighted
proximation with the best known guarantees for both thesecompletion-time is at most some givéh We show how to
objectives. We start by presenting our applications, and thenefficiently construct a schedule in which thg, norm of the

discuss our rounding technique.

(i) Simultaneous approximation of weighted completion-
time and makespan.In the weighted completion-time ob-
jective problem, we are given an integral weight for

machine loads is at mo312-T; for eachi, and the weighted
completion-time is at most.2 - C. To our knowledge, this

is the first such multi-criteria approximation algorithm with

a constant-factor approximation guarantee. We also present

each job; we need to assign each job to a machine, andeveral additional results, some of which generalize our ap-
also order the jobs assigned to each machine, in order tcPlication (i) above, and others that improve upon the results

minimize the weighted completion-times of the jobs. The

of [6, 10].

current-best approximations for weighted completion-time (iv). Generalization of the Karp et al. Rounding The-

and makespan ar&/2 [19] and 2 [15], respectively. We
construct schedules that achieve these bowwnmsiltane-
ously if there exists a schedule with (weighted completion-
time, makespanx (C,T) coordinatewise, our schedule
has a pair< (1.5C,2T). This is noticeably better than

orem. A basic result of Karpet al. [12], shows that if
A € R™*™ is a “column-sparse” matrix, then for any
given real vector: = (1,2, ...,x,)", we can efficiently
find aroundedcounterpary = (y1, 2, ..., y,)? such that
| Ay — Az||~ is “small”. Our approach leads to a prob-

the bounds obtained by using genera| bicriteria results forabilistic generalization of thiS.theorem, that aChieveS the
(weighted completion-time, makespan) such as Stein andsame bound ofj Ay — Az||o with probability 1, with the

Wein [20] and Aslamet al. [3]: e.g., we would get<
(2.7C,3.6T) using the methods of [20]. More impor-
tantly, note that if we can improve one component of our
pair (1.5,2) (while worsening the other arbitrarily), we
would improve on the current-best approximation known
for weighted completion-time or makespan.

(i) Minimizing the L, norm of machine loads. Note
that the makespan is the,, norm of the machine loads,
and that thel.; norm is easily minimizable. Thé, norm

of the machine loads, fot < p < oo, interpolates be-
tween these “minmax” and “minsum” criteria. (See, e.g.,
[6] for an example that motivates tHe, norm in this con-
text.) A very recent breakthrough of [5] improves upon the
©(p)-approximation for minimizing thel,, norm of ma-
chine loads [4], by presentingZ&approximation for each

p > 1, and a\/2-approximation fopp = 2. Our algorithm
further improves upon [5] by giving better-than-2 approx-
imation algorithms for allp, 1 < p < oo e.g., we get
approximations ofl.585, v/2, 1.381, 1.372, 1.382, 1.389,
1.41, 1.436, 1.46, and1.485 for p = 1.5, 2, 2.5, 3, 3.5, 4,
4.5, 5, 5.5 and6 respectively.

(iii) Multicriteria approximations for completion time
and multiple L, norms. There has been much inter-

additional property that for alf, E[y;] = z;. This yields
the result of [18]; furthermore, we use the ideas behind this
generalization to obtain new multicriteria approximations
in the setting of [12]. We also show a direct application
of our probabilistic generalization to obtain an improved
approximation algorithm for the problem of unrelated paral-
lel machine scheduling with resource-dependent processing
times. The current-best approximation known for this prob-
lem is4 + 2/2 due to Grigoriewet al.[11]. As another ap-
plication, we show that our main rounding algorithm can be
used to obtain a 2-approximate, randomized strategyproof
mechanism for th&)||C,.... problem, matching the bound
of Archer [2].

Our approach in brief. Suppose we are given a fractional
assignmenfz; ;} of jobs;j to machines;i.e., >, z;; =1

for all j. Let t* > pmx” be the fractional load on
machines. We round the:c”- in iterations by a melding

of linear algebra and randomization. Lﬁf ") denote the
random value ofr; ; at the end of |terat|onh For one,

we maintain the invariant thag[ X (h)] = z;; forall i, j
andh. Second, we “protect” each machinalmost until

the end: the Ioat{j Di.j (f;) on: at the end of iteration
h equals its initial value* with probability 1, until the re-

est in schedules that are simultaneously near-optimal w.r.t. maining fractional assignment arfalls into a small set of

multiple objectives and in particular, multiple, norms

simple configurations. Informally, these two properties re-

[8, 1,6, 7, 10, 13] in various special cases of unrelated par-spectively capture some of the utility of independent ran-
allel machines. For general unrelated parallel machines, itdomized rounding [16] and those of [15, 18]. Importantly,
is easy to show instances where, for example, any schedulavhile our algorithm is fundamentally based on linear sys-
that is reasonably close to optimal w.r.t. the norm will tems, in Lemma 4, we show that it has good behavior w.r.t.
be far from optimal for, say, thé&., norm; thus, such si- a certain family ofquadraticfunctions as well. Similarly,
multaneous approximations cannot hold. However, we canthe precise details of our rounding help us show better-than-
still ask multi-criteria questions. Given an arbitrary (finite, 2 approximations fof,, norms of the machine-loads.

but not necessarily of bounded size) set of positive inte-  Thus, our main algorithm helps improve upon various
gerspy, po, - .., pr, SUPPOSE We are given that there exists basic results in scheduling. In particular, different rounding
a schedule in which: (a) for ea¢hthe L,,, norm of the ma-  techniques have thus far been applied for diverse objective



functions: e.g., the approach of [15, 18] in [5] for general these constitute Phase 1. Phase 2 starts at the beginning of
L, norms, and independent randomized rounding [16] for the first iteration where we have < m' + n’. We next
weighted completion time in [19] and for the special case describe iteratiorih + 1), based on which phase it is in.

of the L, norm in [5]. Our algorithm unifies and strength- Case I:Iteration(h+1) isin Phase 1LetJ', M’ ,n',m’,V

ens all these results. Furthermore, it can be made to workand v be as defined above, and recall that> m’ +
simultaneously with differing objective functions such as n’. Consider the following linear system(El) Vj €
weighted completion-time anfl, norms of machine loads,  J', > .., = ; = 1;and(E2) Vi € M’, ZjEJ, T Pij =
thus leading to simultaneous multlcrlterlg guarantees. We e Xi(}]L') - pi;. Note that we only have constraints
thus expect our approach to be of use in further contexts g2y correésponding to non-singleton machines. The point
as well. Our mam_alg_orlthm is presented in Section 2, fol- p— (X(h) . i € M,j € J') is a feasible solution for the
lowed by the applications. Due to the lack of space, some

4]
. : variables{x; ;}, and all the coordinates d@? lie in (0, 1).
of our proofs are deferred to the full version of this paper. (i} (0,1)

Crucially, the number of variables in the linear system
. ) ) (E1), (E2) exceeds the number of constraints+ m’'; so,
2 The Main Rounding Algorithm there exists a-dimensional unit vectar which can be com-
puted in polynomial time such that starting at paihtand
We now present our rounding algorithm which takes as moving along- or —r does not violatéE1) or (E2). Let
inputa fractional assignment of jobs to machines, aswell 3343 be the strictly-positive quantities such that starting at
as the processing time, ; of each jobj on each machine  oint P, o and are the minimum distances to be traveled

i, and produces an integral assignment. &gf € [0, 1] along directions- and —r respectively before one of the
denote the fraction of joh assigned to machingin z*, variables gets rounded @or 1. We now obtainX **+1) as
and note that for all, 3, 27 ; = 1. Initialize = = 2*.  follows. As mentioned before, all valugs™ which lie in
Our rounding algorithm iteratively modifies such thatx {0,1}, remain unchanged. For the remaining coordinates,

becomes integral in the end. At least one coordinate of
is rounded to zero or one during each iteration; throughout,
we will maintain the invariant ¥/j, >°.z; ; = 1”. Once a

. . A (h4+1) _ - (h) o o
co-ordinate is rounded toor 1, it is unchanged from then Xy~ * = Xy, 4+« r; with the complementary probability

i.e., for the projectiony"*") of X (»+1) along the coor-
dinatesV, we do the following: with probability%, set

on. of 225, setx() = x(M — 5.,

Notation. Let M denote the set of machines asialenote This way, it is easy to observe that the new system
the set of jobs; lein = |M| andn = |J|. The (random) X (+1) siill satisfies(E1) and (E2), has rounded at least
values at thendof iterationh will be denotedXi”?). one further variable, and also satisﬂé{s’(i(f;“)] = Xi(f;)

Our algorithm will first go througPhase 1 followed by (for all 4, 7).
Phase 2(one of these phases could be empty). We startCase II: Iteration (h + 1) is in Phase 2Let J’, M’ etc. be
by saying when we transition from Phase 1 to Phase 2, anddefined w.r.t. the values at the start of this (i.e., (e 1))
then describe a generic iteration in each of these phasesteration. Consider the bipartite gragh= (M, J', E) in

Suppose we are at tHeeginningof some iteratiom, + 1 which we have an edgg, j) between jobj € J’ and ma-
of the algorithm; so, we are currently looking at the val- chine; € M iff Xq(z) € (0,1). We employ the bipartite
uein(E.). Let a jobj be called &floating jobif it is cur- dependent-roundiﬁg algorithm of Gandtial. [9]. Choose
rently assigned fractionally to more than one machine, i.e.,an even cycle& or amaximalpath® in G, and partition
if there exist machines;, i, such thate;, ;,2;, ; € (0,1). the edges i€ or P into two matchings\; and Mo (it is

Let a machine be called dloating machinef it currently easy to see that such a partition exists and is unique). Define
has at least one floating job assigned to it. Machirne positive scalars: and as follows.

called asingleton machinéf it has exactly one floating

job assigned to it currently. Lef’ and M’ denote the a = min{y>0: ((3(4,5) € My : Xff;) +7=1)
current set of floating jobs ambn-singletonfloating ma- . ) _ .

chines respectively. Let’ = |J’| andm’ = |M’'|. De- (300, J) € Mz: Xi57 =7 =)

fine V to be the set of yet-unrounded pairs currently; i.e., S = min{y >0: ((3(i,j) € M : XZ.(E.) —v=0)

V ={(,7): xM e 0,1)}, and letv = |V|. We em- . () _

Dhasiit(a th;t all these éefin)i%ions are w.r.t.|th|e values at the (30, j) € Mo 2 Xij 7 = 1)}

beginning of iteration(h +- 1). The current iteration (the  We execute the following randomized step, which rounds at
(h + 1)%t iteration) is a Phase 1 iterationdf > m' + n’; least one variable to or 1:

at the first time we observe that< m' + n/, we move to ) . (h41)

Phase 2. So, initially we might have some number of iter- With probability 8/(a + ), set X; " =

ations at the start of each of which, we have- m’ + n/; Xf’]’) + o for all (i,5) € My, andX,ff]’i“) =

<

<



Xf’]’) —aforall (i,7) € Mao; Lemma 2 For all i, j, h, o, E[XWFD (Xi(f]’i) =a)] = a.

2

with the complementary probability of/ (a+3), In particular, E[XZ.(ZL.)] = a7 forall i, j, h.
setx"*" .= X" — gforall (i, j) € My, and ’
Xi(,};ﬂ) — Xi(,};) + Bforall (i, 5) € Mo. Lemma 3 (i) Let machinei be protected during iteration

_ N h+ 1 Thenvh’ € {0,....h+ 1}, 5,0, X" - =
ThIS completes the description of Phase 2, and of our algo—zjej @} ;+pi,; With probability 1. (ii) For all 4, ’E]EJ X,
rithm. Pig < XjesTij Pij+maXje s oz e(,1) Pij With prob-

Define machiné to beprotectedduring iterationh + 1 ability 1.
if iteration h + 1 was in Phase 1, andifwasnot a single-
ton machine at the start of iteratidn+ 1. If i was thena  Proof Part (i) follows from (1), and from the fact that
non-singleton floating machine, then since Phase 1 respectf a machine was protected in any one iteration, it is also

(E2), we will have, for any given value oX (*), that protected in all previous ones.
For part (ii), if « remained protected throughout the al-
ST p =3 x" (1)  gorithm, then its total load never changes and the lemma
jed jed holds. Assumeé become a singleton machine when it be-

. - ) y came unprotected. The total load dbwhen it became un-
with probability one. This of course also holdsiihad no  protected iy, @, - pi; and irrespective of how the
floating jobs assigned to it at the beginning of iteratiohl.  fipating job oni gets rounded, the additional load ois
Thus, ifi is protected in iteratiorih + 1), the total (frac-  gtrictly less thamax;c ;. .+ c(0.1) Pi,;- Hence the lemma
tional) load on it is the same at the beginning and end of holds. Finally, assume thathad two floating jobg, and

this iteration with probability. j» when it became unprotected (Lemma 1(i) shows that

Our algorithm requires some < mn iterations. Let s js the only remaining possibility); let the fractional
X denote the final rounded vector output by our algorithm. assignments of; and j» on i at this time beg; ;, and
We now present the following three lemmas about our algo-d)_ _ respectively. Letd;;, + ¢ii, € (0,1] Z’|]—|1ence

7,J2 . 7,71 1,72 9 . )

rithm. by Lemma 1(ii), at most one of these jobs is finally as-
signed toi. So, the additional load ohis strictly less than

Lemma 1 (i) In any iteration of Phase 2, any floating ma- S
() Y y g ZjEJ xz:j “Pi t+ max;e j. 7 €(0,1) Dij- A similar argu-

chine has at most two floating jobs assigned fractionally
to it. (i) Let ¢ and J’ denote the fractional assignment Mentholds whemy;, + ¢;;, € (1,2]. Hence, the lemma
and set of floating jobs respectively, at the beginning of holds. W

Phase 2. Conditional on any values of these random vari-

ables, we have with probability one that for alle M,

Sjer Xig € {1 jer bigls [ ier bigl} 3 Weighted Completion Time and Makespan

Proof We start by making some observations about the
beginning of the first iteration of Phase 2. Consider the val- for
uesv, m’,n’ the beginning of that iteration. At this point,
we hadv < n’+m/; also observe that > 2n’ andv > 2m/’
since every jobj € J’ is fractionally assigned to at least
two machines and every machine M’ is a non-singleton
floating machine. Therefore, we must have: 2n’ = 2m/;

We present a(%, 2)-bicriteria approximation algorithm
(weighted completion time, makespan) with unrelated
parallel machines. Given a pdif', T'), whereC'is the tar-

get value of the weighted completion time afidthe tar-

get makespan, our algorithm either proves that no sched-
ule exists which simultaneously satisfies both these bounds,

. . ) ; or yields a solution whose cost is at mgsg, 27"). Our
in particular, we have that every non-singleton floating ma- algorithm builds on the ideas of Skutella [19] and those

chipe hasexactly t,WO f'oat"?g Jobs fractionally assigned of Section 2; as we will see, the makespan bound needs
to 't'. The remaining machines of mteres_t, the smg!eton less work, but managing the weighted completion time si-
floating ma_chlnes, have e_xactly one floating job ass'gnedmultaneously needs much more care. kgtdenote the

to them. This proves part (i). weight of job j. For a given assignment of jobs to ma-

R_ecall that each |_terat|0n of Phase 2 chooses a _cycle O &hines, the sequencing of the assigned jobs can be done op-
maximalpath. So, itis easy to see that liad two fractional timally on each machine by applying Smith’s ratio rule

jobs ;1 andj; assigned fractionally to it at the beginning of (see [19]): schedule the jobs in the order of non-increasing

. . . (h+1) (h+1) _ i w . o

|ter}at|onh+hl inPhase 2, thenwe havg; "+ X, .7 = ratios == Let this order on machine be denoted-;.
XL(J? + iji with probability 1. This equality, combined  Given an assignment-vectorand a maching let ®; (z) =
with part (i), helps us prove part (il Z(k_j): k< j WiTi jTi kPi k- Note that ifx is anintegral as-

signment, therd . >, k< j TiniTi kDik is the amount of



time that jobj waits before getting scheduled. Thus, for sufficiently small absolute value so that the relative order-

integral assignments, the total weighted completion time ing of v, ..., r, does not change. This changes the value
is of a to a new valuey'(\) = &2, wherea, b, c andd are
O wipijaig) + (O ®i(x). (2)  constants independent &f @ = a/c, anda, ¢ > 0. Cru-

cially, sincea’(\) is a ratio of two linear functions, its value
Given a pair(C,T), we write the following Integer depends monotonically (either increasing ordacreasing) on
Quadratic Program (IQP) motivated by [19]. Thg, are A, in the allowed range foA. Hence, thera exists an al-
the usual assignment variables, andlenotes an upper lowed value fork such that/(}) > a, and either} = 7,

bound on the weighted completiontime. The IQP is to mini- ©F "1 = 0- The terms for jobs with zero weight can be
mizez subjectto ¥j, 3. zi; = 1", Vi, j, a5, € {0,1}" removed. We continue this process until all jobs with non-
Y ;Y] T ’ Y 2,7 ’ ’

and: L ’ zero weight have the same raﬁféL So, we assume w.l.0.g.
that all jobs have the same value of this ratio; thus we can
22> (3 w3, me) + (3, ®:(2); (3) rewrite, for some valug > 0,

z = Z] wy Ez Ti,jPi,53 (4) @z(x(h)) =" Z Di,iDi kﬂT(,};)%E,}Z)y
Vi, T > 2, piji; ) (kojyik=<ij
V(i ), (piy >T) = (zi; =0). 6 E[@, (X)) = 4. E] 3 pi ik XX,
The constraint (6) is easily seen to be valid, since we want {k.j}ik=ig
solutions of makespan at mdst Next, sinceu(1+u)/2 = (Again, the above expectations are taken conditional on

u foru € {0, 1}, (2) shows that constraints (3) and (4) are X» = 2(")) There are three possibilities for a machine
valid: z denotes an upper bound on the weighted comple-during iterationh + 1:

tion time, subject to the makespan being at niBbstCru- Case I: i is protected in iterationh 4+ 1. In this case,
cially, as shown in [19], the quadratic constraint (33d- E[®;(X (1)) equals

vex and hence the convex-programming relaxation (CPR) (h+1)y2 (h+1)

of the IQP wherein we set; ; € [0, 1] forall i, j, is solvable 3 (E[(Za piiXi; )= X, Ellp, )?))

in polynomial time. Technically, we can only solve the re- ((Z Di jx ) Z El(pi; X (h+1)) 1)

laxation to within an additional errerthat is, say, any pos-

itive constant. As shown in [19], this is easily dealt with by where the latter equality follows sinées protected in iter-
derandomizing the algorithm. Lebe a suitably small pos-  @tions + 1. Further, for anyj, the probabilistic rounding
itive constant. We find a (near-)optimal solution to the CPR, €nsures that there exists a pair of positive r¢als)) such
with additive error at most. If this solution has value more thatE[(X(h“)) | = o (@ ") )2 + ats (@ " _ )2 >
thanC' + ¢, then we have shown that’, ') is an infeasible (5 ])) . HenceE[® 1(X(iz+1>)] < (™) in th|s case.

pair. Else, we construct an integral solution by employing Case II: i is unprotected since it was a singleton machine

our rounding algorithm of Section 2 on the fractional as- at the start of iteration + 1. Let j be the single floating
signmentz. Assuming that we obtained such a fractional job assigned ta. Then,®;(X ("+1)) is a linear function of

assignment, let us now analyze this algorithm. Ket) (h+1) , and SaE[®; (X (h+D)] = &, (z(M)) by the linearity
denote the (random) fractional assignment at the end of it- '
erationh of our rounding algorithm. Our key lemma is:

of expectatlon
Case lll: Iterationh+1is in Phase 2, andhad two floating

Lemma 4 For all i andh, E[@;(X B+DY] < E[@, (X ™). jobs then.(Lemma 1(i) shows that this is the only remain-
! [®:( I E[@(X)] ing case.) Lej and;’ be the floating jobs oh &;(X ("+1))
Proof Fix a machine and iteration:. Also fix the frac- has: (i) constant terms, (ii) terms that are Ilneamft”“)

tional assignment at the end of iteratibrio be some arbi- orX(h“) and (iii) the termX(h“) X(h+1 with a non-

trary (") = {xf};)} So, our goal is to show, conditional on negatlve coefficient. Terms of type (|) and (ii) are handled
this fractional assignment thBf®; (X (")) < & (). by the linearity of expectation, just as in Case Il. Now con-
We may assume that; (z(")) > 0, sinceE[®;(X"*D)] = sider the termx "™ . x".*"); we claim that the two fac-
0if ®; (") = 0. We first show by a perturbation argument tors here araegatlvely correlatedindeed, in each iteration
that the valuex = E[®;(X 1))} /®;(2(")) is maximized  of Phase 2, there are positive values such that we set

when all jobs with nonzero weight have the sa#ie ra- (X(h+1) X(h+1)) to (x (h) T, x(h) v) with probability
tio. Partition the jobs into setS;, ..., Si such that in each (h) (h)

partition, the jobs have the sarﬁéL ratio. Let the ratio for u/(u+v), and to(z; ; — U Tyt u)hivllt)h prztﬁl;'“ty
setS, ber, and letry, ..., 7y be in non- decreasing order. ¢/(u+v). We can venfy now thaE[X; Xij 1<
For each jobj € 51, we setw] = wj; + Ap;; whereX has (};) E};) thus, the type (iii) term is also handlel



Lemma 4 leads to our main theorem here.

Theorem 5 Let ¢’ andT” denote the total weighted com-

pletion time and makespan of the integral solution. Then,

E[C’"] < (3/2) - (C + ¢) for any desired constant > 0,
and7T” < 2T with probability 1; this can be derandomized
to deterministically yield the paif3C/2, 2T).

Proof  For simplicity, we ignore the factor of, in the
full version, we will show how it can be dealt with in the
same simple manner as in [19]. The fact that< 27" with
probability 1 easily follows by applying Lemma 3(ii) with
constraints (5) and (6). Let us now bouBf’"].

Recall thatX = {X;, ;} denotes the final random inte-
gral assignment. Lemma 2 shows tBaX; ;] = z7 ;. Also,
Lemma 4 shows thd[®;(X)] < ®;(z*), for allz These,
combined with the linearity of expectation, yield

ij me ii/2) + Zq’
Zwy mem? i/2) + (Z@(x))

where the second inequality follows from (3). Similarly, we

have
ED w; > Xijpigl =Y w; Y wijpij <z,

<

<z

where the inequality follows from (4). As in [19],
we get from (2) thatE[C'] = (Zi’}wjme[Xi’j]) +
(QZE®i(X)) = E[QC;wi 2ipiiXiy/2) +

(22 @a(X))] + B[ w; >, Xigpig/2 < 2+ 2/2 <
3C/2. We can derandomlze this algorithm using the
method of conditional probabilitiell

4 Minimizing the L, Norm of Machine Loads

We now consider the problem of scheduling to minimize
the L, norm of the machine-loads, for some given- 1.
(The casep = 1 is trivial, and the case where < 1
is not well-understood due to non-convexity.) We model
this problem using a slightly different convex-programming
formulation than Azar & Epstein [5]. Lefl,...,n} and
{1,...,m} denote now the set of jobs and machines re-
spectively. Letl’ be a target value for thé, norm objec-
tive. Any feasible integral assignment with & norm of
at mostI” satisfies the following integer program.

m
n}y @i,
=1

n
ym} Y @iy pig —t
j=1

Vied{l,...

Y
—_

(7)

Viedl,...

IN

(8)

o< 1 (9
i=1
szw ph; < TP (10)
i=1 j=1
V(i,7) € {1,...m} x{1,...n}z;; € {0,1}(11)
V(i,5) € {(i,7) [piy >Ttaiy = 0 (12)

We letz; ; > 0 for all (4, j) in the above integer program,
to obtain a convex program. The feasibility of the convex
program can be checked in polynomial time to within an ad-
ditive error ofe (for an arbitrary constarnt> 0): the nonlin-

ear constraint (9) is not problematic since it defines a convex
feasible region [5]. We obtain the minimum feasible value
T* of T, using bisection search. We ignore the additive
errore in the rest of our discussions since our all our ran-
domized guarantees can be obtained deterministically using
the method of conditional probabilities in such a way that
e is eliminated from the final cost. We also assume fHat

is set to7T™*. We start with two lemmas involving useful
calculations.

Lemma 6 Leta € [0,1] andp, A > 0. DefineN(a, \) =
a-(14+ AP+ (1—-a)and D(a,)) (1 + aX)P
aXP. Let ’y(p) = ImMaX(q,\)e[0,1]x[0,00) %. Then,
v(p) is at most: (i)1, if p € (1,2]; (i) 2772, if p €
(2,00); and (iii) O(f/—%) if p sufficiently large. Further,
for p = 2.5,3,3.5,4,4.5,5,5.5 and 6, y(p) is at most
1.12,1.29,1.55,1.86,2.34, 3.05, 4.0 and5.36 respectively.

Lemma 7 Let a1, as be variables, each taking values in
[0,1]. LetD = (Ao + a1 - A1 + a2 - X2)P + a1>\11) + (12)\12),
wherep > 1, \p > 0 and A1, A\ > 0 are fixed constants.
DefineN as follows:

if a1 +a2 < 1, thenN = (1 — a1 —a2) - X\ + a1 -
()\0 + )\1)p + asg - ()\0 + )\Q)p; else ifa; + as € (1,2],
thenN = (1 —az2)- (Mo + A )P+ (L —a1) - (Ao+ )P +
(a1 + a9 — 1) . (/\0 + A+ )\2)p. Then, the ratioN/D is
maximized when at least one of the variahleganda, be-
longs to{0, 1}; also, the maximum value &f/D is at most
~(p), the value from Lemma 6.

We once again round using our algorithm of Section 2,
and analyze the rounding now. We now collect together
some definitions that will be of use in Theorems 8 and 9.

Some useful definitions.We now recall a few definitions,
and also define a few new ones.denotes the final rounded
assignmentz; ; } the fractional solution to the convex pro-
gram,ty = > . p;;; ; is the fractional load on machirig
andT; denotes the final (random) load on machind et
pp(x,i) = >, @i ;p}; for any assignment-vectar, we
hope the two different occurrences of the symhgi ih
“pﬁj” do not cause confusion. We will sometimes fix the



machinei, and consider the situation where we currently we haveX; ; + X; ;, > 1 with probability one; identical

have an assignment-vectoy with machinei being unpro-

tected. In such a case, three definitions will be useful. (a)

W.l.o.g., we assume that there are two distinct jgband
j2 which are floating on machinein assignment:. The
cases where less than two jobs are floating are handled
by introducing artificial new valueg, and/orj, and set-
ting one or both of the variablege; ;,, x; ;,} to zero (or

infinitesimally small); we do not consider these cases in

the rest of our arguments. Note thatand j, are func-
tions of ; and x, but we avoid explicitly writing so for
the sake of conciseness. (b) LEi(z) = > .., _iPi;
be the “already-rounded load” onunder assignment.
(c) Define ¢, (z, i) to be: ifz; ;, + x;;, € [0,1], then
Op(x,1) = (1 —@ij, — @ig,) - Ri(@)P + i, - (Ri() +
Pi i )p+xi,j2 ’ (Rl (1')+pi,j2 )p; else ifxidi i, € (1a 2]'
theng, (z,i) = (1 — i 3) - (Ri2) + pij, )P + (1 =24 5) -
(Ri(@) 43 g, ) + (i gy + 335, — 1) (Ri(2) +pigy +Piga )P

Theorem 8 Given a fixed normp > 1 and a fractional
assignment whose fractional, norm isT’, our algorithm
produces an integral assignment whose valyesatisfies
E[C,] < p(p) - T. Our algorithm can be derandomized in
polynomial time to guarantee that, < p(p) - T. The ap-

proximation factorp(p) is at most the following: (i)ﬁ,
for p € (1,2]; (i) 2'=/P, for p € [2,00); and (iii)

2 — O(logp/p) for large p. Further, for any fixed value
of p > 2 it is possible to achieve a better factp(p) us-
ing numerical techniques. In particular, the following table
illustrates certain achievable values ofp):

» | 25 | 3 35 | 4
p(p) | 1.381] 1.372| 1.382| 1.389
» | 45 | 5 55 | 6
p(p) | 1.410] 1.436| 1.460| 1.485

Sketch of Proof
tected, thenl; =

Fix a machine. If i was always pro-
tf. Otherwise, letU = {U;,} de-

note the random fractional assignment at the beginning of

the first iteration in whichi became unprotected. Recall

the definitions from the paragraph above, and in particular,

those ofj; andjs. By definition of a protected machine,
R,(U) + U, - piji + Uiy, - pij, = tf. We claim that
for any assignment-vectar, E[T” | U = u] = ¢,(u,1).
The reasoning is as follows. Recall th&it = {X, ;} de-

notes the final integral assignment. Then, conditional on

“U = u", we have: ()X, ; + X;;, < 1 with probability
one sinceu; ;, + u;  , € [0,1]; and (i) E[X; ;, ]

E[X; j,] = u; j,. In particular, we have

= Uigs

PriX; , = Xij, =0l =1 —u;j — uij,

Using these observations, we get AT | U = u] =
¢p(u, ). Similarly, in the case where; ;, + u; j, € (1,2],

arguments show again thai7?” | U = u] = ¢, (u, ).

Recall the function, (x, ¢) from the paragraph on defi-
nitions preceding the statement of this theorem. Irrespective
of the value ofu; ;, + u; ;,, we have

E[TY | U =] E[TY | U=4] _
W E (X ) [U=d] el
E[TY | U =]

- V().

7+ wi gy 0F 5, w0t g,
The last inequality follows from Lemma 7. By rearranging
this expression and unconditioning on the valudjofwe
get

E[TY] < ()& + Elup(X,4)])

< ET+ > @7 ,07;) (by Lemma 2)
;

S0, 3", E[TP] < 27(p) - T?, by (9) and (10). The claims
for p(p) follow by noting thatp(p) < (Z’y(p))% and sub-
stituting y(p) from Lemma 6, and by the fact that for any
non-negative random variabl, E[Z] < (E[Z?])'/?. R

Note that the present proof of Theorem 8 basically uses
the (1/2,1/2)-convex combination of the constraints (9)
and (10). In the full version of this paper, we will pursue
(slightly) better approximation algorithms for the case of
fixedp > 2, by considering other convex combinations.

5 Multi-criteria optimization for multiple L,
norms and weighted completion time

We now present our multicriteria optimization results for
a given collection ofL,, norms and weighted completion
time.

Theorem 9 Suppose we are given an instance of unrelated-
machine scheduling, and a finite set of positive integer
normsS. Suppose further that there exists an (unknown)
schedule witlL,, norm of machine-loads at most some given
T'(p) for eachp € S, and with weighted completion time at
most some giveW *. Then, our rounding algorithm of Sec-
tion 2 can be derandomized in polynomial time to guarantee
any one of the following:

1. Foreveryp € S, the rounded nornt’(p) < 2.56 - T'(p);

2. The rounded completion tinl® (X) < 3.2 - W* and

for everyp € S, the rounded norn®’(p) < 3.2 - T'(p);

3. Foranye > 0, W(X) < 2. (14 ¢)W* and for every

p €5, C(p) < 2(e+ 2)-T(p), wheree is the base of
natural logarithms;

4. There exists a constait such that ifS = {p}, then
foranye > 0 and anyp > £, W(X) < 2(1 + ¢) and
Clp) <2-T(p).



Sketch of Proof We only discuss the main arguments for the randomized version, we have two choices of assign-
proving guarantee 1 of the Lemma. Specifically, given a ment vectorsz; andz, and two scalargv;, a2 > 0 and
collection of integer norm$' and a targef.,, normT'(p) a1 + as = 1 such thaty z; + azzs = X (), We choose
for eachp € S, we either prove that no assignment exists X "+1) ¢ {z;, x5} such thaQ (X »+1)) < Q(X ). This
which simultaneously satisfies all these targets or obtain anis always possible becau§Kz) is a linear function of the
integral assignment where the fing}, norm for anyp < components in:. Next, if a machiné becomes unprotected
S is at most2.567(p). The convex program we use is a at the end of thigh + 1) iteration, then for allp € S,
variant of the one in Section 4. Instead of the constraints we need to replacg, (X "*+1) i) by ¢, (X +Y i) in the
(9) and (10), we have two such constraints for each S expression fof). It follows from (13) that this replacement
St <T(p)Pandd i, >0 i -pf; < T(p)?. does not increase the value@f

If the above convex program is infeasible, then we can  Since Q(X ) is a non-increasing function of,
clearly declare that no valid assignment exists which re- Q(X) < Q(X(®) < 1. Hence, it follows that for each
spects the targets. Assume that the convex program isp € S, Q,(X) < f(p)T'(p)?. We now analyze the final
feasible andc* is the feasible fractional assignment. We L, norms for eactp. If p = 1, the final costC(1) =
will describe a derandomization of the algorithm in Sec- >, ¢1(X,i) = Q1(X) < f(1)T(1). We now analyze the
tion 2, in order to get the guarantee for alke S. Recall valueC'(p) for normsp > 1. Suppose the algorithm termi-
the definitions from the paragraph preceding Theorem 8.nates aftef iterations. (SoX = X().) We have
Let X(") denote the (fractional) assignment vector after
iteration 2 in our derandomized rounding algorithm; so, Z TP = Z 7.
X(© = x*. Given a fractional assignmentthat occurs e ® iem®
in our algorithm (i.e.,.z = X for someh) in which ' '
machinei is unproteeted, we definep(x,_z’) as follows: Next, a moment's reflection shows that for any MQ(Z),
if p = 1, thder(lﬂ,;(x,zlp: ¢p(x,1); else ifp > 1, then TP = ¢,(X,i). SO'ZieMg‘” TP = queM;“ 6p(X, i) =
Yp(x,i) = === —t;”. It follows from Lemma 7 that

() Pien®@ YP)Wp(X,3) + 7)< v(p)(Qp(X) +
forall p > 1 andVi, ¢, (z,i) < v(p)(t;” + pp(z,9)), and oM )
letting “> °,” denote the sum over all the machines, we get
Up(z,1) < pp(w,i). (13) thatC(p)? =3, T} is at most

Let Ml(h) and Mz(h) denote the set of protected and fy(p)(f(p)T(p)p+Zt;‘p) <~(p)(f(p) + 1)T(p)*.
unprotected machines respectively immediately after it- i
eration . Let Q, (X)) = e pp(X M 4) +
POFE ¥, (XM 7). We now define the “potential func-

2
tion” for our derandomization,

Hence,C, < (v(p)(1 + f(p)))%T(p). We are now left
to show the choice of value§(p) such thatf(1) = 2.56,

(v(p)(1 + f(p )))1 < 2.56 for all integersp > 1, and

Qx ) — Z (X (W) Zp'.l @ < 1, where the summation is over the set of
f(p)-T(p)P’ positive integers. Lek = 1.28. We choosef(p) as fol-
pes lows: f(1) = 2k; forp € {2,3,4,5,6}, f(p) = % -1
where the positive value&(p) are chosen such that forp > 7, f(p) = 4kP — 1. By substituting the min-
imum achievable value(p) for eachp from Lemma 6,
Z we have(y(p)(1 + f(p )))i < 2 56 for every mtegerp
e A0 Next, observe thad X 7 < 57 i = g

log & 4k6 T By substituting the valué = 1.28, it follows
thatd> >, f(p) <11l

Note that

(o) ZZMp ’)Sl

pES

3

The restricted assignmentase of unrelated-machine
scheduling is where for each there is a valug; such
where the inequality follows from (10). Our aim is to use that for all, p; ; € {p;,0}. The following theorem per-
the method of conditional probabilities to ensure that at the tains to the approximation ratio of our algorithm in Section
end, we havé)(X) < 1. 2 for the restricted assignment case. As in [6], we first ob-

We are now ready to describe the derandomized ver-tain the unique fractional solutiog* which is simultane-
sion of our rounding algorithm. In iteratioh + 1, as in ouslyoptimal with respect all norms > 1. Azaret al. [6]



show thatz* can be rounded efficiently to get atvsolute
2-approximation factor w.r.t. every norm > 1. (That is,
eachL, norm is individually at most twice optimal). This

tional vectorz, we can in randomized polynomial time con-
struct a vectoty such that: (i)Vj, y; € {[z;], [z;]} with
probability 1, (ii) Vi, (Ay); < (Az); + t, with probability

result was also independently shown by [10]. We get an 1, and (iii) for eachj, E[y;] = x;. In particular, given any

improvement as follows:

Theorem 10 Given an all-norm fractionally optimal as-
signmentc*, and a fixed normp’ € [1,00), our rounding
algorithm can be derandomized in polytime to simultane-
ously yield ap(p’) < 2 absolute approximation w.r.t. norm
p’ and an absolut@-approximation w.r.t. all other norms

p > 1, wherep(p’) is the function from Theorem 8.

6 Generalizing the Karp et al. procedure and
applications

We now employ some of the ideas behind our algo-
rithm of Section 2 to develop two additional applications.
The 2-approximation for makespan minimization in unre-
lated parallel machines [15] was extended in [18] as fol-
lows. Suppose we are given some numbess;} (where
¢i,; corresponds, e.g., to the cost of processing jain
machinei), a target makespaf, and a fractional assign-

vectorc, we haveE[y . c;y;] = C = >, c;x;. Further-
more, a vectory for which (i) and (ii) hold, and for which
Zj c;y; < C, can be constructed in deterministic polyno-
mial time.

Proof (Sketch) The result of [12] describes a determinis-
tic algorithm (denoted by) to obtain a rounded vectar,
satisfying the properties (i) and (ii) of this theorem. We first
recap the main ideas underlying the result of [12]. By sub-
tracting out integer parts, we may assume thae [0, 1]

for all j. At any point in.A, once we round:; to 0 or 1,

we will never alter it. We keep rounding variables incre-
mentally; suppos# is the current set of indicessuch that

z; € (0,1). Let|S| = s. Thus,z is a point in(0,1)®,
and we will modifyx so that at least one more variable gets
rounded, as follows. Consider the linear system restricted to
the set of variables i§. It is shown in [12] that: (a) either
this system is under-determined, or (b) there exists airow
(which can be found efficiently) such that no matter how we
round the variables i§ to get a final vectoy, we will have

mentz that satisfies the target makespan as well as the(Ay); < b; + t. If (b) holds, we can keep discarding such

constraint)_, ; ¢; jz;,; = C for someC. Then, the al-
gorithm of [18] constructs an integral assignmegnsuch
that Zj Di, Y45 < 2T for all 7, andzm Ci,jYi,j < C.

rowsi from consideration (since they are “safe” from now
on), until case (a) holds. Now, if case (a) holds, elementary
linear algebra shows that there is a directitihat we can

We now describe how a basic rounding theorem of Karp follow starting from the current point € (0, 1)%, such that

et al.[12] can be used to obtain the result of [15]. We then
show a probabilistic generalization of this theorem of [12]
(Theorem 11) which yields the result of [18]. We also de-

all values(Ax); remain unchanged. Thus, the approach of
[12] is to travel along” starting fromz, until we hit a face
of the s-dimensional cube. The result of [12] follows by

scribe an extension (Theorem 12) to the setting where werepeating the rounding in this manner.

are given multiple cost objectives and by paying a slightly
larger factor for the makespan, we can bound dfso-
lute deviation for the additional objectives. In the set-
ting of [12], we are given a matrid € R™*", with

t denotingmax; {3, 4. -0 Aijs — 2;a,,<0 Ais}. Then,

it is shown in [12] that for any given real vectar =
(21, 22,...,2,)T, we can efficiently find aoundedcoun-
terparty = (y1,v2,--.,yn)’ such that| Ay — Az|| < t.

To see how this yields the result of [15], first, consider the
standard LP(A1) Vj, > . x; ; > 1; (A2) Vi, Zj Dij%ij <

T, (A3) 0< i 4 <1; and(A4) Dij > T impliesa:m- = 0.

If we multiply the constraintgAl) by —T', the parameter
t, in the sense of the Kargt al. result [12], can be taken
to be T, and therefore there is an integral vectosuch
that: (i) for eachj, >, —vy;; < O, or Zj vi; > 1 (.e.,
job j is assigned to some machine), and (ii) for each
> Pijyi,; < 2T. We now describe our probabilistic gen-
eralization of the theorem of [12]:

Theorem 11 Given a matrixA € R™*" with ¢ de-
notingmax;{3_, 4, 50 Aij» — 2i.a,, <0 4ij }, and a frac-

We now randomize the rounding algorith#nas follows.
Note that there are two opposite directions in which we can
travel alongr starting fromz: 7 and—v. Let« and3 be
the positive quantities such that the poipis= = + ar and
p2 = x — (r lie on a face of the-dimensional cube. Then,
we choose to move @, with probability3/(a + 3), and to
po2 With the complementary probability ef/(« + 3). We
can check that (B1) and (B2) continue to hold with proba-
bility one at the end of this algorithm. The added advantage
of our method is that due to our random choice, the ex-
pected change in any dimension of our veatas zero; an
easy induction over time then establishes property (ii) of the
statement of Theorem 11. Finally, property (iii) can be es-
tablished by derandomizing this algorithm using the method
of conditional probabilitiesll

Theorem 11 can be similarly seen to imply the result of
[18]. We also extend Theorem 11 in the following useful
manner: suppose, in addition to the systdm < b, we
have/ additional constraints®) - z < dj,,k =1,.../. Let
M, be the maximum absolute value of any component in



¢*), andt be as before. Let > 0 be any parameter. We
show:

Theorem 12 Given a systemdz = b as in the setting of
[18], with ¢ additional linear constraints, we can, in ran-
domized polynomial time, construct a random vegtsuch
that: (i) Vj, y; € {lz;], [z;]}; (i) for all row indices< in
A, (Ay); < b; +t(1 + ¢); (iii) for each j, Ely;] = x;; (iv)
for each of the additional constraints® - = < d, k =
1,...,¢ we havgc®) .y — dy| = O(My€/e), whereM;, is
the maximum absolute value of any componentih

Note in particular that for boundedy, ¢ ande, we get
a constanadditive error for the additional constraints; we

are not aware of any other method that can yield this, even [9]

for small constantsg.
We finally consider the problem of unrelated parallel-

machine scheduling with resource-dependent processin
times. This is a generalization of the standard unrelated pal

allel machine scheduling, where the processing timegs

of any machine-job pair can be reduced by utilizing a re-

[10] A. Goel and A. Meyerson.

[4] B. Awerbuch, Y. Azar, E. F. Grove, M.-Y. Kao, P. Krish-
nan, and J. S. Vitter. Load balancing in tlig norm.

In IEEE Symposium on Foundations of Computer Science
pages 383-391, 1995.

[5] Y. Azar and A. Epstein. Convex programming for schedul-
ing unrelated parallel machines. Broc. of the ACM Sym-
posium on Theory of Computingages 331-337, 2005.

[6] Y. Azar, L. Epstein, Y. Richter, and G. J. Woeginger. All-
norm approximation algorithmsl. Algorithms 52(2):120—
133, 2004.

[7] Y. Azarand S. Taub. All-norm approximation for scheduling
on identical machines. IBWAT pages 298-310, 2004.

[8] A. K. Chandra and C. K. Wong. Worst-case analysis of a

placement algorithm related to storage allocati®AM J.

on Computing4(3):249-263, 1975.

R. Gandhi, S. Khuller, S. Parthasarathy, and A. Srinivasan.

Dependent rounding in bipartite graphs.Aroc. IEEE Sym-

posium on Foundations of Computer Science (FO@&jes

323-332, 2002.

Simultaneous optimization

via approximate majorization for concave profits or con-

vex costs. Tech. Report CMU-CS-02-203, December 2002,

Carnegie-Mellon University.

newable resource (such as additional workers) that can be[ll] A. Grigoriev, M. Sviridenko, and M. Uetz. Unrelated paral-

distributed over the jobs. Specifically, a maximum num-

ber of £ units of a resource may be used to speed up the

jobs, and the available amount kfunits of that resource
must not be exceeded at any time. Grigoee¢al.[11] pre-
sented at + 2v/2 approximation algorithm for minimizing

makespan in this setting. A direct application of Theorem
11 yields an assignment of jobs and resources to machines

combined with the resource-scheduling algorithm of [11],
we get ad-approximation for this problem.

Theorem 13 There exists a polynomial-time 4-
approximation algorithm for the problem of minimizing

makespan in unrelated parallel machine scheduling with

resource-dependent processing times.

We will present the details in the full version.
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