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ABSTRACT

We consider a fundamental flow maximization problem that
arises during the evaluation of multiple overlapping queries
defined on a data stream, in a heterogenous parallel envi-
ronment. Each query is a conjunction of boolean filters,
and each filter could be shared across multiple queries. We
are required to design an evaluation plan that evaluates fil-
ters against stream items in order to determine the set of
queries satisfied by each item. The evaluation plan specifies
for each item: (i) the subset of filters evaluated for this item
and the order of their evaluations, and (ii) the processor on
which each filter evaluation occurs. Our goal is to design
an evaluation plan which maximizes the total throughput
(flow) of the stream handled by the plan, without violating
the processor capacities.

Filter ordering has received extensive attention in single-
processor settings, with the objective of minimizing the total
cost of filter evaluations: in particular, efficient (approxima-
tion) algorithms are known for various important versions of
min-cost filter ordering. Min-cost filter ordering problem for
a single processor is a special case of our flow maximization
for parallel processors. Our main contribution in this work
is a generic flow-maximization algorithm, which assumes the
availability of a min-cost filter ordering algorithm for a single
processor, and uses this to iteratively construct a solution
to the flow-maximization problem for heterogenous parallel
processors. We show that the approximation ratio of our
flow-maximization strategy is essentially the same as that
of the underlying min-cost filter ordering algorithm. Our
result, along with existing results on min-cost filter order-
ing, enables the optimization of several important versions
of filter ordering in parallel environments.
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1. INTRODUCTION
We consider a fundamental flow maximization problem

that arises in the evaluation of multiple overlapping queries
defined on a data stream. In our problem, we are given (i) a
collection of commutative boolean filters; (ii) a collection of
queries, each of which is a conjunction of a subset of filters;
and (iii) a collection of heterogenous parallel processors on
which the filters could be evaluated along with a capacity
value for each processor. Evaluating a specific filter on differ-
ent processors could, in general, induce different processing
loads on them. Evaluating a specific filter on a stream item
results in a true value (if the item satisfies the filter) or false
value (otherwise). An item satisfies a query if it satisfies all
of its filters.

An evaluation plan identifies the set of queries satisfied by
each stream item; it consists of an adaptive ordering which
incrementally selects the filters that are evaluated for each
stream item, as well a schedule which decides the proces-
sor on which each filter evaluation is performed. Our goal
is to devise an evaluation plan which maximizes the over-
all throughput or flow (in stream items per second) that is
handled by the system, subject to the constraint that the
total load on each processor does not exceed its capacity.
The choice of the evaluation plan is simultaneously influ-
enced by many factors including: filter selectivities (i.e., the
probability that a stream item satisfies a given filter), corre-
lation between filter selectivities, filter popularities (i.e., the
number of queries that contain a given filter), and the filter-
processor load values (i.e., time taken to evaluate a given
filter on a given processor).

Filter ordering problems command a long history in database
and stream computing literature [15, 18, 13, 21, 19, 7, 17],
and have been at the focus of renewed attention due to their
applications in web services [4, 9, 12], high-throughput data
stream computing [1, 2], sensor networks [8] and multimedia
stream analysis and classification [19]. Much of the existing
work [15, 18, 13, 21, 2, 19] deals with a cost-minimization



problem that arises in the context of a single-processor en-
vironment. In the min-cost filter ordering problem, we are
given a fixed cost for evaluating each filter, and our goal
is to adaptively order the filter evaluations for each stream
item in order to determine all the queries satisfied by the
item, while minimizing the total expected cost of evaluation.
Min-cost filter ordering for the special case of a single query
and filters whose selectivities are mutually independent has
been considered earlier [15, 18, 13] and it is well-known that
a natural greedy strategy is provably optimal in this case.
Babu et al. [2] studied the case of a single query with ar-
bitrarily correlated filters; they showed that min-cost filter
ordering is NP-Complete in this setting and presented a 4-
approximation algorithm for this problem. Min-cost filter
ordering in the setting of multiple overlapping queries and
mutually independent filters was considered by Munagala et
al. [21], who showed the problem to be NP-Complete and
presented a O(log2(n) log(m))-approximation algorithm for
the problem, where n and m are the number of filters and
queries respectively. Liu et al. [19] present an improved
1 + log(n) + log(m)-approximation algorithm for the same
setting as [21].

In contrast to min-cost filter ordering which deals with
a single-processor setting, our concern in this work is flow-
maximization which deals with the joint problem of filter
ordering and scheduling in a heterogenous parallel-processor
environment. Indeed, min-cost filter ordering is easily seen
to be a special case of flow-maximization, when the latter
is restricted to a single-processor and the processing load of
a filter is equal to its cost. Thus, we observe that design-
ing a θ-approximation algorithm for the flow-maximization
problem also yields a θ-approximation for the min-cost filter
ordering problem. Our central contribution in this work is a
surprising result which shows that the converse is also true.

We develop a generic algorithm for flow-maximization called
Virtual Cost Vectors (VCV). VCV takes as input an in-
stance of flow-maximization, as well as a polynomial-time
γ-approximation algorithm for min-cost filter ordering. Us-
ing the latter as a subroutine, VCV builds (essentially) a
γ-approximate solution to flow maximization. In particu-
lar, given parameters τ > 0 and φ ∈ (0, 1), with probability
φ, VCV is guaranteed to produce a feasible solution to flow
maximization that is at most a factor of γ · (1 + τ ) from the
optimal flow value. The runtime of VCV is guaranteed to
be polynomial in the number of filters, queries, and proces-
sors for any fixed values of τ and φ. Thus, consider the flow
maximization problem with (i) single query and independent
filter selectivities, (ii) single query and arbitrarily correlated
filter selectivities, and (iii) multiple overlapping queries with
independent filter selectivities. VCV in conjunction with
the work of [15, 18, 13], [2], and [19], yields with high-
probability, a (1+τ )-approximation, 4·(1+τ )-approximation,
and (1+log(n)+log(m))·(1+τ )-approximation for the above
problems respectively.

The VCV algorithm computes virtual cost-functions yℓ(Fi,Mk)
which specify a cost for evaluating filter Fi on processor Mk.
Each cost-function yℓ, along with the min-cost filter order-
ing algorithm, represents a specific adaptive ordering and
scheduling strategy, and thus acts as an atomic component
of the solution to the flow maximization. Indeed, for a given
cost-function yℓ, the scheduling strategy is utterly simple:
whenever we evaluate filter Fi, we always do so on a pro-
cessor Mk such that yℓ(Fi,Mk) is minimum. This leaves us

only with the problem of filter ordering which, for a given
cost-function yℓ, is solved by the min-cost filter ordering al-
gorithm. The final solution output by VCV simply consists
of a collection of cost functions, and the fraction of the input
flow that is routed through each cost function.

At the heart of VCV lies the procedure for iteratively com-
puting the virtual cost-functions. This procedure is inspired
by the seminal work of Plotkin, Shmoys and Tardos [22] (and
subsequently built upon by others [11, 25]) which provides
for a fast approximation algorithm based on primal-dual
techniques, to solve certain classes of linear programs. How-
ever, a major distinction between our setting and the above
mentioned one is that the latter assumes that the constraint
matrix for the linear program is given as part of the input; in
our case, the constraint matrix is of exponential size and is
not part of the input. We overcome this through the use of
a carefully constructed sampling procedure, which estimates
the relevant portions of the constraint matrix alongside the
iteratively computed cost-functions. Thus, the VCV algo-
rithm and its analysis is derived through a careful fusion
of primal-dual techniques, sampling procedures, as well as
other problem specific ideas.

1.1 Related Work
The work of Kodialam [17] and Condon et al. [7] is most

similar in spirit to our work. Kodialam [17] considered the
flow maximization problem in the context of a single query
with filters whose selectivities are mutually independent un-
der the assumption that each filter is assigned to exactly a
single processor (i.e., dedicated filter placements); he pre-
sented an optimal flow algorithm for this scenario whose
runtime is O(n3 log n). The recent work of Condon et al. [7]
improves upon Kodialam’s result by providing an O(n2) al-
gorithm for the same problem. Our work does not directly
challenge the results of [17] and [7] – in their setting, our
algorithm produces a (1 + τ )-approximation with probabil-
ity φ, where τ > 0 and φ ∈ (0, 1) are input parameters
which affect the runtime of our algorithm. However, our
algorithm solves a substantially more general problem than
[17] and [7]. The utility of our algorithm stems from the
fact that it makes no assumption about either the combi-
natorial structure of the query-filter bipartite graph, or the
correlation between filter selectivities, but instead relies on
the underlying min-cost filter ordering algorithm to handle
these issues.

As noted in Section 1, various versions of the min-cost
filter ordering problem have received substantial attention
in the literature [15, 18, 13, 21, 2, 19]. This problem, and
hence our flow maximization problem, both generalize the
classical minimum set-cover problem [24]. A variant of the
set-cover problem, namely, min-sum set cover possesses a
similar combinatorial flavor as single-query min-cost filter
ordering [2]; this problem is known to be NP-Complete and
has received much attention in the field of approximation
algorithms [3, 6, 10, 20]. In terms of single query min-cost
filter ordering, the min-sum set cover problem can be viewed
as follows: we are given a collection of items, the subset of
filters satisfied by each item, and the cost of each filter.
We need to determine a fixed order of filters with which
to evaluate all items; this is subject to the constraint that
an item can be dropped after the evaluation of first filter
in the order that is not satisfied by the item; our goal is
to determine an order which minimizes the total cost over



all evaluations of the items. Single query min-cost filter
ordering has also been an object of study in other areas
such as fault detection [23] and machine learning [16].

2. PRELIMINARIES

2.1 Problem Formulation
An instance of the flow maximization problem consists of

a set of queries Q, and a set of commutative filters F which
process the input data stream, and a set of processorsM on
which the filter evaluations occur. Each filter Fi ∈ F takes
a stream item t as input and returns either true or false as
output. If filter Fi returns true for item t, we say that t
satisfies Fi. A query q ∈ Q is a conjunction of a subset of
filters F (q) ⊆ Q; if a stream item t satisfies all the filters in
F (q), we say that t satisfies query q. If we decide to invoke
filter Fi for a stream item t, then we also need to assign a
processor Mk ∈M on which Fi will be evaluated for item t.

The evaluation plan determines, for each item t in the
input stream, an adaptive ordering and schedule of filters
Fσ(1), Fσ(2), . . . , Fσ(r) such that the following properties hold:
(P1): If t satisfies query q, then all the filters in F (q) ap-
pear in the adaptive ordering. (P2): If t does not satisfy
q, then at least one filter in F (q) which is not satisfied by t
appears in the adaptive ordering. For each filter F which is
selected by the adaptive ordering, the schedule determines
the specific processor Mk ∈ M on which filter F is eval-
uated. The phrase adaptive ordering underscores the fact
that, for a given stream item t, the choice of the i+ 1st fil-
ter Fσ(i+1) in the ordering depends on the outcome of the
previous i filter evaluations. Further, there could be inter-
nal random choices within a plan introduced for the sake
of load balancing, which also contributes to the adaptivity.
The schedule determines the processor on which each filter
evaluation occurs. We emphasize that, in general, a single
fixed plan could adaptively construct different filter order-
ings and schedules for different stream items.

Let L(Fi,Mk) denote the processing load incurred by pro-
cessor Mk when a stream item t invokes filter Fi on Mk.

1

Consider an item t which is chosen uniformly at random
from the input stream. Given a plan P , let A(P , Fi,Mk)
denote the unconditional probability of the following event:
“plan P invokes filter Fi on processor Mk for item t”. Let
r(P) (in items/sec) be the rate at which stream items are
processed by plan P . In order for the plan to be stable,
the total load on each processor must not exceed its ca-
pacity: i.e., (P3) ∀ Mk ∈ M : r(P)

∑

Fi∈F A(P , Fi,Mk) ·

L(Fi,Mk) ≤ b(Mk); here, b(Mk) denotes the capacity of pro-
cessor Mk. For the purpose of bounding the runtime of our
algorithm, we will assume that the processor capacities are
polynomially bounded: in particular, we will assume that
minMk∈M b(Mk) = 1, and maxMk∈M b(Mk) ≤ n

λ0 , where n
is the number of filters, and λ0 is a fixed constant.

Definition 1. The Flow Maximization Problem is de-
fined as the problem of computing an evaluation plan P

1More generally, the processing load could be a random vari-
able in which case we let L(Fi,Mk) denote the expected
processing-load incurred by filter Fi on Mk. All our results
continue to hold in this case. The L(·, ·) values could be
time varying characteristics of the input stream; we always
refer to their current values.

which satisfies properties (P1), (P2) and (P3) such that
the total input flow r(P) handled by the plan is maximized.

Since the solution to the min-cost filter ordering prob-
lem acts as a crucial subroutine in our solution to the flow
maximization problem, we provide a formal definition of the
former problem as well. Suppose we are given a cost func-
tion y which specifies costs2 y(Fi,Mk) for evaluating filter
Fi on processor Mk.

Definition 2. The Min-cost Filter Ordering Problem is
defined as the problem of computing an evaluation plan P
which satisfies properties (P1) and (P2) such that the to-
tal expected cost

∑

Fi∈F

∑

Mk∈MA(P , Fi,Mk)y(Fi,Mk) in-
curred by the plan is minimized.

2.2 Evaluation Tree Formulation
We now introduce the notion of evaluation trees which

will set the stage for our subsequent discussions. An eval-
uation tree is an atomic component of the evaluation plan
and represents a specific adaptive ordering and scheduling
of filters. Formally, the evaluation tree is a binary tree3

whose nodes are filter-processor pairs. The root of the tree
(F,M) denotes the first filter F which will be evaluated when
a stream item needs to be processed, and also the proces-
sor M on which F will be evaluated. The root’s left child
(Fleft,Mleft) denotes the second filter-processor pair that
will be invoked if the filter F is true, while the right child
(Fleft,Mleft) denotes the second filter-processor pair that
will be invoked if the filter F is false. This relationship be-
tween a node and its left and right child applies recursively to
each internal node within the tree. Traversing the evaluation
tree from the root towards one of its leaves corresponds to a
particular sequence of events (true/false results, filter selec-
tion, and scheduling) which occured when this tree was used
for evaluating a specific stream item. Since each evaluation
tree represents a specific adaptive ordering and scheduling of
filters, it clearly needs to satisfy properties (P1) and (P2).

The flow maximization problem can now be succinctly
viewed as a problem of (i) selecting a collection of evalu-
ation trees, and (ii) deciding the fraction of stream items
processed by each evaluation tree such that the capacity
constraints of the processors are not violated, and the to-
tal rate of stream items handled by all the trees together
is maximized. Specifically, given an evaluation tree T , with
a slight abuse of notation, we will let A(T,F,M) denote
the probability that the evaluation tree will invoke filter F
on processor M when used to evaluate a randomly chosen
stream item; let f(T ) (in items/sec) be the rate at which
stream items are processed by tree T . Let D denote the
set of all evaluation trees. The flow maximization problem
seeks a solution to the following linear program.

max
∑

T∈D

f(T ) (1)

∀ Mk,
∑

Fi

L(Fi,Mk)
∑

T∈D

f(T ) ·A(T, Fi,Mk)

≤ b(Mk) (2)

2Costs are virtual and need not have a physical interpreta-
tion
3Nodes in the tree have either zero or two children



We also note that evaluation trees provide a convenient
way of viewing the min-cost filter ordering problem. Given
a cost function y, the min-cost filter ordering problem simply
asks for a least cost evaluation tree T : i.e., find
arg minT∈D

∑

Fi∈F

∑

Mk∈MA(T,Fi,Mk)y(Fi,Mk).

3. OUR APPROACH IN BRIEF
We now present four observations which highlight the key

elements of our approach. First, note that the flow max-
imization LP ((1) and (2)) has an exponential number of
variables, since the number of evaluation trees is exponential
in the number of filters and processors. However, the flow
maximization LP is a packing LP.4 The primal-dual frame-
work of [22, 11] provides fast combinatorial algorithms for
the approximate solution of such packing LPs. These algo-
rithms update the dual variables iteratively, and each update
involves choosing the column of least length from the primal
LP’s coefficient matrix and then modifying the primal vari-
ables which contain positive coefficients in this column; the
update method also simultaneously modifies the dual vari-
ables. Here, the length of a column is defined as its dot
product with the current dual solution. The only assump-
tion made in this framework is that an efficient (poly-time)
procedure exists for choosing the least length column, which
sufficies to guarantee that their algorithm will terminate in
poly-time. These facts leads to our first observation: in
the context of our flow maximization problem, the task of
choosing a least length column corresponds exactly to the
task of choosing the least cost evaluation tree T , where the
cost-function is the current dual-solution! Thus, a solution
to the min-cost filter ordering problem provides us with an
opening for solving the flow maximization problem.

The min-cost filter ordering problem is known to be NP-
Complete [21] with the exception of the special case that
has only a single query and filters whose selectivities are
mutually independent [15, 18, 13] - a simple greedy strat-
egy is provably optimal in this case. However, as noted
in Section 1, efficient approximation algorithms are known
for other important and non-trivial special cases of min-
cost filter ordering. For instance, for the special case of
a single query but arbitrarily correlated filter selectivities,
Babu et al. [20, 2] developed a 4-approximation algorithm;
for the case of multiple overlapping queries with mutually
independent filter selectivities, Munagala et al. [21] devel-
oped an O(log2(n) log(m)) approximation algorithm, where
n and m are the number of filters and queries respectively.
The recent work of Liu et al. [19] presents an improved
1 + log(n) + log(m)-approximation algorithm for the same
setting as [21]. These facts motivate our second observa-
tion: given a γ-approximation algorithm for a special case
of the min-cost filter ordering problem, we can utilize this
as a subroutine to construct a solution to the corresponding
special case of the flow maximization problem. The factor
γ eventually manifests itself in the approximation guarantee
which we establish for our solution to the flow maximiza-
tion problem. Thus, consider the following special cases of
the flow maximization problem: (i) a single query with mu-
tually independent filters, (ii) a single query with arbitrar-
ily correlated filters, and (iii) multiple overlapping queries
with mutually independent queries. Our work yields 1 + τ ,

4Recall that a packing LP is of the form: max cT ·x subject
to Ax ≤ B, where x, A, and c have non-negative coefficients.

4 · (1 + τ ), and (1+ log(n) + log(m)) · (1+ τ )-approximation
algorithms for these respective special cases of flow maxi-
mization. Here, τ > 0 is a parameter that can be chosen
arbitrarily to tradeoff the approximation ratio of our algo-
rithm at the expense of its runtime.

The size of an evaluation tree is generally exponential in
the number of filters and processors. Thus an explicit rep-
resentation of a solution to the flow maximization problem
using evaluation trees is problematic. However, an algo-
rithm for the min-cost filter ordering problem, along with
a specific cost function, provides an implicit representation
for a single evaluation tree5 which lets us circumvent the
representation problem. This leads us to our third observa-
tion: a solution to the flow maximization problem can be
efficiently represented through a collection of (polynomial
number of) cost functions, an associated min-cost filter or-
dering algorithm, and by specifying the fraction of the input
flow that is routed using each cost function. This observa-
tion is also the reasoning behind the name of our algorithm:
the acronym VCV stands for Virtual Cost Vectors.

Consider a specific cost vector y and the associated min-
cost filter ordering algorithm, which provides an implicit
representation for some evaluation tree T . While y is a suc-
cinct representation for T , in general no closed form expres-
sion for A(T, Fj ,Mk) – the probability that tree T evalu-
ates filter Fj on processor Mk – can be derived from y, and
hence A(T, Fj ,Mk) cannot be computed analytically. The
A(T, ·, ·)-values are however crucial for the cost update rule
between successive iterations of our algorithm, as well as
for determining the split up of the input flow between vari-
ous cost-vectors. This leads to our fourth observation: the
A(T, ·, ·)-values can be computed upto the required degree
of accuracy through sampling, by generating a polynomial-
number of stream inputs and executing the min-cost filter
ordering algorithm over these inputs. A potential glitch here
is that if an A(T, ·, ·)-value is negligible (e.g., inverse ex-
ponential), then computing it to any reasonable degree of
accuracy requires too many (exponential) samples. But in
this scenario, we can exploit the fact that the impact of
this A(T, ·, ·)-value on the filter evaluation cost is negligible;
hence, we can round up estimates of A(T, ·, ·)-values that are
negligibly low to a suitably chosen threshold, without sig-
nificantly altering the eventual approximation ratio of our
algorithm. In a nutshell, our algorithm and its analysis is
thus derived through a careful concoction of primal-dual and
sampling techniques.

4. VCV ALGORITHM
We now present the VCV algorithm. For ease of exposi-

tion, in this section and in Section 5, we will assume dedi-
cated filter placements: i.e., each filter is placed on exactly
one processor, and each processor contains a single filter.
This assumption altogether eliminates the need for schedul-
ing in the flow maximization problem. In Section 6, we will
describe how to extend the algorithm when the assignment
of filters to processors is arbitrary (i.e., each filter could be
present in an arbitrary subset of processors, and the load
incurred by a specific filter on a processor is given as part
of the input). Throughout Sections 4 and 5, we will assume

5More generally, if the min-cost filter ordering algorithm
is randomized, it provides an implicit representation for a
distribution over evaluation trees.



the following notation: index j represents a filter and its
corresponding processor, index ℓ represents a specific itera-
tion of the VCV algorithm, b(j) represents the capacity of
filter (or processor) j in stream items per second (i.e., if the
expected number of stream items per second which evaluate
filter j is ≥ b(j), then the solution is infeasible), A(T, j) is

the probability of evaluation tree T invoking filter j, Ã(T, j)
is our estimate of A(T, j) obtained through our sampling
subroutine, and yℓ(j) represents the (dual) cost of filter j
during iteration ℓ.

Recall that VCV is a (τ, φ)-approximation scheme: given
a min-cost filter ordering algorithm with an approximation
ratio γ, VCV produces a solution to the flow maximization
problem such that, with probability φ, the approximation
ratio of the solution is at most γ(1 + τ ). In the description
of VCV (Algorithm 1), n denotes the number of filters, and
δ and ρ1 are parameters whose values are set as follows:

δ = (1 + ǫ) · ((1 + ǫ)n)−
1
ǫ (3)

ρ1 = 1 +
2

nβ
(4)

The parameters β and ǫ are suitably chosen constants whose
values will be specified in Lemma 9 and in the proof of The-
orem 13 respectively.

We are now ready to describe VCV. VCV (Algorithm 1)
starts by initializing the dual costs of each filter (Step 2).
The dual-cost vector yℓ along with the min-cost filter or-
dering algorithm implicitly represents the evaluation tree
Tℓ chosen during iteration ℓ. Within a specific iteration ℓ,
for each filter j, the subroutine Sample-And-Estimate esti-
mates the probability that Tℓ invokes filter j (Step 5). These
estimates are used to determine the bottleneck filter jmin

ℓ

(Step 6): the term bottleneck emphasizes the fact that if
we gradually increase the flow routed through Tℓ, then jmin

ℓ

would be the first filter to be saturated (under the ideal

sampling assumption that the estimates Ã(·, ·) are precisely
equal to A(·, ·); further, since we assume dedicated filter
placements, a filter being saturated is equivalent to its cor-
responding processor being saturated). The bottleneck rate
r(Tℓ) is the flow value at which the bottleneck filter satu-

rates (Step 7). The estimates Ã(·, ·) are then utilized in the
exponential cost-update rule for calculating the updated fil-
ter costs (Step 8). Observe that the cost increase of a filter j

is inversely proportional to the flow-value b(j)

Ã(Tℓ,b(j))
at which

this filter would have saturated under the evaluation tree Tℓ.
Throughout the course of its execution, VCV keeps track of
the dual-value Qℓ (Steps 3 and 9): the algorithm terminates
when Qℓ equals or exceeds one (Steps 4 and 11). The fi-
nal flow-values f(·) routed through the evaluation trees are
scaled down values of the corresponding bottleneck rates r(·)
(Step 12).

In order to complete the description of VCV, we now
present the details of Sample-And-Estimate (Algorithm 2)
which is invoked in Step 5 of VCV. In this subroutine, h is
a parameter whose value is set as h = ω + 3β + 3; ω is a
parameter whose value is determined in Lemma 11. Given
a cost-vector yℓ, for each filter j, Sample-And-Estimate re-
turns an estimate Ã(Tℓ, j), which is an estimate of the prob-
ability that the decision-tree Tℓ invokes filter j. Sample-

and-Estimate creates nh samples of the stream items and
runs the min-cost filter ordering algorithm on each of these
items. It then computes the sample averages Ã(·, ·) in Line

Algorithm 1 VCV

1: Initialize iteration count: ℓ← 1
2: Create the first cost vector: ∀filters j, yℓ(j) = δ

b(j)

3: Compute dual-value: Qℓ =
∑

j yℓ(j) · b(j)

4: while Q(yℓ) < 1 do

5: For all filters j, Sample-And-Estimate Ã(Tℓ, j)

6: Detect bottleneck filter: jminℓ = arg minj
b(j)

Ã(Tℓ,j)

7: Set the bottleneck rate: r(Tℓ) =
b(jminℓ )

Ã(Tℓ,j
min
ℓ

)

8: Compute new cost-vector:

∀filters j, yℓ+1(j) = yℓ(j) ·
(

1 + ǫ ·
b(jminℓ )Ã(Tℓ,j)

b(j)Ã(Tℓ,j
min
ℓ

)

)

9: Compute new dual-value: Q(yℓ+1) =
∑

j yℓ+1(j) · b(j)
10: Increment ℓ: ℓ← ℓ+ 1
11: end while
12: Compute final flows: f(Tℓ) = r(Tℓ)

ρ1·log1+ǫ−ǫ2
1+ǫ
δ

13: return all cost vectors yℓ and associated flows f(Tℓ)

10. If an estimate Ã(·, ·) is less than a threshold 1
nω

, then

the value of Ã(·, ·) is rounded up to 1
nω

. This completes the
description of Sample-and-Estimate and VCV.

Algorithm 2 Sample-And-Estimate

1: Create a set S of nh data samples
2: for all data samples s ∈ S do
3: Run min-cost filter ordering algorithm for s
4: if this run invokes filter j then
5: Xs(Tℓ, j) = 1
6: else
7: Xs(Tℓ, j) = 0
8: end if
9: end for

10: Compute ∀ j, Ã(Tℓ, j) = max{
∑

s∈S Xs(Tℓ,j)

|S|
, 1
nω
}

11: return ∀ j, Ã(Tℓ, j)

5. ANALYSIS OF VCV
Our goal in this section is to prove that VCV is indeed

a (τ, φ)-approximation scheme for the flow maximization
problem. For ease of analysis, we make no attempts to op-
timize the various parameters and constants involved in the
analysis; in particular, we believe, we can demonstrate a sub-
stantially better runtime without any modifications to the
algorithm, through a tighter analysis – we defer this task to
a full version of this paper. We begin by recalling that the
primal LP we are interested in solving is the following:

max
∑

T ∈D f(T ) (5)

∀filters j :
∑

T ∈D f(T )·A(T ,j)

b(j)
≤ 1 (6)

Consider the dual LP:

min
∑

j y(j)b(j) (7)

∀T ∈ D :
∑

j y(j) ·A(T , j) ≥ 1 (8)

The dual LP has a natural interpretation as follows. Vari-
able y(j) denotes the (virtual) cost of evaluating filter j.
Our goal is to assign costs to filters such that the total
weighted cost

∑

j y(j)b(j) is minimized subject to the con-
straint that the expected cost of each decision tree is at least



one. We emphasize that, as is generally true in primal-dual
algorithms, the costs in the dual LP are conceptual and do
not necessarily have a physical interpretation.

Given a cost-vector y, recall that in Step 3 of VCV, we

define the dual-value Q(y)
def
=
∑

j y(j)b(j). Define α(y) as
the cost of the minimum cost tree under the cost-vector y:

α(y)
def
= minT ∈D

∑

j A(T , j)y(j). The dual problem can now
be conveniently stated as that of finding a cost-vector y such

that Q(y)
α(y)

is minimized. Define ζ
def
= miny

Q(y)
α(y)

. By the

theorem of LP-duality, ζ is the optimal value of our flow
problem.

Before proceeding further, we first state the Chernoff-
Hoeffding tail bounds which will be useful in our analysis.

Fact 3. ([5, 14]) Given independent random variables
X1, . . . ,Xu ∈ [0, 1], let X =

∑u
i=1Xi and µ = E[X]; then

(i) for any ψ > 0, Pr [X ≥ (1 + ψ)µ] <
(

eψ

(1+ψ)(1+ψ)

)µ

, (ii)

for any ψ ∈ [0, 1], Pr [X ≤ (1− ψ)µ] ≤
(

e−ψ

(1−ψ)(1−ψ)

)µ

, and

(iii) for any ψ ∈ [0, 1], Pr [|X − µ| ≥ ψµ] ≤ 2e−
µψ2

3 .

We begin by upper bounding the number of iterations in
VCV.

Lemma 4. The number of iterations in VCV is at most
ℓmax = n⌊ 1

ǫ
(1 + log1+ǫ(n))⌋.

Proof. Suppose the VCV algorithm terminates after t
iterations (i.e., it returns t cost vectors). Consider the ℓth

iteration of VCV: we increase the cost of the bottleneck filter
exactly by a factor of 1 + ǫ, and increase the cost of the
other filters by at most this factor. Further, for any filter j,
(3) implies y1(j) = δ

b(j)
and our stopping condition implies

yt+1(j) <
1+ǫ
b(j)

; hence, the number of iterations in which j is

the bottleneck filter is at most ⌊log1+ǫ

(

1+ǫ
δ

)

⌋, which by (3)

is at most ⌊ 1
ǫ
·(1+log1+ǫ(n))⌋. Since there are n filters in all,

the total number of iterations ℓmax in the VCV algorithm is
at most ℓmax = n⌊ 1

ǫ
· (1 + log1+ǫ(n))⌋.

Lemma 5. Consider a fixed invocation of Sample-and-

Estimate in Step 5 of Algorithm 1 for the value Ã(Tℓ, j). Let
A(Tℓ, j) ≥

1
nω

. Consider any β ≥ 1; if we set h = ω+3β+3
in Step 1 of Sample-and-Estimate, then

Pr
[

|Ã(Tℓ, j)− A(Tℓ, j)| ≥
A(Tℓ,j)

nβ

]

≤ e−n
β

.

Proof.

Pr[|
∑

s∈S(Tℓ,j)

Xs(Tℓ, j)−E[
∑

s∈S(Tℓ,j)

Xs(Tℓ, j)]|

≥
E[
∑

s∈S(Tℓ,j)
Xs(Tℓ, j)]

nβ
]

≤ 2e
−
E[

∑

s∈S(Tℓ,j)
Xs(Tℓ,j)]

3n2β (from Fact 3)

≤ 2e−
nh−ω−2β

3

≤ e−n
h−ω−2β−3

(since h = ω + 3β + 3, n ≥ 2, and β ≥ 1)

= e−n
β

(9)

Further, observe that:

|Ã(Tℓ, j) − A(Tℓ, j)| ≥
A(Tℓ, j)

nβ

⇒ |max {
∑

s∈S(Tℓ,j)

Xs(Tℓ, j)

nh
,

1

nω
} − A(Tℓ, j)| ≥

A(Tℓ, j)

nβ

⇒ |max {
∑

s∈S(Tℓ,j)

Xs(Tℓ, j),
nh

nω
} − nh · A(Tℓ, j)|

≥ nh ·
A(Tℓ, j)

nβ

⇒ |max {
∑

s∈S(Tℓ,j)

Xs(Tℓ, j),
nh

nω
} −E[

∑

s∈S(Tℓ,j)

Xs(Tℓ, j)]|

≥
E[
∑

s∈S(Tℓ,j)
Xs(Tℓ, j)]

nβ
(10)

Assuming that the event in the R.H.S. of (10) occured, one
of the below two mutually exclusively events must have oc-

cured: (a)
∑

s∈S(Tℓ,j)
Xs(Tℓ, j) ≥

nh

nω
; in this case, we have:

|
∑

s∈S(Tℓ,j)
Xs(Tℓ, j)−E[

∑

s∈S(Tℓ,j)
Xs(Tℓ, j)]| ≥

E[
∑

s∈S(Tℓ,j)
Xs(Tℓ,j)]

nβ
, or (b)

∑

s∈S(Tℓ,j)
Xs(Tℓ, j) <

nh

nω
; in

this case, sinceA(Tℓ, j) ≥
1
nω

, we have: |
∑

s∈S(Tℓ,j)
Xs(Tℓ, j)−

E[
∑

s∈S(Tℓ,j)
Xs(Tℓ, j)]| ≥ |

nh

nω
− E[

∑

s∈S(Tℓ,j)
Xs(Tℓ, j)]| ≥

E[
∑

s∈S(Tℓ,j)
Xs(Tℓ,j)]

nβ
. In either case, we have:

|Ã(Tℓ, j) − A(Tℓ, j)| ≥
A(Tℓ, j)

nβ

⇒ |
∑

s∈S(Tℓ,j)

Xs(Tℓ, j)−E[
∑

s∈S(Tℓ,j)

Xs(Tℓ, j)]|

≥
E[
∑

s∈S(Tℓ,j)
Xs(Tℓ, j)]

nβ

Hence,

Pr
[

|Ã(Tℓ, j)− A(Tℓ, j)| ≥
A(Tℓ,j)

nβ

]

Pr[|
∑

s∈S(Tℓ,j)

Xs(Tℓ, j) −E[
∑

s∈S(Tℓ,j)

Xs(Tℓ, j)]|

≥
E[
∑

s∈S(Tℓ,j)
Xs(Tℓ, j)]

nβ
]

≤ e−n
β

{from (9)}

This completes the proof of the lemma.

Lemma 6. Consider a fixed invocation of Sample-and-

Estimate in Step 5 of Algorithm 1 for the value Ã(Tℓ, j). Let
A(Tℓ, j) ≤

1
nω

. Consider any β ≥ 1; if we set h = ω+3β+3
in Step 1 of Sample-and-Estimate, then

Pr
[

Ã(Tℓ, j) ≥ (1 + 1
nβ

) · 1
nω

]

≤ e−n
β

.

Proof. Clearly, Pr
[

Ã(Tℓ, j) ≥ (1 + 1
nβ

) · 1
nω

]

is an in-

creasing function of A(Tℓ, j), and since we assumed A(Tℓ, j) ≤
1
nω

, this probability is maximized when A(Tℓ, j) = 1
nω

. This
fact combined with Lemma 5 completes the proof of this
lemma.

From Step 10 of Sample-and-Estimate, it follows that any
estimate Ã(Tℓ, j) returned by this subroutine is ≥ 1

nω
. This

fact combined with Lemma 6 yields the following corollary.



Corollary 7. Consider a fixed invocation of Sample-

and-Estimate in Step 5 of Algorithm 1 for the value Ã(Tℓ, j).
Let A(Tℓ, j) ≤

1
nω

. Consider any β ≥ 1; if we set h =
ω + 3β + 3 in Step 1 of Sample-and-Estimate, then

Pr
[

Ã(Tℓ, j) /∈ [ 1
nω
, (1 + 1

nβ
) · 1

nω
]
]

≤ e−n
β

.

Consider a fixed invocation of Sample-and-Estimate in
Step 5 of Algorithm 1 for the value Ã(Tℓ, j). We say that
this invocation yields a good estimate if one of the following
two conditions hold:
(i) A(Tℓ, j) >

1
nω

, and Sample-and-Estimate returned an

estimate Ã(Tℓ, j) such that |Ã(Tℓ, j)−A(Tℓ, j)| ≤
A(Tℓ,j)

nβ
, or

(ii) A(Tℓ, j) ≤
1
nω

, and Sample-and-Estimate returned an

estimate Ã(Tℓ, j) such that Ã(Tℓ, j) ∈ [ 1
nω
, (1 + 1

nβ
) · 1

nω
].

Lemma 8. Consider a fixed invocation of Sample-and-

Estimate for the value Ã(Tℓ, j). If this is a good estimate,

then for any β ≥ 1, A(Tℓ,j)

Ã(Tℓ,j)
≤ 1 + 2

nβ
= ρ1.

Proof. From the definition of a good estimate, it follows

that if A(Tℓ, j) ≥
1
nω

, then A(Tℓ,j)

Ã(Tℓ,j)
≤ 1

1− 1

nβ

; else if A(Tℓ, j) <

1
nω

, then A(Tℓ,j)

Ã(Tℓ,j)
≤ 1. In either case, we have A(Tℓ,j)

Ã(Tℓ,j)
≤

1

1− 1

nβ

; it is verify that this is upper bounded by 1 + 2
nβ

,

for any n ≥ 2 and β ≥ 1. This completes the proof of the
lemma.

Lemma 9. Suppose we set β =

1
log 2
·max{log

(

2 · log 2
ǫ log(1+ǫ)

)

,
log(6−2·

log(1−φ)
log 2

)

log 2
+ 1}, and

set h = ω + 3β + 3 in Step 1 of Sample-and-Estimate.
Consider the event that “every invocation of Sample-and-

Estimate by Algorithm 1 returned a good estimate”. The
probability of this event occuring is at least φ.

Proof. By Lemma 4, there are at most n⌊ 1
ǫ
(1+log1+ǫ(n))⌋

iterations in Algorithm 1; each iteration invokes Sample-

and-Estimate at most n times. Hence, there are at most
n2⌈ 1

ǫ
(1 + log1+ǫ(n))⌉ invocations of Sample-and-Estimate

before the termination of Algorithm 1. This fact, Lemmas
5 and 6, and the union bound together imply that the prob-
ability of the event under consideration not occuring is at

most n2⌈ 1
ǫ
(1 + log1+ǫ(n))⌉ · e−n

β

. Define ρ = − log(1−φ)
log 2

.

We have:

β =

1

log 2
·max{log

(

2 · log
2

ǫ log(1 + ǫ)

)

,
log(6 + 2ρ)

log 2
+ 1}

⇒

β ≥

1

log 2
·max{log log

(

2

ǫ log(1 + ǫ)

)2

,
log log(n3+ρ)2

log n
}

⇒

β ≥
log log max{ 2

ǫ log(1+ǫ)
, n2+ρ · log n}2

log n

(since n ≥ 2 and n ≥ log(n))

⇒

β ≥
log log( 2

ǫ
· log1+ǫ(n) · n2+ρ)

log n
⇒

nβ ≥ log(
2

ǫ
· log1+ǫ(n) · n2+ρ)

⇒

log
2

ǫ
+ log log1+ǫ(n)− nβ ≤ −(2 + ρ) log n

⇒
(

2

ǫ
· log1+ǫ(n)

)

· e−n
β

≤ n−2−ρ

⇒

n2

ǫ
·
(

1 + log1+ǫ(n)
)

· e−n
β

≤ 1− φ

⇒

n2 · ⌊
1

ǫ
(1 + log1+ǫ(n))⌋ · e−n

β

≤ 1− φ

This completes the proof of the Lemma.

We now show that the flow output by our algorithm is
feasible.

Lemma 10. If every invocation of Sample-and-Estimate
by VCV returned a good estimate, then VCV algorithm out-
puts a feasible flow.

Proof. Assume that VCV outputs a flow which consists
of t cost-vectors, where t ≤ ℓmax is a fixed positive integer.
Recall that the flow value corresponding to cost-vector yℓ
is f(Tℓ) = r(Tℓ)

ρ1·log1+ǫ−ǫ2
1+ǫ
δ

, where r(Tℓ) is the bottleneck

flow value for cost-vector y(ℓ). Let us pretend that we did
not scale down the flows in Step 12 of the VCV algorithm:
i.e., assume we set f(Tℓ) = r(Tℓ) in Step 12 of the VCV
algorithm. Under this setting, we will show that the L.H.S.
of the jth constraint in (6) in the primal LP is at most
ρ1 · log1+ǫ−ǫ2

1+ǫ
δ

. In reality, since we do scale our final
flows by precisely this factor, the final flow output by our
algorithm is indeed feasible.

Consider a specific iteration ℓ ≤ t of VCV. In this itera-
tion, we select a cost-vector yℓ and increase the total (un-

scaled) flow by r(Tℓ) =
b(jmin
ℓ )

ÃTℓ
(jmin
ℓ

)
. If t < ℓ ≤ ℓmax, then

without loss of generality, we will assume that y(ℓ) = y(t)
and r(Tℓ) = 0. Simultaneously, for filter j in the primal LP,
we increase the L.H.S. of the jth row by a value of at most

ρ1 · zℓ(j), where zℓ(j) =
ÃTℓ

(j)r(Tℓ)

b(j)
(by Lemma 8). We also

increase the dual cost y(j) by a factor of 1 + ǫzℓ(j). By
our choice of jmin

ℓ , for all ℓ and j, we have zℓ(j) ≤ 1. By



our stopping condition, Qt =
∑

j yt(j)b(j) < 1 ≤ Qt+1 =
∑

j yTt+1(j)b(j). This inequality, combined with the fact
that the cost of any filter increases by a factor of at most
1 + ǫ in successive iteration yields: ∀ j : yt(j) <

1
b(j)

and

yt+1(j) <
1+ǫ
b(j)

. Since y1(j) = δ
b(j)

, we have:

δ

b(j)
· Πℓmax

ℓ=1 (1 + ǫzℓ(j)) <
1 + ǫ

b(j)

⇒ Πℓmax
ℓ=1 (1 + ǫzℓ(j)) <

1 + ǫ

δ

⇒ Πℓmax
ℓ=1 e

ǫzℓ(j)−(ǫzℓ(j))
2

<
1 + ǫ

δ

{Since ǫzℓ(j) ≤
1
2
, and ∀ x ∈ [0, 1

2
], ex−x

2

≤ 1 + x}

⇒ Πℓmax
ℓ=1 e

(ǫ−ǫ2)·zℓ(j) <
1 + ǫ

δ
{since zℓ(j) ≤ 1}

⇒ e(ǫ−ǫ
2)·
∑ℓmax
ℓ=1

zℓ(j) <
1 + ǫ

δ

⇒
(

1 + ǫ− ǫ2
)

∑ℓmax
ℓ=1

zℓ(j) <
1 + ǫ

δ
{Since ∀ x, 1 + x ≤ ex}

⇒

ℓmax
∑

ℓ=1

zℓ(j) < log1+ǫ−ǫ2
1 + ǫ

δ

⇒ ρ1 ·

ℓmax
∑

ℓ=1

zℓ(j) < ρ1 · log1+ǫ−ǫ2
1 + ǫ

δ

Since, we scale down the flow values precisely by the factor
ρ1 · log1+ǫ−ǫ2

1+ǫ
δ

, the final flow output by VCV is indeed
feasible.

Lemma 11. Suppose we set ω = β + λ0 + 2
ǫ

+ 1 in Step
10 of Sample-and-Estimate. Consider a fixed iteration ℓ of
VCV and the corresponding cost-vector yℓ that is returned by
VCV. Assuming “every invocation of Sample-and-Estimate

returned a good estimate”, yℓ satisfies the following inequal-
ity:

∑

j yℓ(j)Ã(Tℓ, j) ≤ ρ2γα(yℓ), where ρ2 = 1 + 3
nβ

.

Proof. Define zℓ =
∑

j yℓ(j)A(Tℓ, j). We first note that,
from our assumption about the γ-approximation of the min-
cost filter ordering algorithm, it follows that:

zℓ ≤ γα(yℓ) (11)

Second, since at least one filter needs to be evaluated
by the min-cost filter ordering algorithm, it follows that

zℓ ≥ minj yℓ(j) ≥ minj y1(j) ≥ n−λ0−
2
ǫ ; the last inequality

follows from (3). By our stopping condition it also follows
maxj yℓ(j) ≤

1
minj b(j)

= 1.

These facts imply:
∑

j

yℓ(j)Ã(Tℓ, j) =

∑

j: A(Tℓ,j)≤
1
nω

yℓ(j)Ã(Tℓ, j)

+
∑

j: A(Tℓ,j)>
1
nω

yℓ(j)A(Tℓ, j)

≤
∑

j: A(Tℓ,j)≤
1
nω

yℓ(j) · (1 +
1

nβ
) ·

1

nω

+
∑

j: A(Tℓ,j)>
1
nω

yℓ(j) ·A(Tℓ, j) · (1 +
1

nβ
)

{from defn. of good estimates}

≤ n · (1 +
1

nβ
) ·

1

nω

+
∑

j: A(Tℓ,j)>
1
nω

yℓ(j) ·A(Tℓ, j) · (1 +
1

nβ
)

≤ nλ0+ 2
ǫ
+1 · zℓ · (1 +

1

nβ
) ·

1

nω
+ zℓ · (1 +

1

nβ
)

= zℓ · (1 +
1

nβ
) · (1 +

1

nω−λ0−
2
ǫ
−1

)

≤ zℓ · (1 +
3

nmin{β,ω−λ0−
2
ǫ
−1}

)

= zℓ ·

(

1 +
3

nmin (β,ω−λ0−
2
ǫ
−1)

)

= zℓ ·

(

1 +
3

nβ

)

Combining the last inequality with (11) completes the
proof of the lemma.

We now show that our flow value is close to optimal.

Lemma 12. If every invocation of Sample-and-Estimate
by VCV returned a good estimate, then our final flow value is
within a factor of at most γρ1ρ2

(1−2ǫ)2
of the optimal flow value.

Proof. Consider the ℓth cost-vector, for any ℓ ≥ 1. We
have,

Qℓ+1 =
∑

j

b(j)yℓ+1(j)

=
∑

j

b(j) · yℓ(j) ·

(

1 + ǫ ·
b(jmin

ℓ )Ãℓ(j)

b(j)Ãℓ(jmin
ℓ )

)

= Qℓ + ǫrℓ ·
∑

j

yℓ(j)Ãℓ(j)

≤ Qℓ + ǫrℓα(yℓ)γρ2 (by Lemma 11) (12)

Eqn. (12) along with induction on ℓ immediately yields:

Qℓ ≤ Q1 + ǫ ·
ℓ−1
∑

j=1

rjα(yj)γρ2 (13)

By definition of ζ, we have ∀ j ≤ t : ζ ≤
Qj
α(j)

. Combining

this with the fact that Q1 = nδ, and (13), we get:

Qℓ ≤ nδ +
ǫ

ζ
·
ℓ−1
∑

j=1

rjQjγρ2 (14)



Through induction on ℓ, (14) impliesQℓ ≤ nδ·e
ǫγρ2·

∑ℓ−1
j=1

rj

ζ .

By our stopping condition, 1 ≤ Qt+1 ≤ nδ ·e
ǫγρ2

∑t
j=1 rj
ζ and

hence,

ζ
∑t

j=1 rj
≤

ǫγρ2

ln( 1
nδ

)
(15)

Thus, the ratio between the optimal flow and our flow is

ζ
∑t

j=1 f(Tj)
=
ζρ1 log1+ǫ−ǫ2

(

1+ǫ
δ

)

∑t
j=1 r(Tj)

≤
ǫγρ2

ln( 1
nδ

)
ρ1 log1+ǫ−ǫ2

(

1 + ǫ

δ

)

{ from (15) }

≤
ǫγρ1ρ2 ·

1
ǫ
· log((1 + ǫ) · n)

log ((1 + ǫ) · n)
1
ǫ
−1 · log(1 + ǫ− ǫ2)

{By definition of δ}

=
γρ1ρ2

( 1
ǫ
− 1) · log(1 + ǫ− ǫ2)

≤
γρ1ρ2

(1− ǫ) · (1− 2ǫ + 2ǫ2 − ǫ4)

{Since ∀ x ∈ [0, 1
2
], log(1 + x) ≥ x− x2}

≤
γρ1ρ2

(1− 2ǫ)2

Theorem 13. There exists a value ǫ0 which is dependent
only on τ such that if we set ǫ = ǫ0 in the VCV algorithm,
then with probability φ, we obtain a feasible solution that
is within a factor of γ · (1 + τ ) from the optimal solution.
Further, the runtime of VCV is O(nϕ), where ϕ is a fixed
constant whose value depends only on τ and φ.

Proof. From the definition of β, it follows that as ǫ ; 0,
β ;∞, and ρ1, ρ2 ; 1. Hence, there exists a positive value
ǫ0 which is dependent only on τ such that if ǫ = ǫ0, then
ρ1ρ2

(1−2ǫ)2
≤ (1 + τ ). Combining this fact along with Lemma

12 yields the first part of the theorem.
The number of iterations in the VCV algorithm isO( n log n

ǫ log(1+ǫ)
).

The runtime for iteration ℓ is dominated by the time to es-
timate at most n estimates Ã(Tℓ, j); the time taken to es-

timate Ã(Tℓ, j) is the product of the number of samples nh

and the time taken for each sample (which is O(n)). Hence,
the runtime of VCV is O( n log n

ǫ log(1+ǫ)
· n · nh · n). The num-

ber of samples h is dependent only on β and ǫ, and these
two in turn depend only on τ and φ. Hence, the theorem
follows.

6. ARBITRARY FILTER PLACEMENTS
The VCV algorithm can be easily extended to the case

of arbitrary filter placements, where not only do we need to
decide which filters to evaluate, but also which processor to
choose for their evaluations. The main modification here is
to have the dual-costs be a function of the filter-processor
pairs rather than just filters. The cost-update rule is iden-
tical as in the case of dedicated filter placements. Further,
the scheduling component for the flow maximization prob-
lem becomes significantly simplified, as scheduling decisions
in the min-cost filter ordering problem can be made trivially:
whenever, the min-cost filter ordering algorithm chooses to

evaluate a filter, it does so only on the processor on which
the filter incurs the least cost under the given cost-vector.
With these modifications, the overall runtime of VCV be-
comes polynomial in both the number of filters and proces-
sors (as opposed to only the number of filters in the case of
dedicated filter placement).
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Fast approximation algorithms for fractional packing
and covering problems. In Proceedings of the 32nd
annual symposium on Foundations of computer
science, pages 495–504, Los Alamitos, CA, USA, 1991.
IEEE Computer Society Press.

[23] H. Simon and J. Kadane. Optimal problem-solving
search: All-or-none solutions. Artificial Intelligence,
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