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Abstract—A fundamental problem in wireless networks is to U transmits, no node in its vicinity can transmA number
estimate its throughput capacity - given a set of wireless ries, of papers have studied MAC protocols with these geometric
and a set of connections, what is thg maximum rate at which models of interference [19], [20]. Intuitively, such graiphsed
data can be sent on these connections. Most of the research . - . .
in this direction has focused on either random distributiors of modgls mak_e the algorithmic analysis tractable since they
points, or has assumed simple graph-based models for wirede 0calize the interference effect of a transceiver on others
interference. In this paper, we study capacity estimation poblem While such graph based models give a useful rst approxi-
using the more general Signal to Interference Plus Noise Rt mation to understanding wireless networks, they have akver
(SINR) mode| for interference, on arbitrary wireless netwaks. |imitations. A more realistic model that has been used tdystu

The problem becomes much harder in this setting, because of . SRR .
the non-locality of the SINR model. Recent work by Moscibrog wireless transmission is called tiségnal to Interference Plus

et al. [16], [18] has shown that the throughput in this model Noise Ratio (SINRnodel [8], [18]: a signal from a transmitter
can differ from graph based models signi cantly. We develop u is successfully received by a receiver \at if the ratio
polynomial _time_ algori_thms to provably approximate the total of ' signal strength at and the combined interference
throughput in this setting. from other transmitters along with ambient noise exceeds
Vv's antenna gain. In other words, a set of transmissions
er = (ug;ve);iiy; = (uk;Vvk) can be simultaneously

A fundamental problem in wireless networks is to estimatsheduled if for alle,
its throughput capacity - given a s&t of wireless nodes,
and a setD of connections, what is the maximum rate at h J(e) i
which data can be sent on these connections. Starting wlith [8 ‘() No+ g j8i ﬁ
there has been a lot of work on this problem, especially for o
networks formed by a random distribution of nodes in the unitvhereN, denotes the noise density,denotes the path loss
square. A related, and more practical question is to estimaxponent, and (e) denotes the power level with which node
the capacity of the given network, and develop protocols tg transmits. Recent work by Moscibroda et al. [16]-[18] has
utilize the network close to its capacity. This questiondmees shown that for several problems, this model is signi cantly
dif cult in wireless networks because of interference, ati different from graph based models. In [16], [18], they show
constrains the set of links that can transmit simultangousthat for the problem of minimizing thecheduling complexity
The algorithmic aspects of network capacity have beenetudiby choosing appropriate transmission power levels, SINR
in a number of papers, such as [2], [9]-[11], [13], [20]. models allow for much shorter schedules. In [17], they show

A commonly used approach when designimgvable al- that the throughput capacity under an SINR model is differen
gorithmsis to represent the underlying wireless network asfeom that under a graph based model. The non-locality of this
geometric intersection graph. Each nad@ V is associated model makes its analysis challenging.
with a disk of radiusrange(u), which depends on the In this paper we consider the problem of characterizing
transmission power level,(u) of u; a common approximation the achievable rates for arbitrary multi-hop wireless reks
is to choosaange(u) = (( J(u))¥ ), where is the path with SINR constraints. Given a set of nod®s a set of

I. INTRODUCTION

heard only within this range. This gives us thennectivity power levelJ(e) for transmission on edge the throughput
graph G = (V;E) obtained by adding linkgu;v) to E if ~maximization problem with SINR constraintd NI-SINR)
d(u;v) range(u). Interference in such a graph is modeledonsists of (i) choosing routes for the connections, (ipa$
through independence constraints (see e.g., [iBB: node ing ow rates on the routes, and (iii) scheduling the packets



at each time such that the SINR constraints are satis ed for
all simultaneous transmissions, and that the total thrpugh
capacity is maximized. Note that tHéM-SINR problem does
not involve power control, i.e., the power levdiée) for each
edge are xed and given as part of the input. The SINR
constraints make the throughput optimization problem non-
convex. Further the link scheduling problem with SINR con-
straints has shown to be NP-complete in [7]. Since scheglulin
is also an integral component of our problem, it is reasanabl
to conjecture that the throughput maximization problenids a
NP-complete. We focus on developing rigorous polynomial
time methods with provable performance guarantees.

In reality, the link capacities depend on the SINR [1],
therby making this problem very complex. We simplify this by
using the Additive White Gaussian Noise (AWGN) model for
specifying the link capacities [4]. In this model the capgci
cap(e), of a link e having length™(e) and transmitting at
power levelJ (e) is given by

J(e)
‘(6) NoW

whereW is the bandwidth, andNg and

cap(e)= Wlog, 1+
are as de ned

provides a theoretical upper bound on the link capacity. Ho
ever, the maximum throughput problem with SINR constraints
remains non-trivial even under the AWGN model, and we only
study this here.

II. OVERVIEW OF RESULTS

develop a polynomial time approximation algorithm that
provides a feasible rate vector whose total throughput
is at least ( ropr=l0g ) , whererqy is the maximum
possible throughput for this instance andis de ned

as = max yy2v d(U;V)=minyoyopyv:yos vo d(u® v9).
This gives us arO(log ) approximation to the total
throughput. Our approximation bound is a worst case
guarantee that holds for every instance.

Next, we consider the case of non-uniform power levels,
in which the power levels on different edges could be dif-
ferent. We extend our method to obtain@(log log )
approximation to the total throughput, whereis the
ratio between maximum and minimum power levels used.
We consider a special case of non-uniform power levels,
called linear power level choice, where the power level
on each edge is J(e) = c; (e) for a constant;. In

this case, we improve th®@((log ) ?) approximation to
just O(log ) .

For technical reasons, ti@(log ) bound is only relative
@ {0 the optimum rate possible by using slightly smaller power
levels - this is explained formally in Section VI. Our algbr
. ; builds upon the recent work of [6], [16], [18] on scheduling
earlier. In the absence of interference, the above equatlv(\)IHh SINR constraints, and the LP based approaches of [10],
13] for estimating the capacity for graph-based intenfiese

fnodels.

Ill. RELATED WORK

There has been signicant work on understanding the
We study theTM-SINR problem in wireless networks from capacity of random networks formed by nodes distributed
a theoretical perspective, and take the rst steps towarggsndomly in the plane, using both graph based and SINR
developing ef cient algorithms for this problem. The mainmodels (see, e.g., [3], [8], [12]), and for other variants of
contributions of our work are summarized below. such distributions. However, these results do not dircugip
We compare the SINR and graph based models for tlreunderstanding the capacity of arbitrary networks, wtigh
same instance, with the same xed power levels, arttie focus of our paper. The throughput maximization problem
observe that the throughput capacity can be signi cantfpr graph based models is formally studied and proven to be
different in these two models. When the power level fokP-hard by Jainet. al. [9], who use a linear programming
all the edges is the same, we show that there are instangpproach to characterize the capacity of the network and to
in which the throughput capacity that can be achieved jrerform routing. They model interference constraints as a
the SINR model is signi cantly higher than that in thecon ict graph and provide upper and lower bounds for optimal
graph based model. For the case of linear power levétgoughput. As mentioned in [5], the methods discussed]in [9
(whereJd(e) / “(e) , for each edgee), we show that tend to have an exponential complexity and no performance
there are instances in which the throughput capacity guaranteed polynomial time approximation algorithm is-pro
the SINR model can be much lower than in the corrggosed. Toumpist. al.[21] provide a mathematical framework
sponding graph based model with the same power levelgr determining the capacity region of an ad-hoc network,
In contrast, the results of [16]-[18] show that by choosinghich captures the effects of power control, spatial reuse a
suitable power levels, a much higher throughput capacisyccessive interference cancellation on the capacityomegi
is possible in SINR models than in graph based modelsowever, their results do not give worst case approximation
Since all these models of interference are approximatioggarantees.
of the real phenomenon, this suggests greater care iKodialam et. al. [10] study the problem of determining
needed in inferring any properties of the system basedhievable rates for multi-hop wireless, along with joint
on such an analysis. routing and scheduling constraints in graph based models.
We develop a linear programming based approach Tdeir approach provides necessary and suf cient condition
approximate the maximum throughput rate vector in thfer link ows and leads to a polynomial time approximation
case of SINR constraints. For the case of uniform powatgorithm for this problem. However, they only consider
levels (when all nodes have the same power Iéyelwe primary interference in their model, which is very resiviet



Lin et. al. [14], [15] study the joint problem of rate allomat A. Interference Model

and scheduling using a dual optimization based approach tQye yse the SINR model of interference as described in

decompose the problem as rate control and scheduling pr?a- [18]. In this setting, a given seE®= fe = (ui;vi) :
lem. Their technique provides an optimal solution that maxi Z"7 . ... ’ ' o

mizes the throughput and provides a stable and fair schedy|g. .
considering the primary interference model. Although some
of these approximation bounds have been improved in recent SINR (V) = J(e)

work by Buragohairet. al. [5], it is not intuitive to extend ‘(&) [No+ I, (vi;E9] '

these techniques for the_ S”\!R interference model. where (i) No denotes the ambient noise density, which is a
Some of the key algorithmic results on the SINR model agg,nstant, (i) is a constant, related to the antenna properties,

studied in [6], [16]-[18]. Moscibroda et al. [16]-{18] suthe  (jjy  denotes the path-loss expopent, which we assume to be
problem of scheduling edges with SINR constraints to ens"ﬁ?eater ther, and ()1, (vi;E9) = I(&)_ denotes

i ; ; ! ! e 6e d(uj;vi)
that some property (e.g., connectivity) is s_,at|s ed by tdges tqe interference at receiver due to all other transmissions
that are chosen. They show that by suitable power contro we will simply denote this as, (v;) if the setE® s clear

the solutions in the SINR model are much more ef Cie”from the context
than those in graph based models. Chafekar et al. [6] deve ORJote that in th.is model, for any edge= (u:v) 2 E, we

approximation algorithms for packet scheduling to minimizneedJ (@ No'(e) forthe transmission on this edge to be

end-to-end ‘?'e'ays with SINR constraints. feasible, even in the absence of any other interference. We w
Our work is closely related to Kumaat. al. [6], [13]. The ;squme that for an instande= (V;E;D;J) of TM-SINR,
work by [13] provides a constant approximation algorithmy,e haveJ (6 No'(e) foralle2E.

for the throughput maximization problem along with joint
scheduling and routing. The interference model consideredB. Link rates and feasible end-to-end schedules

graph-based and their gpproach IS generic enough to aCCoOMpe assume that the time is divided into uniform slots, each
modate the case of uniform and non-uniform power level

They further derive linear necessary and suf cient coiodisi ffes uDra'ionf 1and .tES ?jyesr:g:r; O(,f esﬁte;f”;(?niﬁl%g?: o\l,JVismrnode.
that Ie_ad to a constant factor approximation 0 the throughp nd t; denoti'rig.g.ihe source and destination respe;:tivelly, for
capacity. However, the framework presented in [13] caneot %nnectioni Let f,(e) denote the mean ow rate on link
easily extended to the SINR interference model. In this wor, . ) ) _ .

by combining some of the techniques from [6], [13], we stud%Ir the ith connection, and let(€) =  ; fi(€) denote the

the throughput maximization problem along with joint ragfi Fal I|_nk ow: We let x(e) = f(_e):caqe) d_en_ote the link
. . : utilization - this denotes the fraction of time lirgdds used. The
and scheduling for the SINR interference constraints.

vectorsf andx are called the ow vector and link utilization
vector respectively. An end-to-end sched@edescribes the
IV. PRELIMINARIES speci ¢ times at which packets are transmitted over thedink
of the network. For schedulg, let X (e;t) be an indicator
We consider the input instance of th#-SINR problem to variable that isl if the link e is used at time. We say tha
be specied ad =(V;E;D;J), where (i)V denotes a set of js valid if the SINR constraints are satis ed at all the reees
transceivers, henceforth referred to as nodes, which eatdd at every timet. We say thatS feasib|[¥ schedules the link
on the plane, (ilE V V denote the set of possible linksytjlization vectorx if we havelimr; - @ = x(e)
(also referred to as edges), on which transmissions carr,0c¢gr each edge - in this case, we say th& corresponds to
(i) D is a set of connections, with thi¢h connection from the utilization vectox. The rate regiorX (1) is the space of
nodes; to nodet;, and (iv)J = (J(e) : e = (u;v) 2 E) all utilization vectorsx for the instancd of TM-SINR that
speci es the vector of power transmission levels on edgegan be scheduled feasibly.
For u;v 2 V, let d(u;v) denote the Euclidean distance |et r; denote the end-to-end rate on thi@ connection
between these nodes; fer= (u;v) 2 E, let "(€) = d(u;V). in pits per second, resulting from the ow vectér In this
Following standard graph theory notation, Mty (u) and papgs we are interested in maximizing the total end-to-end
Nin (u) be the sets of outgoing and incoming edges for nade gte . ri. For an instancé = (V;E;D;J) of TM-SINR,
respectively. Let=max ez f (€)g=minecze f*(€99: 109 letryy (1) denote the maximum possible total throughput rate
is also called the “length diversity” [7]. All the logaritten that is feasible for this instance. We say that a utilization
are to the base two. Without loss of generality, we assuf)gctor x 2 X (1) is a -approximation to the throughput

essfully if for eacke, 2 E°, we have

that mi”eZEfil(e)g = 1. We dene B; = fe 2 E : maximization problem if the resulting total rate achieved
(e %EDEZ'J;(%') )g, fori 2 £0;:::;(log 1)g. Also, let is at least rop(l); We say that an algorithm is a-
= mingod(e) eZa(e y - approximation algorithm, if for any instande of TM-SINR,

Note that for edge 2 E, its power levell (e) is given, and it provably produces such aapproximate solutios 2 X (1)
so our assumption of the AWGN model (equation 1) implieis polynomial time, for any instande of TM-SINR- note that
that its capacitycap(e) is also xed. this is a worst case approximation result.



C. Congestion Measure A. Uniform power levels

Following [6], we de ne a notion of congestia@, that will We construct the following instande = (V;E;D;J) of
play a key role in our algorithm. Fag= (u;v) 2 E, let TM-SINR, with uniform power level for all transmissions.
Cle)= f= (V) 2 E:a (W9 duu)r (& (g !_et R = (J=¢)¥" .be the corresponding Fransmission range
in the corresponding graph model, as discussed earlier; we
and IgfC = maxe¢ jC(€)j. Here,a is a constant such thatassume thaR is a large integer. LeV = fvog [, fvi;wig
o be a set of nodes, which are placed in the following manner.
Imagine a circle of radiu®k=2 centered at nodgy, and the
odesvy;:::;vy are uniformly Blg:ed on the circunHe_rence
of this circle at a spacing of = R), so thatn = (  R).

a 4 48( (1+2)), is a small positive constant and>
[18]. The signi cance of the congestio@ is that it provides
a lower bound on the number of feasible simultaneous tra
missions [6], which we use to approximartg .

the connections iD in the instancd be all the pairsg =
(vi;w;), for all i. Let cap= cap(e;) denote the capacity of
In this section, we compare the SINR and graph models &y link e in bits/sec; note that this is the same for every
the context of the throughput maximization problem. Givegdgee; in this setting. For simplicity, we ignore the ambient
an instance = (V;E;D;J) of TM-SINR, we follow the noise, i.e., assumly = 0. It is easy to extend these results
approach of [18] in constructing an “equivalent” connéitfiv to take the noise into account.
graphG = (V;Egm) and a resulting instandeym in a graph  Lemma 1:For the instancd of TM-SINR and the cor-
based model in the following manner. Recall the notatiaRsponding graph-based instankgn ,described above, we

V. SINR vs GRAPH BASED MODELS

from Section IV. In the rest of this section, we will considepayve Fopt (1 ):rSSE (Igm) = ( cap R), assuming
instancesl of TM-SINR in which every nodeu 2 V ¢, R( D=2 for a constants.
uses a xed power leveD(u) = J(e) for every incident Proof: Observe that for all 6 j, R d(vi;vj) R.

link e = (u;v) 2 E. We_associate a transmissio_n_rang¢herefore,| gm(e) = feg :j 6 ig, which implies that at any
of r(u) = (J(u)=a)'~ with every nodeu 2 V, giving  time, at most one edge can be scheduled in the graph-based
rise to a disk grapiG = (V;Egm) with (u;v) 2 Egm if model in the instance gm. This implies thatr 33 (I gm) =
d(u;v)  r(u). This is a directed graph in general, if nodes cap) bits/sec.

have non-uniform transmission ranges. The correspondind\ext, consider the SINR model for the instaricef TM-

instancel gm consists of this graple along with the same gINR. Suppose all the edges are scheduled simultaneously
setD of connections, as ih. Note that the set of edges on. the SINR ratio at any receivet in this case is

which transmissions can happen is the same in both models.

For every edgee 2 Egm, we use the same expression for 3 ) )

cap(e), the capacity of edge as inl , since this comes from

the AWGN model. What is different is the interference - we

can now use any graph based interference model to specify the _ . _

setlgm (€) of edges that interfere witle - for concreteness, where the.rst mequ&lﬂy fOHOW.S f_rom the fact that = ¢,

we use the distance-2 matching model [13], which de neg *a”‘?'d(”i Vi) - (R fo(r thi)s_;nstance, and the se(_:ond

I gm (€) = fe®= (UCVY : dg(fu;vgfu®vig)  1g, where !neq_uallty follows if cz R = foracons.tant:g. This

de() de nes the distance between two sets in the gr&ph !mplles that all the edges_ can be scheduled sn‘BuEaneously

A schedule is valid in the graph-based model, if at any tim¥! the SINR model, leading toopt (1) = (' cap ~ R), and

no edgee is simultaneously scheduled along with some edgsé) the lemma follows. u

€® 2 1(e). Let rg;t(lgm) denote optimum throughput rateg | inear Power Levels

possible for this instance in the graph based model.
We show the following results in this section.

N P j P V= :
(&) i6i J=d(u; ;vi) iei aR =c R)

We now construct an instande = (V;E;D;J) of TM-

_ ) SINR with uniform power levels, i.e., for ead2 E, J(e) =
If the instancd of TM-SINR has uniform power levels, ¢, *(g) . The setv = [ n_ fu;;vig has2n nodes, which are

the ratior opt (I )=rgp; (1 gm) can be arbitrarily large, i.e., jocated on a line in the ordars;vi;us;Va;:::; Un; Ve, For
the corresponding graph based model underestimatesffiej = 1:::::n, we haved(ui;vi) = R = 2/, and for
throughput capacity signi cantly. alli =1;:::;n 1, we haved(vi;uij+1) = 22, The set
In contrast, when the power levels in the instance - fe = (u;vi):i =1;:::;ng will be the only edges
I of TMg'mS|NR are linear, we show that the ratioysed for transmission, with(e/) = c,R; , for eachi. All the
Fopt (I )=Topt (I gm) can be arbitrarily small. connections irD in this instance are the pais = (u;;V;),
The above results show that if the power levels are xedior i = 1;:::;n. Because of our AWGN model for the link

the total throughput in both the models is very differentis th capacities, as discussed in Equation 1, it follows that fbr a
is in contrast to the results of [16], [18], which show that by, 2 E, cap(e) = capis a xed value. Each node; has
choosing appropriate power levels, a much higher throughmnly one incident edge in the s&t, so for the graph based
is possible in the SINR model for the same instance. model, we set(u;) = R;, as discussed earlier. Therefore, for



the corresponding graph based instahgg the connectivity conservation, and constraints (5) are relaxed congestian ¢

graphG = (V;Egm) hasEgm = fe (i =1;:::;ng. straints - these are the key constraints that allow us tohise t
Lemma 2:For the instancel and the correspond-program to derive upper and lower bounds on the optimum

ing graph-based instancky, described above, we haverate. The progran® (; |') has polynomial size and can be

rapt (Igm)=ropt(1) = (' n). solved in polynomial time.
Proof: First, observe that for the graph-based interferenceln the subsequent sections, we show that the optimum
in the instancé gm , we havelgm () = foreache 2 Eyy.  utilization vector satis esP(; |) for some constant value

Therefore, the edges do not interfere with each other and allof . We then show that scaling the constraints down allows
these edges can transmit simultaneously in this modelingadus to schedule the ow feasibly.
oa throughput capacity of n_cap). Lo . B. Link-Flow Scheduling: Necessary Conditions

Next, consider the SINR model. For simplicity, we ignore
the noise densitNo, though it can be easily incorporated. The following lemma shows tha®(; 1) gives an upper
Let E° be any subset of these edges that can transfRUnd onrop (1) for a suitable choice of.

simultaneously, and let, be the shortest agiong them. For Lemma 3:Let| =(V;E;D;J) be an instance of théM-
alle 2 E® ¢ 6 e, we haved(u;;v) I Tk 4 SINR problem with uniform power level, and letx 2 X (1)

21) 2 = Ry, for constantsy,; cs. In order for these be any feasible link utilization vector. Ther, is a feasible

: . ~ ' 2at1
transmissions to be feasible in the SINR model, we must hat@ution to the progran®( o;1), where o = @at) 41,

anda is the constant de ned in Section IV-C.
hp (&) i : Proof: SinceX (I ) denotes the set of all feasible utiliza-
(&) e 2E%; 6e d(j,(%.)) tion vectors for the instance of TM-SINR, it is clear that
) _ ) ~ X, and the associated ow rate vectbr must satisfy all the
where the LHS is the SINR ratio &t. Rearranging, and using .o straints ofP( o:1), except possibly the constraints (5).

the fact thatd(u;;vi)  c3R; for eachg 2 E_O* we have \we now argue that the constraints (5) hold for this choice of
jEY is O(1= ), which is a constant. This impliesy (1) = 0.

O(cap=), and so the lemma follows. u Since the link utilization vectox is feasible, there exists a
stable schedul& which achieves the link rates speci ed by
x. Recall the notatioiX (e;t) from Section IV. LetE; = fe:

X (e;t) = 1 g denote the set of links that transmit at timan

this schedule.

In this Section we formulate th&M-SINR problem for We now focus on any edge = (u;v) 2 E;. Let A; =
uniform power levels. We consider input instancesTdfl- E;\ C(e) = feg = (uj;vj) 2 C(e):j =1;:::;cg9 be a set
SINR specied asl = (V;E;D;J) with a uniform power of clinks in C(e) that are scheduled simultaneously at time
level of J(e) = J for every edgee 2 E. Recall the notation We argue below that must be bounded by a constant. Let the
from section IV. It is easy to see that the exact formulatibn dinks in the setA; be numbered in non-decreasing order of
the TM-SINR problem is non-convex. We develop a lineatheir lengths, so that(ui;vi)  “(uz;va) i “(Ug)Ve):
programming relaxation of this problem by combining th&or simultaneously successful transmission of these lithes
approaches of [6], [13] - we show that both necessary asiNR at each nodg;, and in particular, at node;, needs to
suf cient conditions can be derived for the feasible ratgioa be at least .
by considering the total link utilization in the edges in gat

VI. THROUGHPUTMAXIMIZATION FOR UNIFORM POWER
LEVELS

A. Problem Formulation

C(e) for any edgee. Our formulation for instancke described u\
below is denoted by (; 1), where is a parameter. u el T u
c,. ) j
X %
max  ri subject to: ) &
X 20y €c Vi
8i2D;r = fi(e) fig @ '
e2Nout (si) X e2Ni (si)
8e2 E; x(e)=  fi(e)=cap(e) (3) Ve
X i2b X Fig. 1. For a given linke = (u;v) and setA¢, d(u;;vc) (2a +
8i2D;8u6 si;ti; fi(e) = fi(e) (4) 1)d(uc;ve) , whereec; e 2 C(e) andec is the link with longest length in
€2 N o (u) &2 Nin () setAt.
8e2 E; x (€9 (5) . .
€02 C (e) Consider anyg 2 A¢; e 6 e (cf. Figure 1). We have
In the above formulation, constraints (2) de ne the total d(uj ; ve) d(u;uj) + d(u;uc) + d(uc; ve)
rate r; for each connection, constraints (3) de ne the link 2ad(u;v) + d(uc; ve)

utilization x(e) for each linke, constraints (4) ensure ow (2a+ 1) d(uc; ve);



where the rstinequality follows from triangle inequaljtgnd  Algorithm 1: FrameSchedule
the last two inequalities follow from the de nition of(e), nput < () E, ) x, (i) W, () w
which implies that for ang®= (u%v% 2 C(e), we must have Output - Sets(e) for all e 2 E, and schedulGy

d(u;u9 a ‘() and’(e) (&Y. 1 for 2 E do
The interference experiencedat due to all transmitting 5 e|nd s(e) =
links in A¢ f €gIs 4 PartitionW into (log ) setsW; of equal size, for
i2f0;:::; (log 1)g,
X J 5 for i = (log 1) downtoO do
lr(ve) = W /IGreedy Coloring
e =(ujvj)2A¢; j6c )ate 6 Order edges iB; in non-increasing order of their lengths
fer;:i:;esq
Therefore, in order to satisfy the SINR constraint at node | forj =1 t0]g;j do
Ve we need, 8 s1(g) = e02C(e)\f er;mej 19 s(e())
. 9 s(e) = any subset oW, n so(ej ) of sizex(e)w
h J=d(uc; Vc) i . 10 end
' 11 end

'J
+ . = P
No e 2Atj 8¢ J=d(u; ; ve) 12 Construct schedul&y : X (e;t) =1 if t 2 s(e) for eache;t.

Rearranging, we have

2 3
J J Lemma 4:Algorithm FrameSchedule correctly assigns
d(Ucive) 4No + ) m5 js(e)j = x(e)w slqts for eagh edge if the link utilization vec-
g 2Ai6e tor x is any feasible solution to the progrd?r(m; ).
N o+ J 1) . Proof: Suppose step 9 of AlgorithnframeSchedule
(2a+1) d(uc;ve) fails for some edge 2 B;. Then, we must have
X X
This in turn impliesc 23 + 1 and therefore, we js(e)j>w=log =) js(€9)j >w= log
have X e02 C(ej)\ Bj €02 C(ej)
. af- 0. . P
8e2 E; 8t; e X(e5t) o Dividing bpth sides _byw, we get eO2C(ej)x(eo) >
o ! 1=log , which contradicts the condition on |
which implies for an);'(r « In the following Lemma we prove that Algorithm 1, pro-
8e2 E: X (%) T o ©) duces a valid schedule. _ _
2c(et T Lemma 5:Let x be a feasible solution to the program

P(A=(1+log) ;1°=(V;E;D;J=(1+ ))), for a constant
Dividing both sides of (6) byTl', the lemma follows from > 0. Then, AlgorithmFrameSchedule produces a valid
the de nition of x(e) in Section IV-B. B schedule correspondingxdor the instancé = (V;E;D;J),
. . . " of TM-SINR in which the SINR constraints are satis ed at
C. Link-Flow Scheduling: suf cient conditions all receivers, for constants and de ned in Section IV-C.
In this section, we show that the prograR(; | = Proof: We show that at any time, the setE; of links
(V;E;D;J)) can be used to derive suf cient conditions forscheduled at this time i8 can indeed be transmitted simulta-

link ow stability for the instancel of TM-SINR, for a neously, while satisfying the SINR constraints at eachivece

suitable value of the parameter. This requires showing in the instancd . Let E; = fe =(u;v):j=1;::1;s0.

that a solutionx to this program can be scheduled feasibly, By construction, there exists a sBt such thatE;  B;.

under suitable conditions onandJ. We describe algorithm Consider two edges; ;en 2 E; with ‘(&) “(em). Since

FrameSchedule for constructing a feasible schedule belowthese two edges are scheduled simultaneously, it must be
We assume that time is divided into suf ciently large frameghe case thate, 62 C(g), which implies d(uj;um) >

of lengthw, and thai(e)w is an integral for ale 2 E. Recall amaxf*(g); (en)g. For anyg 2 Bj, we have'(g) 2
the de nitions of  and the setd; from Section IV. We [21:2i+1) "and soa2 a'(g)=2. This implies that if we
further subdivide each fram@/ into log ~ sub-framesWi, place a disk of radiua’ (g )=4 centered at the end points of
each of lengthw=log , which is assumed to be integraleach edge irE,, all these disks would be disjoint.
Algorithm FrameSchedule constructs a periodic schedute Consider anyg = (uj;vj) 2 E.. We estimate the
by repeating a scheduly for every framew. Within each SINR atv; in the following manner. As in [6], [18], we
sub-frameW;, the algorithm considers only the edges fromartition the plane into ring®q centered au; (cf. Figure
the setB;, and assignz(e) w slots for each edge2 Bi by 2) for d = 0;1;:::, each of widtha'(g) aroundu;. Each
a greedy coloring step.. ring Rq consists of all linksey, = (Um;Vm), for which
For the above algorithm to be stable, we need to nda‘(e,) d(uj;um) < (d+1)a'(g). As derived earlier,
conditions under which, step 9 of the algorithm would bgyr anye,, 6 g, we haved(u;;um) >a maxf (g ); (em)g,
successful. The following lemma proves that for a suitabighich impliesRo does not contain any links i, other than
value of , the algorithm is indeed successful. g . By de nition, the area ofRq4 is [((d + 1)a'(g))?



D. Putting everything together

For an input instancé = (V;E;D;J) of TM-SINR, our
algorithm computes the optimum solution to the linear
programP (1=(1+log ) ;I1°%=(V;E%D;J=(1+ ))), where
E°=fe2E:J (@1+ )Ngy(¢) g From Lemma 5,
it follows that x can be scheduled feasibly for the instance
| . The following theorem shows that the rate achievedkby
is within a provable factor of o (1 9 - thus, this is a bi-
criteria approximation, in which we compare the quality of
the solution produced by our algorithm with respect to the
optimum for an instance that uses slightly less power.

Theorem 1:As de ned above, let = (V;E;D;J) be an
Fig. 2. For a given linke, = (uj:vj) 2 Ei, construct rings of radius inStance of TM-SINR with uniform power levelJ, and let
a’(e) aroundu; . We calculate the interference experienced by ngdeue 1% = (V;E%D;J=(1 + )) be the corresponding instance,
to other simultaneously transmitting links. de ned by using power levelg=(1 + ), with E0O= fe 2

E:J A+ )No(e) g, forany > 0. The optimum

solutionx to the progranP (1=(1 +1log ) ;19 is a feasible
(da'(g))?]= a?(2d+1)(g)?> 3da?'(g)?, and so the and stable link utilization vector for the instaniceand results
non-overlapping disks property implies that the number &1 a total throughput of at least rop (I 9=(1 +log ))

transmitters inRy is at most Proof: Let xopt be the optimum utilization vector for the
instancel © of TM-SINR, achieving a total throughput rate of
3da?(g)* 484: ropt (I 9. Note Lemma 3 holds for both the instandesand
a?'(g)2=16 ' | °© From Lemma 3, it follows thatep is feasible solution to

the progranP ( o;1 9, for the constant o de ned in Lemma
Next, that for eacte, 2 Ry, we haved(um;v;) (ad 3. SinceP( ¢;19 is a linear program, it follows that the

1) (g) %‘(e,), sincea 2. Therefore, the interferenceutilization vectory = Ig Xopt IS & feasible solution to the
atv; due to nodes irRq, denoted byl 4(v; ), is bounded as programP (1=(1+log ) ;I 9, and results in a total throughput
follows, rate of (g' . This implies that the optimum solutionto the
programP (1—(1+Iog ) ;19 also results in a total throughput
Lo (v)) 8d2 —3 __=» 8. rate of at Ieaslm Finally, by Lemma 5, it follows that
(ad'(&)) ad *(s) X can be scheduled feasibly for the instamcef TM-SINR.
Therefore, the theorem follows. ]

Summing up the interference over all rinBg, we have,
VIl. THROUGHPUTMAXIMIZATION FOR NON-UNIFORM

POWERLEVELS

x 480 R 1
La(vi) 22 “(g) d 1 In the previous section, we assumed that the power véctor
- 7 if ithd () = J f h edge. W d
483 1 dx was uniform withJ (e) = J for each edges. We now exten
2 a (a) X 1 this to the non-uniform setting wher¥(e) need not be the
2 i&] ! same for every edge LetJ be the corresponding power level
W- vector.
Therefore the SINR at receivey is at least A. Problem Formulation
The problem formulation for th@M-SINR problem for
J J non-uniform power levels is similar to the one presented
(@) [No+ 28I ] (@) | J T 3 ] in Section VI-A. Recall the notation de ned in Section V.
1 T a e (2 &) ley @ @ (e)

We partition the setE of edges into setH] = =

S . 48 ( +1 ( V) 2 E @ (e) 2 [2;2%); J(e) 2 [2¢;2 li<+1)g 8| 2
which is at least if a 2 (7’;)) Note that we have ¢q..7.. (Iog 1)gk 2 012 (log 1)g. For an in-

used the fact that 1+ )No(g) , since we are stancel = (V:E;D;J) of TM-SINR, we de ne a different
analyzing the feasibility of the scheduf for the instance formulationP,(; | ) by replacing the constraints (5) in the
| of TM-SINR. m programP(; |) by the constraints

It is crucial to note that Lemma 5 proves that the sched- x(e) + X (& @
ule corresponding to the vector produced by Algorithm 02 (e M1 '
FrameSchedule is valid not for the original instance® =
(V;E;D;J=(1+ )) of TM-SINR, but for adifferentinstance for alli 2 f0;:::;(log 1)g, k 2 0;:::;(log 1)g,
| =(V;E;D;J),sothatforale2 E,J (1+ )N (e) . andforalle2 HI



B. Link-Flow Scheduling: Necessary Conditions Proof: (Sketch) Consider any time slat. Let E; denote
the set of links scheduled i8 at that timet. There exists a
setH} for which E;  H|, for somei 2 f0;:::;(log

gk 2 f0;:::;(log 1)g. Using the same argument

and notation as in Lemma 5, we can see that for any edge
a(e)

Lemma 6:Let x be any feasible link utilization vector
for the instancel = (V;E;D;J) of TM-SINR. Then,
x is a feasible solution to the program,( 1;1), where

_ » (2a+l) H H A . .
1=2 +1, for con§t§\nta de ned in Section IV-C. g = (uj;vj) 2 Ey, disks of radius=—;*~ centered at each
Proof: (Sketch) We mimic the proof of Lemma 3. Fol- ,54e em = (Um:Vm) 2 E; are disjoint. Also since for

lowing the notation of Lemma 3, we consider #gtto be the any links em = (Um:Vm)i& = (Uiivi) 2 Eq Hi
set of links that are scheduled at timim the feasible scheduIeJ(em) 2 [2%: 2<*1) implies t#wat\](em]) . 2](g). The rekst

corresponding tx. Dene G = fe 2 E : 2°  J(€) < f the proof remains similar to the proof of Lemma 5. m

i ) ) , Theorem 2:LetJ be a vector of non-uniform power levels,
edges numbered in non-decreasing order of their lengthis ASet| = (V:E:D;J) be an instance oTM-SINR with non-

the proof of Lemma 3, by computing the SINR at the receiver J
Ve, We argue that at most; other transmissions A, \ G; linear power levels, and let® = (V;E%D; m) be
argfsimultane%us!y pOhSSib:je- Tr;)}ligg the PIPWGL|€\?€|S are mee corresponding instance obtained by using power levels
uniform, considering the edges i implies that for any J . ) .
e;§ 2 Ac\ Gi, we havel(e:)=2 J(g) 2J(e), which [T+ )’ with E®= fe2 E : J(e) (1+ )No'(e) g,
allows us to do the argument, with the constaptinstead of for any > 0. The optimum solutionx to the program
0. m P(=(1+log)d+log) ;19 is a feasible and stable link
We now consider the suf cient conditions for link- ow sta- utilization vector for the instancé, and results in a total
bility. Algorithm NonUniformFrameSchedule is the modi- throughput of at leas{ rop (I 9=(1 +log )(1 + log ))
ed scheduling algorithm for this setting. As in the case of Theorem 1 for uniform power levels, this
result is a bi-criteria approximation, in which the thropgh
rate guaranteed by our algorithm is compared to the optimum
rate possible if slightly lower power levels are used.

Algorithm 2: NonUniformFrameSchedule

Input © () E, (i) x, (i) W, (iv) J ,(v)w

Output : Setss(e) for all edgese and schedul&Sw VIIl. | MPROVED APPROXIMATIONS. LINEAR POWER
1 for e2 L do L
2 | s)= EVELS
3 end . . .
4 PartitonW into (1 +log )(1+log )  setsW;y of equal size, for We now consider a special case of non-uniform power
i2f0;:::; (log 1)g, k 2f0;:::5(log  1)g. levels, in whichJ(e) = ¢, (e) for a constant; such that
5 for i = (log 1) downtoO do _thic i ;
. for k = (log 1) downto0 do C1 N o - this is also called the linear power level. Theorem
/iGreedy Coloring 2 implies an approximation dd((1 +log ) ?2) for this case,
7 Order edges itH| in non-increasing order of their lengths since = . In this section, we show that this bound can be
fer;:ijesg i +
. for ] =1 fojidlj do improved toO(1 +log ) . . i
9 SAe) = eopc(en ey 1qS(€) Let J be the power value vector withh(e) = ¢ (e) ,
----- i 1 . .
10 s(g) = any subset ofV;y ’nso(e,-) of sizewx (€) as de ned above. We consider the problem instahce
1 § end (V;E;D;J) of TM-SINR. We show that in this case the pro-
2" gramP(; 1) itself can be used with a slight modi cation in-
14 Construct schedul&yy : at each time 2 W, schedule all linkse 2 L stead of the pr"_grarﬁn( ; 1) to getthe bett?r approximation.
with t 2 s(e). Recall the de nition of the setB; from Section IV. We form

a linear prograni®|(; 1) by replacing y_r;e constraints 5 in the
programP (; | ) with constraints(e)+ €92C (e)\ B, x(€9
We construct a period schedu® using Algorithm 2 by  foralle2 B;;8i 2f0;:::;(log 1)g.
repeating the scheduf&y for each framéV . Itis easy to see Lemma 8:Letx be any feasible rate vector for the problem
that by making a minor modi cation to Lemma 4, it followsl = (V;E;D;J). Then,x satis es all the constraints of the
that this algorithm indeed assigmge)w slots for each edge programP( »;1), where , =2 @31 41 for constant
e. We now derive the conditions under which the schedule éasde ned in Section IV-C.
valid. Proof: (Sketch) We mimic the proof of Lemma 3. Recall
Lemma 7:Let x be a feasible solution to the progranthe notation of sef; from Lemma 3. We show that number of
P(1=(1+log )(1+log ) ;1°%°=(V;E;D;J=(1+ ))), fora links simultaneously scheduled from &f\ B;;8e2 E; 8i 2
constant > 0. Then, AlgorithmNonUniformFrameSched- fO0;:::; (log 1)g is at most ,. Again, we consider the
ule produces a valid schedule correspondingxtdor the SINR at the receiver of the longest edge2 A; \ B;. Note
instancel = (V;E;D;J), of TM-SINR in which the SINR that8¢;;e. 2 A;\ B;, we havel (e;)=2 J(g) 2 J(e).
constraints are satis ed at all receivers, for constansnd Following the same sequence of arguments as in Lemma 3,
de ned in Section IV-C. we can derive
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