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Abstract- Accurate estimation of the frequency of sinusoidal
signals from noisy observations is an important problem in signal
processing applications such as radar, sonar, and telecommunica-
tions. In this paper, we study the problem under the assumption
of non-Gaussian noise in general and Laplace noise in particular.
We prove that the Laplace maximum likelihood estimator is
able to attain the asymptotic Cramer-Rao lower bound under
the Laplace assumption which is one half of the Cramer-Rao
lower bound in the Gaussian case. This provides the possibility of
improving the currently most efficient methods such as nonlinear
least-squares and periodogram maximization in non-Gaussian
cases. We propose a computational procedure that overcomes
the difficulty of local extrema in the likelihood function when
computing the maximum likelihood estimator. We also provide
some simulation results to validate the proposed approach.

I. INTRODUCTION

Consider the problem of estimating the frequency, w, of a
sinusoidal signal from noisy observations

yt := Acos(o)t) + Bsin(o)t) + et (t = 1, ... ., n), (1)

where A e R, B e R, w) e Q := (0, w) are unknown constants
and {et } is a white noise process with mean zero and unknown
variance a2 > 0. The literature on this subject is extensive [1].
The most popular approaches include Fourier transform (peni-
odogram) [2]-[5], Gaussian maximum likelihood (or nonlinear
least-squares) [6]-[8], autoregression [9]-[12], and eigende-
composition (signal/noise subspace) [13]-[18].

It is well known that under the assumption that {et} is
Gaussian white noise, the asymptotic Cramer-Rao lower bound
(CRLB) with respect to the frequency parameter w can be
expressed as (12/y)n-3, where y:= (A2+B2)/&G2 is the
signal-to-noise ratio (SNR). In the following we shall refer
to this bound as the Gaussian CRLB. Analytical as well as
simulation studies suggest [4] [6] that the Gaussian CRLB
can be attained asymptotically by the maximum likelihood
estimator (MLE) which maximizes the Gaussian likelihood
function, or equivalently, minimizes the sum of squared errors

n
£2 (69) := , Yt -(A cos (wt) + B sin(wt)) 2

t=1
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as a function of 6 := [A,B, 0]T. Several numerical procedures
have been proposed to compute this estimator [6] [8].
When the noise is not Gaussian, the minimizer of L2(0) is

known as the nonlinear least-squares (NLS) estimator. Under
fairly general assumptions about {et}, it has been shown [2]
that the NLS estimator of w is asymptotically equivalent
to the maximizer of the continuous periodogram, I(wi) :=
n- ytexp(itw) 2, with i := v1, and the asymptotic vari-
ance of this estimator coincides with the Gaussian CRLB.

Analytical and simulation studies show that typical fre-
quency estimation procedures that exist in the literature either
attain the Gaussian CRLB asymptotically (e.g., the NLS
method [2]) or fall short of it (e.g., the signal/noise subspace
methods [16]). The question is: can we do better than the
Gaussian CRLB in non-Gaussian cases?

In this paper, we provide a positive answer to the question.
Toward that end, we first examine the CRLB in non-Gaussian
cases generally and show that the Gaussian CRLB is the
worse-case performance limit, i.e., the largest lower bound,
among a large family of noise distributions. Then, we focus
on the case of Laplace noise and show that the Laplace MLE
attains asymptotically the Laplace CRLB which is only one
half of the Gaussian CRLB.
The Gaussian assumption of the noise is often made

in practice for its mathematical tractability rather than its
goodness of fit to the data. In reality, departures from the
Gaussian assumption can occur in many different forms, one
of which is heavy tails. A heavy-tailed distribution has greater
tail probabilities than what the Gaussian model suggests.
It manifests itself as outliers in the observations that can
cause algorithms developed under the Gaussian assumption
to malfunction. The Laplace distribution has heavier tails than
the Gaussian distribution and therefore is often used to model
heavy-tailed data in the statistical literature. The Laplace
distribution can also be used as a surrogate in developing more
robust algorithms against outliers or in solving problems that
do not have a solution under the Gaussian assumption (i.e.,
blind deconvolution of non-minimum phase systems).
As with the methods of Gaussian maximum likelihood and

periodogram maximization, it is very difficult to compute
the Laplace MLE without an extremely good initial guess,
because the likelihood function is full of local extrema in
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the vicinity of the desired solution. To solve this problem,
we use a well-understood iterative filtering method, called the
three-step algorithm (TSA), discussed in [19] [20], to provide
the necessary initial guess for a general-purpose optimization
routine that computes the final estimates. In addition to its
unified architecture suitable for practical implementation, the
TSA initialization procedure has the analytically proven prop-
erty of fast and virtually global convergence to an estimate
as accurate as the Gaussian MLE and the periodogram maxi-
mizer. Simulation confirms the validity of this approach.

II. CRLB FOR NON-GAUSSIAN NOISE

Let the et be i.i.d. random variables with mean zero, vari-
ance 02 > 0, and probability density function p(x). Assume
that p(x) is almost everywhere differentiable with derivative
p5(x), except at a finite number of points, such that

o<X: 2 {15(X)}2dx<
p(x)>O p(x)

Theorem 1. Under these assumptions, the Fisher information
matrix of y:= [y,... y, with respect to 6: [A,B, c]T can
be expressed as

I(o) = XIg().

In this expression, Ig (6) is the Fisher information matrix under
the Gaussian assumption, i.e.,

Ig(O): 1 XTX,

where X:= [x1, x2, x3], xi := vec[cos(ot)], x2 := vec[sin(wt)],
and X3 := vec[ -Atsin(wt) +Btcos(wt)].

Proof. The log-likelihood function of y can be written as
n

L(O ty) = 1 logp(yt-st
t=l

where s,(0) : :A cos (ct) + B sin(ct). Therefore,

n( t) cos(wt)

t7 Ip (-et)()n (_t sin(wt)

dL =
n P(et) -{Atsin(wt)+Btcos(wt)}

so that

I(o) := E{VL(6 Y) VTL(6 y)}

= EU( (_c) }(XTX)

= (X/u2) (XTX).
The proof is complete upon noting that X 1 in the Gaussian
case where p (x) = (2zU2) -1/2 exp(- Ix2 /U2). D

From Theorem 1, the following result about the CRLB can
be obtained immediately.

Theorem 2. Under the assumptions of Theorem 1 and the
standard regularity conditions, the asymptotic CRLB for esti-
mating W on the basis of y can be expressed as

CRLB(06) = ' CRLBg (0),

where

CRLBg(6) :-
1 (A2+4B2)/n

7 L symmetry

-3AB/n
(4A2 + B2)/n

-6B/n2
6A/n2
12/n3 1

is the asymptotic CRLB under the Gaussian assumption.

Proof The assertion follows from Theorem 1 combined with
the fact that XTX = D 'f{E+ o (1)} D- 1, where

[ I 0 'B2
2 4

£:= '1 A2
symmetry 6 (A2 + B2)

and D, := diag(n-/2 n-12 ,n-3/2). D-

In the next result, we show that the Gaussian CRLB is
the worse-case performance limit among a large family of
distributions.

Theorem 3. Let P be the set of probability density functions
satisfying the assumptions of Theorem ] and having the entire
real line R as their support. Then, X > 1 for any p(x) C P,
with "=" if and only if {et} is Gaussian.

Proof Consider the problem of estimating 0e R on the
basis of Y - p(y -0). It is easy to show that the Fisher
information of Y equals X/u2 and Y is an unbiased estimator
of 0 with Var(Y) = U2. So, the Cramer-Rao inequality can be
written as X > 1, with "=" iff a(y -0) = (d/d0) logp(y -0)
for some constant a :t 0. With x := y -0, this condition
can be rewritten as dlogp(x)/dx =-ax, leading to p(x)=
exp(- ax2 + bx + c). Imposing the constraints on the mean
and variance completes the proof. D

An example of p(x) that satisfies the assumptions is the
Laplace distribution with

p(x) = (2c)-1 exp (- xl/c),
where c:= u/ 2. It is easy to show that X = 2. This implies
that the CRLB under the Laplace assumption is one half of
the CRLB under the Gaussian assumption.

III. MAXIMUM LIKELIHOOD ESTIMATION

Whereas typical procedures of frequency estimation only
achieve the Gaussian CRLB at best, the CRLB under the
Laplace assumption suggests the possibility of reducing the
error by 50% when the noise has a Laplace distribution. The
question is: can we get there?

To answer this question, we turn to the maximum likelihood
method, which typically produces the most efficient estimates
for sufficiently large sample sizes. Note that maximizing the
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Laplace likelihood function is equivalent to minimizing the
sum of absolute errors

n

1:(0= y,|Y-(A cos(wh) + B sin(wt))l.
t=1

Therefore, instead of minimizing the £2 error, which only
achieves the Gaussian CRLB, we minimize the fl error.
However, to prove the efficiency of this estimator is not a
simple exercise. We cannot adopt the standard argument of
asymptotic normality of the maximum likelihood estimators
from i.i.d. observations, which can be found in many textbooks
such as [21], not only because the Yt do not have the same
distribution for each t, but also because the Laplace likelihood
function is not everywhere differentiable.

Nonetheless, by employing more sophisticated mathemati-
cal tools and the concept of local asymptotic normality (LAN),
we are able to prove the following result.

Theorem 4. Assume that {et } is a Laplace white noise process
with mean zero and variance a&2. Let ®n: { (a, b, c): la-A <
Kin 1/2, lb-BB <K2n 1/2,c (-0 < K3n 3/2}Cc R x R x Q be
a neighborhood of the true parameter O := [A, B, ] Tfor some
positive constants iK, iK, and K3. Then, there exists a sequence
{9n} C On of local maxima of the Laplace likelihoodfunction
such that On is asymptotically distributed as N(6, CRLB(O)).

Proof. We omit the proof here, except to say that the key
in proving the assertion is to establish that asymptotically,

Rn(i) := f I (O + Dn3) -fI (O)
can be approximated in distribution by the random process

R(3) := 3TZ + (2/f)3T3
uniformly for all 3 in any compact subset of IR, where z
N(O,E), with E defined in the proof of Theorem 2. D

Theorem 4 shows that by minimizing the £I error instead of
the £2 error, the Laplace MLE is able to reduce the variance
of the NLS estimator by 50% in the case of Laplace noise.

IV. A COMPUTATIONAL PROCEDURE

Finding the minimizer of £I (6) numerically is a challeng-
ing problem, not only because the objective function is not
everywhere differentiable, but most importantly because it
contains many local minima in the small vicinity of the true
parameter. A similar problem was also experienced with the
methods of NLS and periodogram maximization, where it has
been demonstrated that an initial value of accuracy o(ni1)
in standard error is required for iterative search algorithms
to converge to the desired solution [22]. A typical remedy
to the problem is to use a DFT-based coarse search followed
by a local interpolation refinement to generate suitable initial
values for standard optimization routines such as the Newton-
Raphson algorithm [2]-[8].

Rather than stitching together various methods of differ-
ent flavors, we propose a unified procedure to produce the
required initial values, using the simple parametric filtering
(PF) method discussed in [12] [19] [20].

TABLE I

ROLE OF BANDWIDTH PARAMETER

Bandwidth

v =O
V E ( 5 I
VE (2,1)
V = oo

Initial Accuracy
(0)

) (n- )

o (n-1)

Final Accuracy

(9(n-1/2)
(c)(n-(1+3v) 2)
(D(n- (2+v)/2)

C) (n-3/2)

The gist of the method is the following [19]. For any given
a C (-2 /(l +n2).2 /(1+ 2)) with fixed r1 F (0,1), let
Yt (a) be obtained by filtering the data with the 2nd-order IIR
filter H(z-i) := {1 (11+2)az-1 + 772Z-2}-1, i.e.,

Yt(a) : =H(z )yt

Given {Yt(a°)}, let p, (a) be the minimizer of the weighted
sum of forward and backward prediction error sums of squares
E{Yt(a) -PYt-I (a)}2 +fl2 {Yt-2(a) -PYt-I (a)}2, which
turns out be

Pn (a)

n

Z yt-I (a){Yt (a) +l2yt 2(a)}2
t= I

n

(1+ 12)Z{yt-l(a)}2
t=l

Using this function of a, a sequence {& m) } can be obtained
from the accelerated version of fixed-point iteration

6(m) = (2P(m 1)) &m i) (m= 1,2,...),

which can be regarded as an iteration of linear filtering
followed by least squares. It can be shown [19] that with a
suitable initial value the sequence converges to a fixed point
an of Pn(a), i.e.,

lim )= Pn(&n)mo
almost surely for sufficiently large n. From this fixed point, a
frequency estimator,

obn := arccos(a&n),
is produced. The consistency and asymptotic normality of On
as an estimator of w can be established [19].

In this algorithm the bandwidth parameter r1 plays an
important role in determining the required accuracy of the
initial values and the final accuracy of the frequency estimator.
The relationship is summarized in Table I.

Based on these results, the following three-step algorithm
(TSA) was proposed in [19] to bring an initial value of
accuracy (9(1) to a final estimate of accuracy arbitrarily close
to (9(n-112) at the cost of computational complexity (9 (n log n):

1. Take I1 =i (9(1) to accommodate initial values of ac-
curacy (91); iterate ( (n log n) times to obtain an estimate
of accuracy (9(n- /2).

2. Take 1 -172 = (9(n-i3) and use the result from Step 1
as the initial value; iterate (9(1) times to get an estimate
of accuracy (0(n- 1).
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Fig. 1. Trajectory of normalized frequency estimates from the
three-step algorithm for different initial values. Sample size is 128.
Frequency normalization is defined as f :/(2z) E (0,0.5).

3. Take 1 = (9(n-V) with v = 1 and use the result from
Step 2 as the initial value; iterate (9(1) times to obtain an

estimate of accuracy arbitrarily close to (9(n-3/2).
The global convergence property of this algorithm can be
appreciated from Fig. 1, where all initial values lead to a

convergence to the desired solution after about 12 iterations
(6 iterations with ri = 0.75, 3 more iterations with ri = 0.84,
and all remaining iterations with r1 = 0.98).

In practice, one can use Prony's estimator to initialize
Step 1. Prony's estimator corresponds to pn(a) with a = 0

and r1 = 0 (no filtering) and has accuracy (9(1) (because it
is biased). With this estimator as the initial value instead
of other alternatives such as SVD-based estimates, the entire
procedure becomes unified in architecture, thus simplifying
the hardware/software implementation.

It can be shown [23] that with r1 1 the estimator -< is
able to attain the Gaussian CRLB asymptotically. Simulation
indicates that even with r1 < 1 (but sufficiently close to 1)
the Gaussian CRLB can be attained by the estimator for
samples sizes as small as 50. Therefore, starting with virtually
any initial guess as the input, the TSA procedure should
be able to produce an output accurate enough to initialize
general-purpose optimization routines for minimizing Li(O).
Initial values of A and B can be obtained easily by least-
squares regression using the frequency estimate from the TSA
procedure.

Because Li(O) is not everywhere differentiable, gradient-
based algorithms, such as the Gauss-Newton algorithm for

50 100 200 300 400 500 600 700 800 900

SAMPLE SIZE

Fig. 2. Reciprocal MSE of the normalized frequency estimates and
reciprocal CRLB for a sinusoidal signal in Laplace white noise. Solid
line, Laplace CRLB; dotted line, Gaussian CRLB; x, Laplace MLE
initialized by the three-step algorithm; +, NLS initialized by the
three-step algorithm; o, estimates from the three-step algorithm.

NLS, cannot be used to compute the Laplace MLE. Fortu-
nately, there are a plenty of general-purpose algorithms that
do not require the differentiability. The simplex algorithm of
Nelder and Mead [24], available in many software packages
such as Mathematica and R, is such an example. There are also
special algorithms designed for nonlinear regression with the
LI norm. For example, the interior point algorithm proposed
in [25] for nonlinear quantile regression is readily available
for R (the function nlrq in the quantreg package).

Fig. 2 shows the result of a simulation study in the case

of Laplace noise based on 1,000 Monte Carlo trials for each
sample size. The signal and noise parameters are: A = 1, B = 0,
= 0.15 x 2w, and y= 0 dB (normalized for each trial). The

three values of r1 in the TSA procedure are 0.85, 1 - n-0.6,
and 1 -n-09. The numbers of iterations with these values are

6, 3, and 11 for each trial. The TSA procedure is initialized
with Prony's estimator which is known to be biased regardless
of the sample size and have a standard error (9(n- 1/2), so the
initial MSE is merely (9(1). Fig. 2 shows that the estimates
from the TSA procedure attain the Gaussian CRLB for all
the sample sizes. It also shows that using the TSA estimates
as initial values to minimize £2(0) by a standard optimization
routine (in this case the Nelder-Mead algorithm) does not lead
to an improved accuracy. However, by replacing £2(6) with
L1(6), the initial TSA estimates are improved considerably,
and the final estimates (the Laplace MLE) closely follow the
Laplace CRLB, as predicted by Theorem 2, except for the
smallest sample size n = 50. As expected, the improvement is
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about 3 dB, or a 50% reduction in MSE.

V. CONCLUDING REMARKS

In this paper we have demonstrated the possibility of
achieving more accurate frequency estimates than the Gaussian
CRLB suggests for sinusoidal signals in non-Gaussian noise.
In particular, we have shown that in the case of Laplace noise
the maximum likelihood estimator, which minimizes the sum

of absolute errors, is able to attain asymptotically the Laplace
CRLB which is 50% smaller than the Gaussian CRLB attained
by nonlinear least squares and periodogram maximization.

In addition to the theoretical findings, we have also proposed
a computational procedure to obtain the maximum likelihood
estimates numerically. The procedure utilizes an iterative al-
gorithm proposed in [19] [20] to produce sufficiently accurate
initial values for standard optimization routines. Owing to the
global convergence property of the initialization algorithm, the
proposed procedure is able to accommodate poor initial values
of accuracy (9(1) and produce a final estimator of accuracy
(9(n-3/2) that attains the Laplace CRLB for sufficiently large
sample sizes.
The proposed procedure is also generalized to the case

of multiple sinusoids, provided that the frequencies satisfy a

separation condition [20]. In principle, one can also generalize
the problem by assuming that the noise has a generalized
Gaussian distribution of the form p(x) oc exp(- x/c °), where
a > 0 is a predetermined constant and c > 0 is the scale
parameter. Note that for Gaussian noise, a = 2 and for Laplace
noise, a = 1. Under this assumption, the maximum likelihood
estimator of 9 can be found by minimizing Lc(6) := Yt-
(Acos(wt) + Bsin(wt))°. Because special mathematical and
computational tools are needed to handle the general case of
a 1,2, this problem deserves further investigation.
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