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Abstract | This paper shows that when the input

signal to a linear system is discrete-valued the blind de-

convolution problem of simultaneously estimating the

system and recovering the input can be solved more

e�ciently by taking into account the discreteness of

the input signal. Two situations are considered. One

deals with noiseless data by an inverse-�ltering pro-

cedure which minimizes a cost function that measures

the discreteness of the output of an inverse �lter. For

noisy data observed from FIR systems, the Gibbs sam-

pling approach is employed to simulate the posteriors

of the unknowns under the assumption that the input

signal is a Markov chain. It is shown that in the noise-

less case the method leads to a highly e�cient estima-

tor for parametric systems so that the estimation er-

ror decays exponentially as the sample size grows. The

Gibbs sampling approach also provides rather precise

results for noisy data, even if the initial and transition

probabilities of the input signal and the variance of the

noise are completely unknown.

1. Introduction

Blind deconvolution in general deals with the simul-

taneous estimation of a linear system fsjg and recon-

struction of its random input fxtg on the basis of the

data fytg obtained from the convolution

yt =

1X
j=�1

sjxt�j : (1)

Partial information about the statistical properties of

fxtg is usually required in order to obtain a sensible

solution. It is evident that how well the knowledge

of fxtg can be incorporated into the solution plays an

important role in this problem.

The current paper is concerned with a special prob-

lem of blind deconvolution in which the input signal

takes discrete values from a known alphabet | a typi-

cal situation encountered frequently in digital commu-

nications [8]. Based on the inverse �ltering approach,

a cost function is employed to measure the closeness of

the �ltered data to a discrete-valued sequence and min-

imized to obtain an estimate for the unknown system.

In the parametric case where the system is character-

ized by a �nite dimensional parameter (e.g., ARMA

models) the method is proved to yield highly e�cient

estimates so that the estimation error may decay ex-

ponentially as the sample size grows. When the data

fytg are contaminated by Gaussian white noise and

the system fsjg has �nite length (FIR), the current

paper shows that the Gibbs sampling procedure can

be used to deal with the estimation of fsjg and fxtg
under the assumption that fxtg is a Markov chain [2].

This method presents an avenue to incorporate colored

input signals into the blind deconvolution problem. All

these results provide yet another piece of evidence that

a digital signal is capable of resisting distortion and

contamination if its discreteness can be judiciously uti-

lized in the restoration procedure.

2. An Inverse Filtering Procedure

When fxtg is an i.i.d. sequence of zero-mean random

variables and fsjg is a minimum-phase ARMA(p; q)

system so that

pX
j=0

a�jyt�j =

qX
j=0

b�jxt�j (2)

with a�
0
= b�

0
= 1, the classical least-squares method [1]

provides a solution to the problem by seeking the coef-

�cients fa1; : : : ; ap; b1; : : : ; bqg to minimize the sample
variance of the linear prediction error futg given by

ut =

pX
j=0

ajyt�j �

qX
j=1

bjut�j : (3)

Since the method approximates the maximum likeli-

hood estimation by ignoring the end-point e�ect, it is

not surprising that minimizing the sample variance of

futg leads to asymptotically e�cient estimates [1] for

the ARMA system (2). An alternative to least squares

is the method of moments. Although computationally



appealing, it does not however provide e�cient esti-

mates except for the pure AR systems. The variance of

the estimates in both methods is usually proportional

to the reciprocal of the sample size, i.e., O(1=n).

To generalize the idea of least squares, it is crucial

to observe that futg in (3) is the output of an in-

verse �lter corresponding to the ARMA system in (2).

Therefore, the least-squares method calls for the min-

imization of variance of the output sequence obtained

by �ltering the data fytg with an inverse �lter. For an

arbitrary parametric system with sj = sj(�
�) in (1),

one may consider the output sequence

ut(�) =

1X
j=�1

s�1j (�) yt�j (4)

where fs�1j (�)g is the inverse of fsj(�)g. Since the

variance alone is no longer su�cient for the discrimina-

tion of nonminimum-phase systems, higher-order mo-

ments of futg have to be involved in the selection of

optimal �lters [3], [4], [5], [9], [10]. Minimization of

E(jutj
k�rk)

2 with rk = E(jxtj
2k)=E(jxtj

k) and k > 1,

for example, was suggested in [5], whereas maximiza-

tion of jck(ut)j=(c2(ut))
k=2 with ck(ut) being the k-th

order cumulant of ut for k > 2 was discussed in [3], [4].

The stationarity of fxtg is a crucial requirement in all

these procedures, and many of them further require

some moments of fxtg to be available. The estimation
accuracy of these procedures is usually O(1=n) [4].

This accuracy limit, however, can be signi�cantly

improved when the discreteness of the input signal is

taken into account. In fact, for an m-ary signal whose

alphabet is A = fai; i = 1; : : : ;mg, a highly e�cient

estimator can be obtained by minimizing

Ĵn(�) =
1

2n+ 1

nX
t=�n

mY
i=1

jût(�) � aij
2; (5)

where fût(�)g results from the inverse �ltering

ût(�) =

2nX
j=�2n

s�1t�j(�) yj (6)

using only the observed data fyt; t = �2n; : : : ; 2ng
(assuming yt = 0 for all jtj > 2n). This criterion

measures the closeness of fût(�)g from being an A-
valued discrete sequence. It can be shown [6], [7] that

the minimizer of Ĵn(�), denoted by �̂n, is a consistent

estimator for the true parameter �� and, more impor-

tantly, that the estimation error k�̂n � ��k is bounded
by the tail behavior of the true inverse system so that

k�̂n � ��k � c
X
jjj�n

js�1j (��)j (7)

where c > 0 is a constant. For ARMA systems, this

implies that the error of �̂n decays as an exponential

function rather than the square-root reciprocal of the

sample size n. In other words, minimization of Ĵn(�)

would produce \super-e�cient" estimates for the blind

deconvolution problem. If the system is autoregressive

with �nite order, the super-e�ciency yields

lim
n!1

Pr(�̂n = ��) = 1:

In other words, the minimizer of Ĵn(�) would be equal

to the true values of the parameter with probability

tending to unity as n increases. It is also important to

point out that all these results can be obtained without

requiring the xt to have the same distribution as long

as they are independent [6], [7]. Therefore the super-

e�ciency applies even to nonstationary signals.

To demonstrate these results, let us consider a sim-

ple nonminimum-phase MA(2) system [6]

yt = �1:5xt + 3:5xt�1 � xt�2

where fxtg is a binary sequence with Pr(xt = 0) = pt
and Pr(xt = 1) = 1�pt. For the general MA(2) model

yt = b0xt+b1xt�1+b2xt�2, we assume b0+b1+b2 = 1

and reparametrize the resulting two-parameter system

with the zeros of the polynomial b0z
2 + b1z + b2 de-

noted by � = (z1; z2). Therefore, in this example,

�� = (z�
1
; z�

2
) = (1=3; 2). To compare with other meth-

ods which make no use of the discreteness of the input

signal, we consider the well-known procedure of maxi-

mizing the standardized skewness [4], [3], [9]

Ŝn(�) =
jĉ3(ût)j

(ĉ2(ût))3=2

where ût = ût(�) is the output of the inverse �lter in

(6) and ĉk(ût) the k-th order sample cumulant of ût.

Two cases are considered: In Case 1 the input signal

fxtg is stationary with pt = 0:6 for all t, while in Case

2 it is nonstationary with pt = �(sin(3t�=128)) where

�(�) is the distribution function of the standard normal
random variable. In both cases a random sample of

size n = 1000 is used in the computation of Ĵn(�)

and Ŝn(�), and the contour plots of these criteria are

presented in Figures 1{4.

As we can see from Figs. 1 and 3, the (binariness)

criterion Ĵn(�) has a very sharp valley near the true

value �� (indicated by +) in both stationary and non-

stationary cases. This implies that minimizing Ĵn(�)

will produce very precise estimates for both stationary

and nonstationary input signals. On the other hand,
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Fig. 1. Contour of Ĵn(�): Stationary case.
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Fig. 2. Contour of Ŝn(�): Stationary case.
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Fig. 3. Contour of Ĵn(�): Nonstationary case.
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Fig. 4. Contour of Ŝn(�): Nonstationary case.

the standardized skewness Ŝn(�) has a rather broad

peak near �� in the stationary case (Fig. 2). Although

a solution to the deconvolution problem is provided by

maximizing Ŝn(�), the broad peak in Ŝn(�) as shown

by Fig. 2 may yield inaccurate estimates for ��. To

make things even worse, the peak completely disap-

pears in Ŝn(�) for the nonstationary signal (Fig. 4).

This reveals how crucial the stationarity may be to

the successful implementation of procedures like max-

imization of the standardized skewness. It is evident

that the advantage of Ĵn(�) comes primarily from its

utilization of the discreteness of the input signal.

3. A Gibbs Sampling Procedure

Suppose fsjg in (1) is an FIR system operated in a

noisy environment so that fytg is obtained from

yt =

qX
j=0

�jxt�j + �t (8)

where f�tg is Gaussian white noise with unknown vari-
ance �2. For the input signal, we assume that fxtg is a
�rst-order Markov chain with state space A, unknown
initial probabilities �i = Pr(x1�q = ai), and unknown

transition probabilities �ij = Pr(xt = aj jxt�1 = ai).

The blind deconvolution (or restoration) problem be-

comes the joint estimation of all the unknown param-

eters � = [�0; : : : ; �q ]
T , � = f�i; �ijg, and �2, and the

recovery of the unknown input x = fx1�q; : : : ; xng,
solely from a �nite data set y = fy1; : : : ; yng. It should
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be pointed out that most of the previously mentioned

methods of blind deconvolution do not directly apply

to this situation since the input signal fxtg is colored

and its moments unknown.

To deal with this problem, Chen and this author

have recently combined the Bayesian approach with

a Gibbs sampling procedure [2]. The gist of method

can be summarized as follows. Upon regarding all the

unknowns as independent random variables/vectors, a

multivariate Gaussian distribution and an inverse chi-

squire distribution are used as priors for � and �2,

respectively, so that

� � N(�
0
;�0) and �2 � ��2(�;�)

(i.e., ��=�2 � �2(�)). Dirichlet distributions are em-

ployed as priors for the �'s, namely

(�1; : : : ; �m) � D(�1; : : : ; �m) and

(�i1; : : : ; �im) � D(�i1; : : : ; �im);

so that p(�1; : : : ; �m) /
Q

��i

i with
P

�i = 1 and

p(�i1; : : : ; �im) /
Q

�
�ij

j with
P

j �ij = 1. Selection

of the parameters in these priors re
ects the a priori

information about the unknowns. For instance, small

values of � and � or large variances in �0 correspond

to less informative priors suitable for the situations

where information about � and �2 is limited. Je�ray's

non-informative Dirichlet prior for (�1; : : : ; �m) corre-

sponds to �i = �1=2 while in general �i > �1.

According to the Bayesian approach, one is inter-

ested in seeking the conditional expectation E(xtjy)
or the mode of the conditional probability p(xtjy), for
instance, as estimates of xt. The di�culty is that any

direct computation of these estimates seems impossi-

ble because of the complexity of the problem (more

unknowns than observations). Alternatively, one may

employ the Monte Carlo method with a Gibbs sam-

pler. The idea of Gibbs sampling is to construct a

Markov chain by recursively generating random sam-

ples from the conditional posterior distribution of an

individual or a subset of the unknowns given the data

y and the rest unknowns. This procedure continues

until the sampling Markov chain converges in distri-

bution. In this case, the random samples generated by

the Gibbs sampler can be regarded as ergodic samples

from the joint posterior distribution p(x;�; �2;�jy),
so the simple average of the xt components and the

maximum relative frequency of xt = ai obtained from

these samples, for example, will approximate the con-

ditional expectation (MMSE estimator) E(xtjy) and
the MAP estimator modefp(xtjy)g, respectively.

It is not too di�cult to derive for the Gibbs sampler

the conditional posterior distributions of the unknowns

in our problem. As a matter of fact, it can be shown [2]

that the conditional posterior distribution of � given

y and the rest unknonws is Gaussian with mean vector

�
1
and covariance matrix �1, i.e.,

p(� j rest;y) � N(�
1
;�1)

where

��1
1

=

nX
t=1

xtx
T
t =�

2 +��1
0

and

�
1

= �1

 
nX
t=1

xtyt=�
2 +��1

0
�
0

!

with xt = [xt; � � � ; xt�q ]
T . Similarly, it can be shown

[2] that p(�2j rest;y) � ��2(�+ n; ��+ s2),

p(�1; : : : ; �mj rest;y)

� D(�1 + �1; : : : ; �m + �m); and

p(�i1; : : : ; �imj rest;y)

� D(�i1 + ni1; : : : ; �im + nim);

where s2 =
Pn

t=1(yt �
Pq

j=0 �jxt�j)
2,

nij = #f(xt; xt�1) = (ai; aj)g;

and �i = 1 if x1�q = ai and �i = 0 if x1�q 6= ai. For

any �xed t0 2 f1� q; : : : ; ng, the conditional posterior
distribution of xt0 can be expressed as

Pr(xt0 = aij rest;y) / p(x0j�) exp(�s0 2=(2�2))

where x0 = fx0
1�q ; : : : ; x

0
ng with x0t0 = ai and x0t = xt

for t 6= t0, and s0 2 =
Pn

t=1(yt �
Pq

j=0 �jx
0
t�j)

2. Note

that under the Markovian assumption of fxtg we have
p(xj�) = (

Q
��ii )(

Q
�
nij

ij ).

As an example of the Gibbs sampling procedure, let

us consider the MA(3) system

yt = �0:1833xt + 0:9162xt�1

+0:4812xt�2 � 0:1987xt�3 + �t

where fxtg is a four-level Markov chain with A =

f�3;�1; 1; 3g, �i = 1=4, and

[�ij ] =

2
664

:4 :2 :2 :2

:2 :4 :2 :2

:1 :3 :4 :2

:1 :2 :3 :4

3
775:

A realization of fxtg with n = 100 is shown in Fig. 5(a)
and the corresponding fytg shown in Fig. 5(b). The
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sample variance of f�tg is adjusted so that the signal-
to-noise ratio in fytg equals 15 dB. The parameters in
the prior distributions are chosen as follows: �

0
= 0,

�0 = 1000 I, � = 2, � = 0:3, and �i = �ij = 1.
Fig. 1(c) shows the i.i.d. uniform initial guess for fxtg
in the Gibbs sampler, and Figs. 5(d) and 5(e) present
the conditional mean and mode of xt given y, i.e.,
E(xtjy) and modefp(xtjy)g, respectively, calculated
from the last 500 samples of the total 1000 iterations
of Gibbs sampling. The constraints �1 � 0:4 and
�1 � j�ij + 0:2 for i 6= 1 are used to remove the sign
and shift ambiguities in the solution. Estimates of �

and �ij are given in the form of E(�jy)�
p
V (�jy) by,

respectively,

(�0:1539; 0:8942; 0:4692;�0:1781)

� (0:0191; 0:0195; 0:0202; 0:0211)

and2
64

:45 :15 :22 :18

:21 :36 :30 :13

:05 :34 :42 :19

:17 :12 :39 :32

3
75�
2
64

:11 :08 :09 :08

:07 :08 :08 :06

:03 :07 :08 :06

:08 :06 :10 :09

3
75:

It is evident by comparing Figs. 5(d) and 5(e)

with Fig. 5(a) that the MAP estimator modefp(xtjy)g
completely recovers the input signal fxtg from the

noisy data while the recovery by the MMSE estimator

E(xtjy) is almost complete except for the last point,

even though the sample size is relatively small. The

estimates for the system parameters and the transi-

tion probabilities are reasonably accurate given that n

is merely 100. This demonstrates again the impact of

the discreteness of input signals on the improvement

of blind deconvolution solutions.
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