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Abstract

Based on an asymptotic analysis of the contraction mapping (CM) method of Li and K&8ER (
Trans. Inform. Theoryvol. 39, pp. 989-998, 1993), a bandwidth shrinkage rule is proposed for fast and
accurate estimation of the frequencies of multiple sinusoids from noisy measurements. The CM frequency
estimates are defined as the fixed-points of a contractive mapping formed by the lag-one autocorrelation
coefficient calculated from the output of a parametric filter applied to the observed time series. With judi-
ciously chosen bandwidth parameters according to the asymptotic analysis, the algorithm is shown to be able
to accommodate possibly poor initial values of precisign—1/3) and converge to a final estimate whose
accuracy is arbitrarily close 6 (n~%/2), the optimal error rate for frequency estimation under the Gaussian
assumption. The total computational complexity of the algorithm is shown @(bkgn), which is com-
parable to that of-point FFT. A novelty in the asymptotic analysis is that it accommodates closely-spaced
frequencies by allowing not only the filter bandwidth but also the frequency separation to be functions of the
sample sizan. This enables an assessment of the accuracy of the frequency estimates for given bandwidths

and initial values in situations where some or all of the frequencies are close to each other.

AMS 1991 subiject classificationBrimary 62M10; Secondary 60G35, 93E12.
Key words and phrase#&utoregressive, filter, fixed-points, harmonic analysis, martingale difference, mixed

spectrum, nonlinear regression, signal processing, spectral analysis.
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1 Introduction

Consider a time serieg/;,--- ,Yn} obtained from the following random process:
p
V=) Becofmt+q)+ &, (1.1)
K=1

wheref,, @, andg,are unknown constants satisfyifig> 0, 0< w, <--- < wp < 11, andq, € (-1, 11, and
{&} is a zero-mean stationary process. This ‘multiple-sinusoid-plus-noise’ model has important scientific
and engineering applications in, for example, radar and sonar signal processing and rotating machinery.

A fundamental problem in these applications is to accurately estimate the unknown frequgndies
particular, an accuracy @‘P(n‘l) is required for reliable assessment of the amplitudes of the sinusoids, as
demonstrated in [1] and [2]. Traditional methods of obtaining such accurate frequency estimates include
the maximization of periodogram (MP) as a continuous function of the frequency variable and the min-
imization of the error sum of squares by nonlinear least-squares (NLS) regression (which coincides with
the maximum likelihood method ifg } is Gaussian white noise). Both MP and NLS are statistically effi-
cient for frequency estimation in the sense that the estimation error achieves asymptotically theRaam”
lower bound (derived under the Gaussian white noise assumption) that can be exprésgeﬁ%{é) (e.g.,

[31-[7]). Unfortunately, the computational requirements of these methods are quite prohibitive, not only be-
cause iterative optimization algorithms are needed to compute the estimates, but more importantly because
extremely precise initial values, typically of accuraggn—!), which cannot be obtained bypoint FFT,

are required to ensure convergence (e.g., [1], [4], [8], and [9]). Furthermore, the MP and NLS estimates
cannot be easily updated upon the arrival of new observations without re-processing the entire data record.
These considerations have motivated the proposal of many alternative methods in both statistical and signal
processing literature.

Iterative filtering (IF) is a favorite approach in signal processing to developing alternative methods of
frequency estimation that are computationally efficient (e.g., [10]-[15]). A typical IF algorithm repeats the
steps of enhancing the sinusoids with a bandpass filter and estimating the frequencies on the basis of the
filtered data. Since recursive filters are often employed by IF algorithms, the frequency estimates can be
easily updated upon the arrival of new observations in order to track possible frequency changes (e.g., [16]—
[19]). The general premise of the IF approach is that as the frequency estimates become more accurate, the
filter, which depends on the frequency estimates, would enhance the sinusoids more effectively and thus
further improve the precision of frequency estimation in the subsequent cycle of iteration. This, indeed, has
been vindicated by many numerical studies in the literature. What remains largely an open question is how

to design the filter on the basis of the available frequency estimates so that the entire iterative scheme would



converge to a solution of improved accuracy.

Because the sinusoids are localized in the frequency domain, bandpass filters are often employed to
enhance them. One can use a filter with multiple passbands to simultaneously estimate all frequencies (e.g.,
[14] and [20]), or a filter with single passband to sequentially estimate each frequency (e.g., [21]). The first
approach may have higher frequency resolution, as indicated by many numerical studies, but at the expense
of greater computational complexity. In this paper, we focus on the second approach.

In essence, the second approach is an application of single-frequency estimation methods to the multiple
frequency case by regarding all but one sinusoids as interference and lumping them into the noise term
in (1.1). Since this approach relies on the bandpass filter to suppress both the noise and the interfering
sinusoids, the bandwidth selection becomes an important issue. If the bandwidth is too large, the noise and
the interfering sinusoids would not be effectively suppressed and the resulting frequency estimates would
be inaccurate. On the other hand, if the bandwidth is too small, the desired sinusoid could be filtered out by
a filter designed on the basis of poor frequency estimates and the iteration would not converge to the desired
solution.

The main contribution of this paper is to analytically quantify the role of bandwidth in determining
the required initial precision that ensures the convergence of an IF algorithm and the accuracy of the final
frequency estimates after convergence. The IF algorithm that we focus on in this paper is the contraction
mapping (CM) method of Li and Kedem [22]. This method employs a second-order autoregressive (AR)
filter endowed with a bandwidth parameter (for other filters, see [23]-[25]). Statistical and numerical prop-
erties of the CM method in the case of single sinusoid have been studied by Li and Kedem [22], Li, Kedem,
and Yakowitz [26], and most recently, by Song and Li [2], [27]. These studies show that if the bandwidth
is judiciously adjusted with the iteration, the CM method can accommodate poor initial guesses of accuracy
Op(1) and converge to a final frequency estimate whose accuracy is arbitrarily cI@gertO?’/ 2).

To investigate the CM method in the case of multiple sinusoids, one has to overcome two major obsta-
cles. First, the interfering sinusoids have very different statistical properties from the noise (e.g., discrete
versus continuous spectrum). Second, the interfering frequencies may reside in a close vicinity of the fre-
guency to be estimated. To deal with the first problem, the interaction of the sinusoids among themselves
and with the noise has to be carefully evaluated. To accommodate the second problem, we assume that the
minimum distance among the frequencies may depend on the sampteasidemay decrease to zeroras
tends to infinity. Under this assumption, the bandwidth must also depend on the separation of the frequen-
cies in order to suppress the interference. Consequently, the required initial precision for the CM iteration

to converge depends not only on the bandwidth parameter but also on the frequency separation. It is shown



that when the frequencies are not too close to each other (as compared to the filter bandwidth), the CM

method retains its capability of producing accurate frequency estimates whose accuracy is arbitrarily close

to Op(n*3/2). The convergence is guaranteed as long as the initial precis&qﬂrisl/?’). This requirement

is easily satisfied by any rosteonsistent estimates, including those produced by the multivariate IF method

in [14] and by the singular-value-decomposition-based methods such as MUSIC and ESPRIT (e.g., [28]).
The rest of the paper is organized as follows. In Sec. 2, we introduce the CM frequency estimator. In

Sec. 3, we present our main contributions in the form of five theorems and a resulting bandwidth shrinkage

rule that leads to a three-step algorithm capable of improving poor initial values of acmy(ar:;i/ 3) to

produce a final frequency estimator whose accuracy is arbitrarily clcﬁg(nﬁ/ 2). A simulation example

is also given in this section to demonstrate the algorithm. The remaining sections are devoted entirely to the

mathematical proofs of the main results and are organized progressively in terms of technical complexity.

More specifically, Sec. 4 contains the proof of the theorems on the basis of some preliminary propositions.

The propositions are then proved in Sec. 5. Finally, some technical lemmas needed to prove the propositions

are given and proved in Sec. 6.

2 The CM Frequency Estimator

For any givem) € (0,1) anda := cosw € A := (—-2n(1+n?)~1,2n(1+n?)1), let {y,(a)} be obtained

recursively from the observatiody,,--- ,yn} according to

V(@) +26(a)ny,_,(a@)+n%,_ )=y (t=1--n), (2.2)

wherey_,(a) =y,(a) :=0and

2
0(a):=— lernn o = —COSA. (2.3)

Note that (2.2) defines a causal stable AR(2) filter with transfer fun¢fien28(a) n B +n2%2)~1, where
B is the backward-shift operator such tRay; =y, ;. Note also thafA < (0, ) in (2.3) is uniquely deter-
mined byn € (0,1) anda € A.

Let the lag-one autocorrelation coefficient{of (o)} be estimated by

_ Sia Yo (@) {ye(a) +n?y;_,(a)}
(1+n%) 3Ly 4(a) '

pn(a) (2.4)

This estimator minimizes the weighted sum of the forward and backward prediction error sums of squares

defined byed(p) := S {1 {%i (@) —p¥;_1(@)}*+n?3{1{}_»(a) —pY, 4(@)}?, wheren? plays the role of



a weight that discounts the contribution of the backward prediction errors. The CM method in [22] produces

the frequency estimates from the fixed-point iteration
&\ = pn(@™Y) (m=1.2,--). (2.5)

Suppose that with an initial gue&s” in some neighborhood af, := cosw, the sequencéd ™} converges
to a fixed-pointd, asm — . Then, sinced, can be regarded as an estimatorgf the frequencyw, =

arccoga, ) can be estimated by
(x, 1= arccogap). (2.6)

The convergence of (2.5) depends crucially on how close the initial \fqﬂ@eis to a,. In other words, it
depends on the accuracy @ as an estimator odr,. This initial accuracy required for convergence is in
turn determined by the bandwidth parameteNumerical experiments in [14] indicate that the closer te
unity, the more stringent is the requirement&;@ﬁ) and the more accurate is the resultiag Quantification

of this relationship in the presence of interfering sinusoids and noise is a main objective of this paper.

3 Main Results

We assume thay is a function ofn such thatn — 1~ asn — . An equivalent assumption is that:=

1-n — 0". This assumption is necessary in order to achieve the optimal error rate for frequency estimation.
Furthermore, for ank, £ € {1,---, p}, letw; == @ £ w, By, = @, | =By, &y = min{p,, : £ #K}, and
A:=min{A, : k=1,---,p}. We assume, for analysis purposes, hat A,, andA may depend om and

may tend to zero as — c. This assumption is made in order to model possible frequency clustering (i.e.,
frequencies that are closely spaced relative to the sampla)siEénally, for technical reasons, we assume
that{g} is a martingale difference sequence with respect to some filtré§ignsuch tha€{?|3, ,} = 02

almost surely andE{&*} < o for all t. This assumption is less restrictive than the ustial. assumption
because it can be satisfied as long assftere independent, but not necessarily identically distributed, with
mean zero, variance?, and finite fourth-order moments (in this cageis the sigma field generated by
{&;,T <t}). Note that a martingale difference sequence is a white (uncorrelated) noise process, due to
the fact that Cole, &,_;) = E{E(&& _(|S;_1)} = E{E(&|3;_1)&_} = 0 for all T > 0. Note also that the
complete knowledge about the distribution{af}, which may or may not be Gaussian, is not required in

our analysis.



3.1 Asymptotic Properties

This section contains five theorems regarding some asymptotic properties of the CM estimator. The first
theorem concerns the existence of the CM estimajas a fixed-point opn(a) and the convergence of the

CM iteration (2.5) tad, for a given initial valued 0.

Theorem 1 LetA,, ;= {a: |a — qa,| < ad®} C A be a neighborhood af,, where a> 0ande¢ € (1,3) are
constants. Assume that as-neo, n" = O(1), 3% logn — 0, andA=252~¢ = O(1). Then, for sufficiently
large n, the mappingr — pn(a) has almost surely a unique fixed-point in A, such thaton(an) = Qn;
and for anya©) ¢ A the probability that the sequend¢é ™} defined by(2.5) converges tdl, as m— o

is equal to unity.

Note thathn" = O(1) implies dn — . Therefore, Theorem 1 requires tl@aapproach zero slower than
n—1. On the other hand, it also requires tBapproach zero faster thaiogn)~/(3-2¢) s thatd32 logn —
0. Both conditions are satisfied with the choicedof= O(n™") for any fixedv € (0,1). For a givend,
Theorem 1 requires that the minimum separation of the frequencies be ab{@st/?), or O(n~v+&v/2)
if d=0(n"").

The next theorem shows that the CM estimator is strongly consistent.

Theorem 2 Assume that the conditions in Theorem 1 are satisfiedah&te defined by2.6) whereay, is
the fixed-point opn(a) in A, obtained from(2.5). Then, for any K &, 6-9(dh — @) — 0 almost surely

as n— oo, In particular, @, — «, almost surely as p» .

In practice, the initial values may be provided by another estimation procedure. It is more appropriate in
such cases to regad’) as a random variable rather than a constant. For random initial values, Theorems 1

and 2 can be modified as follows.

Theorem 3 Let the conditions in Theorem 1 be satisfied. For éﬁfi), if P{d,ﬁo) €A} — lasn— o, then,
the probability that the sequend@ ™} converges tdr, as m— o approaches unity as # c. Moreover,

for any d< &, 69(én — w,) — 0in probability as n— co.

Depending on how quickly tends to zero, different rates of weak convergence to normality can be

established for the CM estimator. Two useful cases are considered in the following.

Theorem 4 Assume that the conditions in Theorem 1 are satisfied. If, in add@itm;— o, 3°~2'n= (1),

andA~48" — 0 for some constant € (0,1], thend~%/2n%/2 (&, — w — 5%n b 1) = N(0, ) 2) as n— o,



Table 1: Different Scenarios in Theorem 4

Bandwidth Initial Accuracy Error ofy, A1 Cn(a,an)
v=4 (r=0")  op(nY) (e=1") o0p(n?%) 0(1) = o)
v=21(r=1) op(MY3) (e=17)  0p(n"23) o(nY*?) o(1)
Ve D=1 0V (e=2) 0p®) o@’h) on V)

wherey, := 32/0Z and b :=2B2/ 5, BF{cot(3¢,)) +cot(5ay;)} are the signal-to-noise ratio and the

signal-to-interference ratio of the kth sinusoid, respectively.

The requirements in Theorem 4 can be satisfiedby O(n~Y) for anyv € [rlzr, %). According to
Theorem 3, the initial precision for the CM iteration to converge can be exprességd(as®’). This
requirement is satisfied by any estimator whose accuraey(is~+/(5-2), which obviously includes all
rootn consistent estimators. With such initial values, the iteration (2.5) is guaranteed by Theorem 3 to
converge to the desired CM estimator, at least with probability tending to unity. By Theorem 4, the error of

@, takes the form

(on — W, = maX{OP(n_Z"), op(n—(l+3v)/2)} _ Op(n—ZV)’

which is always as small as,(n~%/%) because € [¢15,3) C (£, 3) for anyr € (0,1]. To achieve this error
rate, it is required by Theorem 4 that! = o(57/4), i.e., the separation of the frequencies be greater than
O(8'/%). Note thatA—*8" — 0 for anyr € (0,1] impliesA~25%~¢ — 0. Therefore, the frequency separation
condition is stronger in Theorem 4 than in Theorem 1.

Under three different scenerios, Table 1 summarizes the role of bandwidth selection in determining the
required initial accuracy, the error rate of the resulting CM estimator, and the required frequency separation.
It shows in particular that if a roat-consistent estimator is employed as the initial guess, then the CM
iteration is guaranteed to converge and the resulting error rate can be made arbitrarily ¢lpet9 by
choosingv near{ (the third row in Table 1), provided the frequency separation is greaterttar/8).

Note that due to the interference from other sinusoids, the CM estimator in Theorem 4 is not as precise
as it would be in the case of single sinusoid for the same bandwidth [2]. The interference appears in
Theorem 4 as the deterministic bias teﬁ%n*lblzl. This term dominates the random error that takes the
form 0(6%?n~%/2) and thus determines the precisiond@f. Since the bias tends to zero ms- o, &,
remains to be consistent for estimating, as ensured by Theorem 3. Except the bias, the asymptotic

distribution of &y, in Theorem 4 is the same as in the single-frequency case discussed in [2].



Table 2: Different Scenarios in Theorem 5

Bandwidth Initial Accuracy Error ofu, A1 Cn(a,an)

v=3" op(n¥?) (e=1") op(nh) O(n8)  o(1)
ve (33 0P (e=2) 0p(m) oY) On YY)
v=3" o) (e=1") op(n¥?) O/ o(1)
ve(31) 0p(n ) (e=3)  Op(n V) o'/ o(n i)

Theorem 4 requires that approach zero at least as fastrad/(5-2) put slower tham~1/2. The next

theorem concerns two situations in whigtapproaches zero faster thant/2.

Theorem 5 Let the conditions in Theorem 1 be satisfia).If 5°n — 0 andA—43 — 0, thend—Y/2n(éx, —
w,— 06271 t) = N(0, y 1) as n— oo. (b) If 5%2n— 0andA~*6 — 0, thend~Y2n (@ — wy) = N(0, . 1)

as N— oo,

Again, the asymptotic distribution afy, in Theorem 5 is the same as in the single-frequency case
discussed in [2], except the interference-induced bias. The conditions in Theorem 5 can be satisfied by
0=0(n"Y)foranyv e (%,1). By Theorems 1 and 3, the required initial accuracy takes the mn¢)
for almost sure convergence O (n—¢") for convergence with probability tending to unity. The error of the

resultingéy, can be expressed as m{@e(n~2"), 0p(n~17/2)}, which implies that

A { Op(n~2") if ve (3,2),
h— W =
Op(n1V/2) ifve (3,1).
Table 2 summarizes several scenarios of bandwidth selection under the conditions in Theorem 5. As can be
seen, the error of, is always smaller thadp(n~2) if v € (3,2) and smaller thadp(n=4/3) if v € (4,1).
Most importantly, by choosing near I (the fourth row in Table 2), the error rate can be made arbitrarily

close to the optimal valu@,(n—%/2).

3.2 A Three-Step Algorithm

Based on the asymptotic results, we now propose a bandwidth selection rule that capitalizes on the ability of
the CM estimator in accommodating poor initial values to produce improved frequency estimates. This leads
to a three-step algorithm for achieving the optimal statistical efficiency with a computational complexity

comparable to that of FFT.



As shown in Table 2, in order to approach the optimal error rate, the initial guess should be at least
as accurate a8p(n~1). Such an initial guess can be obtained from the CM iteration withaay(3, %),
because Theorem 5 guarantees that the resulting estimator is always more accui@érthen To obtain
the latter estimator from the CM iteration, the required initial accuracy is reduceg(ml/z), which,
according to Theorem 4, can be satisfied by the CM estimates witly @%, %) when initialized by any
estimates of precisions (n~Y/3) (see Table 1).

In summary, with three increasing valueswyfnamely
11 12
Vi €(35,3), Y%E(55), Vz=1,

the CM method is able to improve upon any initial estimates of preciﬁkén‘m) and converge to a final
estimate whose accuracy is arbitrarily close to the optimal (i)a(er3/ 2). Note that if a roota consistent
estimator is employed as the first initial guess, then it suffices tovtpke(%, %). Note also that the required
frequency separation depends on the accuracy of the first initial guess: if that accuracy is:rp_;(ere’lf),
then the separation should be greater tham1/12); if a rootn consistent estimator is employed as the first
initial guess, then it suffices that the separation be greaterdtant/8).

The computational complexity of this three-step algorithm is comparable to thpoint FFT, both
taking the formO(nlogn). To prove this assertion, consider the expressions of the contraction coefficient

Cn(a,ap) given in Tables 1 and 2. According to (4.13) and (4.14),
6™ — an = ™ (6" — 6),

whereC(™ := Cn(G\™,an). In Step 3 of the algorithm, we ha@™ = o(1) becauses; = 1~ (Row 4 in
Table 2). Therefore, the number of iterations required to achieve the desired ao@g(acﬁ/z) from an
initial value of accuracy)p(n~1) can be expressed &logn). Similarly, the number of iterations required
in Step 2 takes the formd(1) becauseC(™ = O(n~%/?*%2) (Row 2 in Table 2). In Step 1, if the initial
accuracy isop(n—l/?’), then the required number of iterationsd¢logn) (Row 2 in Table 1); if the initial
accuracy i99(n"/2), then that number is reduced@j1) (Row 3 in Table 1). Therefore, the total number
of iterations required to achieve the optimal error rate from an initial accusagy /%) or O, (n~%2)
can be expressed &glogn). The overall complexity takes the for(nlogn) because the complexity of
updating the estimate in each iteratiorig).

A simulation example is shown in Figure 1 to demonstrate the algorithm. The time series in this example
contains three equal-amplitude sinusoids of frequengigs- 21T x 10.5/n, w, = 2mx 11.5/n, and w; =

21 x 20.5/n, wheren = 64. The noise is a zero-mean white Gaussian process, with the sample variance
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Figure 1: Normalized CM frequency estimatég™ /(2m) versus the number of iteratioms for different initial
values. Dashed lines representthe true frequencies and dotted lines represent the Fourier frégnéneids2, - - -).

The sample size is = 64, and the signal-to-noise ratio4s6 dB for each sinusoid. The bandwidth parameters are
n,=096for1<m<6,n,=098for7<m<12, andn, = 0.99 form> 13.

standardized so that the signal-to-noise ratio of each sinusoid is eqgu@ldB. Figure 1 shows the trajectory
of the normalized frequency estimai@§™ /(2m), as functions ofm, obtained with different initial values,
where @™ := arccoga™). The CM iteration begins witm, = 0.96; after 6 iterations, the bandwidth
parameter is increased g = 0.98, and after 6 additional iterations, it is increased{c= 0.99. For each
initial value, the iteration converges to one of the frequencies with the final (highest) accuracy determined
by the last (smallest) bandwidth.

As suggested in [29], the convergence of the CM iteration can be accelerated by repigcingn
(2.5) with the modified mappingn(a) := pn(a) u+ o (1— u), whereu # 1 is a constant. Note th@h(a)
has the same fixed-points gg(a). Furthermore, since the contraction coefficienfigfa) is Ca(a, @) :=
1-u{1-Cy(a,an)}, the CM iteration with the modified mapping is guaranteed to converge (under the
conditions in Theorem 1) ifi satisfies O< u < 2/{1—Cy(a,@y,)}. The choice ot = 2 is valid in particular
whenCy(a, é,) > 0 (as is the case in Figure 1). For= 2, ]Cn(or,érn)] < Ch(a,an) if % <Cp(a,an) < 1.
This means that accelerated convergence can be achieve@\githwhen the convergence wigh(a) is
slow (e.g.,.Cn(a,an) =~ 1). Figure 2 shows the trajectory of the CM estimates obtained with the modified

mapping {1 = 2) for the same data used in Figure 1. Accelerated convergence is evident.
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Figure 2: Same as in Figure 1 except that the modified mapgir(g) with u = 2 is employed. The bandwidth

parameters arg, = 0.96 for L< m<4,n, =0.98 for 5<m< 8, andn; = 0.99 form> 9.

3.3 Remarks

So far, theg, in (1.1) are assumed to be constants. Alternativelygean be ‘randomized’ by assuming that
they ard.i.d. random variables with uniform distribution {r- 7, 71} and are independent §&; }. This leads
to a stochastic signal model in which the sinusoids become (second-order) stationary random processes.
The randomization does not alter our results presented in the previous sections because these results do not
dependent on the values @f. This can be easily justified, as demonstrated in [26], by first conditioning on
the ¢ to obtain a probabilistic statement (e.g., an estimator exists almost surely or with probability tending
to unity, or an estimator converges in distribution to a normal random variable whose mean and variance do
not depend on they) and then taking the expected value of the conditional probabilities with respect to the
@ The same remark applies to the asymptotic error rate of MP and NLS frequency estimators.

Even though our discussion is focused on real-valued sinusoids, similar results can be obtained under
the complex-valued sinusoid-plus-noise mogek 5P | B exp{i(wt+ @)} +&. In this case, it suffices
to consider a complex AR(1) filtefl + a 9B8)~1, wherea := nexp(iw) andn < (0,1). For this filter, the
(ensemble) lag-one autocorrelation coefficient of the filtered (white) noise is eqmalltoerefore, the filter
satisfies the “fundamental property” required by the CM method [22]. This property implies thajpahé&n
the lag-one autocorrelation coefficient of the filtefsgl} forms a contractive mapping whose unique fixed-

point is equal ton exp(iw,). Therefore, as in the real-valued case, frequency estimators can be obtained

10



from the sample lag-one autocorrelation of the filtered observations. Note that the panqoetérols the

bandwidth of the AR(1) filter in the same way as it does the AR(2) filter.

4 Proof of the Theorems

The theorems are proved in this section on the basis of some preliminary propositions that are proved (if
necessary) later in Sec. 5.
First, we introduce some useful notation. L&, be the set ofA € (0, ) determined by (2.3) with
a €A, CA. Sincen — 1 and hencel — (—1,1) asn — oo, it follows thata, becomes an interior point of
A for largen. Furthermore, since the length 4f, decreases with the increasempthe intervalA, ,, there
exists a closed subinterval,, which is independent of, such thatd,, C A, for largen. As a result, there
is a closed subintervah, C (0, ), which is independent af, such that\, C A, for largen. Therefore,
anyA € A, can be uniformly bounded away from 0 ardor largen.

Moreover, according to (2.2) and (2.3), we can write

V(@) +n%y_p(a) =y + (1+n?) ay,_(a).

Therefore, withA € (0, i) defined by (2.3), the mappings(a) in (2.4) can be expressed as

pn(a) =a+(1+n?1sinA $:$;, (4.1)
where
Wo(A) :=sinf A t_ilytz_l(a), Dp(A) = sinA tiyt Y, 1(a). (4.2)

Equation (4.1) shows that the behaviorgfa) in a neighborhood of, is determined by the behavior of
W,(A) and®p(A) in a neighborhood ok, € (0, ), whereA, is defined by

1+n?
2n

cosA, = Oty (4.3)

The propositions in the following describe the behavioMgfA) and ®,(A) and are prerequisite to the

proof of the theorems.

4.1 Preliminary Propositions

The first two propositions describe some asymptotic characteristiég (@f) and®,(A ).

11



Proposition 1 LetW,(A) be defined by4.2) withA e A, a € A, ande € (1, %). As n— oo, assume that
d—0,n1-9)"=0(1),andA~15 — 0. Then,

Wn(A) = 2B2n2672n+0(8*n) + O(A 26 ) + O(A 26 Y/?ny/Togn)
+0(67%) +0(67%2ny/logn) + O (5 nlogn)
+ (A=A {058 + O *872) + 0L 267%n) +O(8°*n)

+0(67%2ny/logn) + (3 2nlogn)} (4.4)
almost surely and uniformly iA € A, for sufficiently large n. Under the same assumptions,

Wh(A) —Wh(A) = (A =AN{O(ALE 1 +0(A*872) + O(A 26 2n) + O (55 *n)
+ 0(37%2ny/Togn) + O(3 nlogn)} (4.5)

almost surely and uniformly iA, A" € A..
Proposition 2 Let®,(A) be defined by4.2). If the conditions in Proposition 1 are satisfied, then

Pr(A) = N LE A+ OB +0(A 2571 + 0 (8 *6%n)
+0(6Y2ny/logn) + O (5~ 1y/nlogn) + O(5~%2,/Togn)
+ (A=A {3B20 2N+ O(A*N) + O(82872) +0(83) + O(6° °n)
+0(37¥2ny/Togn) + O(572/nlogn) + (552, /logn)} (4.6)

almost surely and uniformly ih € A, for sufficiently large n, wher&, := 3 3 .., BZ{cot(5 &) +cot(3a)) }-

Under the same assumptions,

®p(A) = Pn(A) = (A =A){3B*n+ 0N ) + OB 2572+ 0(87%) +0(8°°n)
+0(87¥/?ny/logn) + O(8-2\/nlogn) + O(6~>/2/Togn) } (4.7)

almost surely and uniformly iA, A" € A,..

The next result is presented without proof because it can be easily obtained from Propositions 1 and 2

together with the fact that — A, = O(6%) foranyA € A,

Corollary 1 Let the conditions in Proposition 1 be satisfied. If, in additid#, > logn — 0 andA, 28 — 0
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as n— oo, then

Wa(d) = 1B2N72672n{1+0(8:25)+ 08 1)+ 0(8Y2/Iogn) + (5% )},
Wn(A) = 2B2n 20 2n{1+0(A28) +O(6 n"1) + 0(8%2/Togn)},
WM Wa(A) = &BEN40 P {1+ O(828) +O(3 In 1Y) + 0(8Y2/Togn) + 0(8%2)},
Wa(A)=Wa(A) = (A =A){0(8 25 )+ 0(3° *n)},
Po(A) = 0251 +0(55 %),
(X)) = 083257 +0(5 Y2ny/logn),
®r(A) = Pp(A) = (A —A")1B26 {1+ 0(A*3%) +0(5 1) + 0(8%2/Togn) + O(5° 1)},

almost surely and uniformly i, A’ € A, for sufficiently large n.

The next two propositions play an important role in establishing the asymptotic hormality of the CM

frequency estimator. One of them is cited from the literature without proof.
Proposition 3 Under the conditions in Proposition 1,

Pn(A) = Wn1+Wn2+nn_1Ek+OP(AIZ4)+OP(A|:25_1)

+ O0p(B, 48%N) + Op (A 2nY/?),

where
Wh = %B@g()\k—%);&(n”*t—n“l) sin(tay, + @), (4.8)
n t-1
W, = sin(jA) g &, 4.9
n2 tZlJ;n (J k) tst—] ( )

and gA) := (1—2ncosA +n?)~L.

Proposition 4 [2] LetW,; and W, be defined by4.8) and (4.9), respectively. Then, under the conditions

in Proposition 1,6%2W,; 2 N(0, £8202) and 8¥2n~Y2W,, 2 N(0, 20¢) as n— .

The final proposition, cited without proof, describes some useful relations betwaerda.

Proposition 5 [27] LetA,, be defined in Theorem 1 with = cosw, ande >0.1fn -1(6=1-n —0)

as n— oo, then the following assertions are valid.
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(a) LetA, be defined by4.3), then
A~ @, = —3n718%0, (1 - ad) Y% +0(5%.
Moreover, there exist constantg s 0 and n, > 0 such thaiA, — « | < ¢,8? for n > nj,.

(b) LetA, A’ € A, be determined by, a’ € A, according to(2.3), then

1 1+n? EsinA’  1+n?2
A=A = (a—a’){l+2(1_52)3/2 (a—a')

~sinA’ 2n 2n

whereé € (—1,1) depends ok and A’ and there exist constant< ¢ < 1 and r, > 0 such that

§2<cforallA, A’ € A, and for n>n,.
Equipped with these propositions, let us now prove the theorems.

4.2 Proof of Theorem 1

It suffices to show thab,(a) is a contractive mapping i,,. This can be done by proving that the following

inequalities hold almost surely for sufficiently largée.g., [30], p. 251, Theorem 5.2.3):
lon(a) — pn(a’)] < cla —a| (4.10)
foralla,a’ € A, wherec € (0,1) is a constant, and
|on(ay) — 0| < (1-c)ad, (4.11)

wherec is given in (4.10) ana is given in Theorem 1. Let us now prove these inequalities.

Proof of (4.10). It follows from (4.1) that

pn(a) —pn(a’) =a —a’+ Ry, (4.12)
where
Ro = (J1+ %+ 3){(1+n?) Wa(A) Wa(A")}
J = {Wa(A") = Wh(A)} ®n(A)sinA,
3, = {®n(A) = Ba(A)} We(d) sinA,
J; = (sinA —sinA") D, (A") Wh(A).
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Note thatA—25°~¢ = O(1) impliesA~=26 — 0. Therefore, by Corollary 1,
J = A =AN{0(AM*E73n) + O(A 205 °n) + O(8 265 n?) + O(8%~°n?)},
J, = (A —=A))sinA 207257 {1+ 0(8,28) + O(6 n1) + 0(8Y?/logn) + 0551},
3 = (A= A){0(0267%0) +0(5°*n?)}}.
Since sim can be bounded away from zero uniformly for &l A, it follows that
J+d+3 = (A—A)sinA B0 726" {1+ 0L 25)
+ 0371 + 0(8Y2/logn) + O(8571)}.
This, combined with the expression fé,(A)Ws(A’) in Corollary 1, leads to
Ra = (A —A")sinA 2n%(1+n?) {1+ 0(5,20)
+ 03 1)+ 0(3Y2,/Togn) + O(551)}.
Furthermore, sincer — a’ = 9(¢), it follows from Proposition 5(b) thah — A’ = —(2nsinA)~1(1+
n?)(a—a’){1+0(8%)}. Substituting this expression in the foregoing equation yields
Ra=—n(a—a){1+0(A028) + 0(5 1)+ 0(8Y2/Togn) + O(551)}.
Therefore, (4.12) can be rewritten as
pn(ar) — pn(a’) = Cy(at,a’) (a —a’), (4.13)
whereCy(a,a’) :={pn(a) —pn(a’)}/(a — a’) can be expressed as
Co(a,a') = 1-n{1+0(5:23)+0(5 1) +0(8Y2/logn)+O(551)}
= 3+0(A28)+0(6 1) +0(8Y2/logn) + O (557 1). (4.14)

The proof is complete upon noting tHat(a,a’) 220 uniformly ina, a’ € A,,,.
Proof of (4.11). It follows from (4.1) thaton(a,) — a, = SinA, ®n(A) {(1+N?)Wa(A)} 1, whereA,
is defined by (4.3). According to Corollary 1,

(Dn (Ak)

Bnlh) ~ O(8 2301 +0(8%2,/Togn).

Sinced® % logn — 0, one can writé) (6%2,/logn) = o(&¢). Sincedn — « andA~252~¢ = O(1), one can

write A_25'"#n~1 — 0 and hencé, 23n~! = 0(&¢). Combining these results yields
pn(ay) — ay = 0(6%)

almost surely for large. The proof is thus complete.
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4.3 Proof of Theorem 2

Let &, be the fixed-point opy(a) in A,,. Then, it follows from (4.13) that
an—a,=C., (an—a,) + pn(ay) — ay,

whereC,, = Cp(an, a,). This equation can be rewritten as

~

an— ak = (l_cnk)il{pn(ak) - ak}v

which, combined with (4.1), leads to

fn— = {(L+17) (LG} sinh, G108

Moreover, by Corollary 16n~'W,(A,) — B2 and ®,(A,) = O(A, 26~1) + O(6-Y/?ny/Togn) almost

(4.15)

surely as1 — co. Combining these results with the fact t@f — 0 gives rise tai, — a, = 9(5°n 1P, (A,))
=0(p 20N 1) + 0(8%2,/logn). Finally. sinced® % logn — 0, 5n — oo, andA~25%¢ = O(1), it follows
that

for anyd < €. The proof is complete upon noting (2.6) and the fact that arccosa, ).

4.4 Proof of Theorem 3

If pn(ar) is contractive (inA,,), i.e., if it satisfies (4.10) and (4.11), théi™ — &, asm — oo for any

a9 € A, Thisimplies that

. ~(m) _ A
PLim, & = &)
> P{pn(a) is contractive and\® € A_,}

= P{pn(a) is contractivé
— P{pn(a) is contractive and\? ¢ A}

(
> P{pn(a) is contractivé — P{&\% ¢ A, }.

By Theorem 1,P{pn(a) is contractivg = 1 for largen. By assumptionP{G?) € A} — 1 asn — c.
Combining these results leads Rglimy .« &r(]m) = 0} — 1 asn — ». The second part of the assertion

follows from a similar argument coupled with Theorem 2.
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45 Proof of Theorem 4

Consider (4.15), and observe that &> sina, by Proposition 5(a)3?n~Wy(A,) =3 182 by Corol-
lary 1, ananka'—si 0 by (4.14). Therefore, according to Slutsky’s theorem (e.g., [31], p. 337, Theorem 1.4),

57%2n/2 (G — a, ) has the same asymptotic distribution as
Z., = 4B %sinw 8Y2n Y2, (A, ). (4.16)

Note that®,(A,) has the expression in Proposition 3 whefg = 05(8-%2) by Proposition 4. Therefore,
under the assumption thafn — o, 3°~2'n = 9(1), andA~*6" — 0, it follows from Proposition 3 that
3Y2n=Y2{dn(A,) — nn 1} has the same asymptotic distribution &2n~1/2W,,, which, by Proposi-

tion 4, isN(0, 07). Therefore,
Zoy — 82020 71 2 N(0, ¥ sinf ),
whereé, := 4Bk‘2<$ksincuk. Combining these results yields
373/2nY2 (8 — a, — 620 1EY) 2 N(O, y 2sirf i)
Sinceé, = blzlsinwk, the proof is complete upon noting th@at — w, has the same asymptotic distribution
as(an — a,)/sinw, by the delta method (e.g., [31], p. 337, Theorem 1.5).
4.6 Proof of Theorem 5

By using an argument similar to the proof of Theorem 4, one can show from (4.15) th&n (&, — a,)

has the same asymptotic distribution as
Z., = 4B ?sinw, 5%2dn(A,),

where®n(A,) has the expression in Proposition 3 akig, = Op(6-2n%2) by Proposition 4. Therefore,
under the assumption thétn — 0 andA—4& — 0, it follows from Proposition 3 tha¥®/2{®,(A,) —nn &}
has the same asymptotic distribution&$?W,;, namelyN(0, 2320?) by Proposition 4. This implies that

Zp— 0% TTE 2 N(0, i tsirf @),
and hence
57 Y2n (8, — a, — 3207 1E) 2 N(0, i tsirf ).

An application of the delta method leadsdo/?n (&, — w, — 62n b 1) = N(0, y. 1). Furthermore, if, in
addition,5%2n — 0, thend—Y/2n (&, — ) has the same asymptotic distributidif0, y; 1) becaus&—/2nx

5%n~*b ! — 0. The proof is complete.
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5 Proof of the Propositions

This section is devoted to the proof of Propositions 1-3. For convenience, the following short-hand notation

will be employed throughout the section:

G(t) = Beecostay+ @), s(t) == Bsinto, + @), (5.1)
t—1 -1

p(A) == S nitsin(ja), )= nlteogja), (5.2)
% 2
t-1 t-1

f,(A) == S ni~tsin(jA) cogjw,), (A):=S nitsin(jA) sin(jw,). (5.3)

t J; ) G J; )

Lemmas 4-8 in Sec. 6 contain the essential technical results regarding these and some related quantities. It

is also important to note thgt(a ), which is defined by (2.2) and (2.3), can be written explicitly as
(a) = R 1sin(jA) (5.4)
w(a) = g ,Zo” M) Ve ji1- :

This expression can be verified simply by substituting (5.4) into the left-hand side of (2.2) and confirming
that the substitution results i, which is the right-hand side of (2.2). Finally, it is alway assumed in the

sequel thad € A, ande € (1, 3).

5.1 Proof of Proposition 1

Letz(t) :=3,,C,(t). In estimating thekth frequencyz(t) can be regarded as the interference from the

other sinusoids. By replacing in (5.4) with its definition given by (1.1), we can write

Yeoa(@) = o (W) + %)+ W)}, 55)
where
t—1
w(A) == 3 nitsin(jA) g (t—j), (5.6)
,Zo 2
Vi(A) = JZ)r71‘13|n(12\)et_j, (5.7)
t—1
w(A) = 3 nl-tsin(jA)z(t - ). (5.8)
h JZO 4

Note thatu (A ) andv (A ) represent the contributions of théh sinusoid and the noise, respectively; these
terms remain the same as in the case of single sinusoid. The thirdvékmis the contribution of the other

sinusoids; it is the extra term in the case of multiple sinusoids.
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To prove (4.4) and (4.5) with’,,(A) defined by (4.2), we first note that

V) = o () + R + 24 (A u(A)
F W)+ 24 ()W) +24(A)W(A)). 59

As can be seen, the first three terms in (5.9) are the same as in the case of single sinusoid. The remaining
terms involve the contribution of the other sinusoids. It suffices to show that these terms are asymptotically
negligible. The main effort in the following proof is to evaluate the contributignip ), of the interfering

sinusoids. With this in mind, we now prove (4.4) and (4.5).

5.1.1 Proof of (4.4)
By substituting (5.9) in the expression '¢f,(A) in (4.2), we can write
Wn(d) = Va(A)+ Zl{wtz()\)+2ut()\)wt()\)+2Vt(A)Wt(A)}
t=
= Vn(A)+T(A) +T,(A) +T5(A), (5.10)

whereVh(A) == S{u2(A)+2u (A) % (A) +V2(A)}. SinceVih(A) is the same as in the case of single sinusoid,
by Proposition 1 in [2]Va(A) has the asymptotic expression in the right-hand side of (4.4) Ayith= 1.
Therefore, it suffices to show that the following expressions hold almost surely and uniforalg iy,

for largen:

T,(A) = 0(B"N) + (A —A) {0826 2n) + O (8 *n)}, (5.11)
T,(A) = 026 )+ (A —2A) {080 H + 085 72)

+ O(82572n) +O(65 *n)}, (5.12)
T,(A) = 08257 Y2ny/Togn) + (A — A ) O(5°/2n,/logn). (5.13)

These expressions are derived in the following by an intensive use of Taylor series expansion (TSE).

A. Proof of (5.11)
The TSE ofT;(A) := 3 W2(A) atA, takes the form
T,(A) =T,(A) + (A =AY Ty (A%), (5.14)

whereA ™ lies between\ andA,, andT,(A) is the derivative off;(A).
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First, conside, (A,) in (5.14). Itis easy to show from (5.8) that
W(A) = ;k{cg(t) fie(A) +5,(1) G (A)} =Wy (A) +Wip(A). (5.15)

Therefore, one can write
Z{wz o) 20 (A ) Weo(A) +WE(A) ). (5.16)

SinceA, — w, = 0(6?) by Proposition 5(a), it follows from Lemma 6(a) and Lemma 7(b) thatA,) =
O(8,2)+0(1) = 0(A,2). Similarly, g,,(A,) = O(A,2). Substituting these results in (5.15) yields

Wy (A) = 08 %), Wip(A) = O(82),  w(A) = O(82). (5.17)
This, combined with (5.16), implies that
T,(A) = 08 ). (5.18)
Furthermore, it is easy to see from (5.16) that

hl n - . - -
T(A%) = 2 Zl(Wtklwtkl‘*‘Wtklwtkz‘f‘\"ftkz\’\ftkl‘i'\’\ftkzwtkz)
t_

= T+ T+ T3+ Ty

wherewj; 1= w;(A*) andwg; 1= W (A*) (j = 1,2). The first termT;; := 23 W;; wi; can be rewritten as
n -
Th=23% ch(t)cz,(t) f o (A) T (A7).
0,T2kt=
SinceA* — wy, = 0(5%), it follows from Lemma 6(a) and Lemma 7(b) thiat(A*) = O(8,2) + O(3*~2). By
Lemma 7(a).f,, (A*) = O(672). Thus, f,,(A*) f,,(A*) = O(8,26~ )+(‘)(58—4) andT;; = O(A2072n) +

O(55“n). Similarly, T,, := 25 W;; Wi, can be rewritten as

12—2%%213@ Cy (1) Gy (A™) i (A7),

Sinceg, (A*) = O(A,2) + O(852), it follows thatg, (A*) f,,(A*) = O(A,25672) + O(55 %) andT,, =
O(A2572n) 4+ O(6**n). A similar argument can be employed to show thgtandT, , also take the form

O(A2572n) 4+ (8 “n). Combining these results yields
T, (A*) = O(A 20 %n) + O(85 n). (5.19)

The proof is complete after substituting (5.19) and (5.18) into (5.14).
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B. Proof of (5.12)
By definition, T,(A) = 25 i (A)w;(A). Consider the TSE

To(A) = T, (A +T(A") (A = Ay), (5.20)
whereA* is betweem andA,. Itis easy to show from (5.6) that

U(A) = G(1) fye(A) + (D) Gy (). (5.21)

Thus, by Lemma 7(a)x(A,) = O(3~1). This, combined with (5.17), leads tp(A,) Wi (A,) = O(A2571),

which, in turn, implies that
T,(A) = 0825 ). (5.22)
Moreover, it is easy to see that
TH(A") = Zti{t'k(A*)Wt(/\*) FUA WA} =Ty + T
Therefore, if one can show that
To(A") = O(8°07 ) + 0(B8*07%) + 0(8, 26 %n) +0(8°*n), (5.23)

then (5.12) would be obtained by substituting (5.23) and (5.22) into (5.20).

To prove (5.23), we note thag(A*) = O(d~2%) by Lemma 7(a) ana(A*) = O(A 2) + O(852) by
Lemma 6(a) and Lemma 7(c). Therefolg, := 23 U (A*)w(A*) = O(A 26~2n) + O(55~*n). To evaluate
Ty, i= 23 W(A*)Vik(A*), we note that by Lemma 7(by (A *) = w (A, ) + O(8572) andwi (A*) = Vg (A, ) +
0(5¢73), and by Lemma 7(a) (A,) = 9(5~1) andw,(A,) = O(5-2). Therefore,

UWADMAT) = WA ig(A) +0(8° %) +0(5%7°)
= W(A)Wk(A) +0(3 ).

It can be shown, by Lemma 8(c), thgit, (A, ) Vit (A,) = O(8, 807 1) + O(A 43 72) + O(A, 207 3) + O (A *n)
+ 0(672n). ThereforeT,, = O(A8671) + O(A 40 72) + O(8,2573) + O(A*n) + O(85*n). This, com-
bined with the fact thadn — oo, proves (5.23).

C. Proof of (5.13)

ConsiderTy(A) := 23 (A )W (A) = T3(A,) + To(A%) (A* — A,). It follows from Lemma 1(a) thag,(A) =

0(6-Y2/logt) almost surely and uniformly (id andn) for larget. This, combined with (5.17), leads
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to Ty(A,) = O(A 26~ Y2n/logn). Moreover, by Lemma 1(a}(A) = O(5-/2,/logt ) almost surely and
uniformly for larget. Combining these results with (A*) = (6~ 1) andw, (A*) = O(572), as guaranteed

by Lemma 7(a), yields

T,(A") = ZZl{Vt )+ R(AT) W (AT}
= 0(5n) x 0(5 Y2/logn) + 0(5~'n) x 0(5~%?/logn)
= 0(6~%2ny/logn). (5.24)

Equation (5.13) follows immediately.

5.1.2 Proof of (4.5)

Let Wi(A) :=Ty(A) +T,(A) +T5(A). Then,Wh(A) =Vuh(A)+W,(A). According to Proposition 1 in [2],
Vn(A) —Vh(A') has the same asymptotic expression as in the right-hand side of (4.8)withl. Further-

more, the TSE o®,(A) atA’ can be written as
Wh(A) = Wh(A) = (A = A) {TL(A") + (A7) + T3 (A7)},

whereA * lies between\ andA’. This, combined with (5.19), (5.23), and (5.24), lead¥{gA ) — W, (A') =
(A =AN{O(A 8071 + O(A 4072) + O(A262n) + O(55*n) + O(6~*/2ny/Togn)}. The proof is com-
plete.

5.2 Proof of Proposition 2

It is easy to show from (1.1), (4.2), and (5.4) that

nt-1 5
n1=tsin(jA)yiy_j =Un(A) + ZS(/\), (5.25)
t=1]= i=
where
= tij;l)n"1sin(j/\){ck(t)Jrst}{ck(t— +& ik (5.26)
n t-1
. i—1 : . s
S(A) = t;gon’ sin(jA)z(t)c (t—j) (5.27)
nt-1
S(A) = t;gonl‘lsin(j)\)zk(t—j)st, (5.28)
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n t-1

S(A) = t;g)nj1Sin(M)Zk(t—J')Ck(t),

n t-1

Si(A) = 212 n'=tsin(jA)z (1) &_j,
=1j=
n t-1
_: i—Llaingi o
S0) 1= 35 0 SR -) (5.29)

In these expressions; 1S, (A ) is the sample covariance between Ktie filtered sinusoid and the interfer-
ence;n~1S,(A) is the sample covariance between the noise and the filtered interferert&(A) is the
sample covariance between tkid unfiltered sinusoid and the filtered interferenoelS,(A) is the sam-
ple covariance between the filtered noise and the unfiltered interferencer 88dA ) is the covariance

between the unfiltered and the filtered interferences. With this in mind, let us prove (4.6) and (4.7).

5.2.1 Proof of (4.6)

By Proposition 2 in [2]U(A) has the same asymptotic expression as in the right-hand side of (4.6) with

A, := 1. Therefore, (4.6) is a direct consequence of the following:

Si(A) = 08 +0(826 )

+ (A =20 {0(AH* H +0(A2572) +0(65 °n)}, (5.30)
S(A) = 0(6 tynlogn)+0(3~¥2,/logn)

+ (A =) {0(372/nlogn) + O(5~°2/Togn)}, (5.31)
S;(A) = same as the right-hand side of (5.30) (5.32)
S(A) = same as the right-hand side of (5.31) (5.33)

S(A) = Mg+ 0B + 0825
+ (A =2 {02872 + 0 ) + O(5°3n)}. (5.34)

whereé, is defined in Proposition 2. Note that we only need to prove (5.30), (5.31), and (5.34) because

(5.32) and (5.33) can be easily derived from these results by observing the symmetry in their definitions.

A. Proof of (5.30)

It is easy to see from (5.27) that
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Consider the second-order TSE

Si(A) = Si(A) + (A = A) {S;A) +35(A) (A = A}, (5.35)
whereA* is betweend andA,. By Lemma 8(a) and Lemma 8(b§ (A,) = O(A*) +0O(A2571) and
Si(A) = O(8 4671 +0(8,2572) + O(671n). By Lemma 7(a)S;(A*) = O(6°n). Equation (5.30) fol-
lows from these results and the fact that- A, = O(6%).

B. Proof of (5.31)

It follows from (5.28) that
S(A) :/;{tz‘et{cz(t) fi(A)+5,(t) g, (A)} (5.36)

ExpandingS,(A) atA, gives rise to

S(A) =S (A)+ A=A {SA) +35(A") (A =AY}, (5.37)
whereA™ is betweem andA,. It is easy to show, by using Lemma 1(b), that
S(A) = 0(5 *y/nlogn) + 0(5~%2/Togn),

S,(A) = 0(82/Alogn) + 0(5~>/2/Iogn),
0(5~3/nlogn) + O(5~/2,/logn).

N
—
>
*
~—
Il

Equation (5.31) can be proved by substituting these expressions into (5.37) together with the faet that
A= 0(8%), 0(5-2y/nlogn) + O(65~3y/nlogn) = O(5-2y/nlogn), O(5-%2\/Togn) + O(65~"/2\/logn)

= 0(6-%2,/logn).

C. Proof of (5.34)

It is easy to see from (5.29) that

SA) = &%ﬁkt;%/(t){cz(t) fi(A) +5,(t) g (A)}

= S+ A -2 {SA)+3501) A —A)}.

By Lemma 8(a)-(b)S;(A) = nn & + O(A 46%n) + O(A 26~ Y) andSy(A,) = O(A2672) + O(A *n) +
O(6~tn). By Lemma 7(a)S;(A*) = O(53n). The proof is complete upon noting that- A, = O(&¢).
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5.2.2 Proof of (4.7)

Let ®,(A) := 32 ;S(A), so thatdp(A) = Uy(A) +P,(A). The TSE ofd/,(A) at A’ can be expressed as
PLA)—DL(A)=(A —A) T2 S(A*), whereA* is betweer\ andA’. It follows from the proof of (4.6) that
SIA") =S, (A) +(A* = A)S (A™) = OB A6 +O(8,2572) + O(853n), S,(A*) = O(6-2y/nlogn) +
0(67%2,/logn), andS;(A*) = O(8,2572) + O(A*n) + O(553n). Moreover,S,(A*) has the same ex-
pression a§l()\*) andS4(A*) has the same expression%@*). The proof is complete upon noting that
Un(A) —Un(A7), by Proposition 2 in [2], has the same asymptotic expression as in the right-hand side of

(4.7) withp, = 1.

5.3 Proof of Proposition 3

Consider (5.25). According to Proposition 3 in [2],
Un(A) =Wy + Wy + 0p(3%N) + O0p(n?) + 0p(57H).
Therefore, it suffices to show that

Op(A*) + 0p(B 2071 ifi=13,
SA) =14 (8 2nY2) + 0p(A 257 Y2) if i = 2,4,

NN L&+ 0p(B 45%N) + 0p(B, 207 1) if i =5.
To this end, lefAZ; := A, + w,. Then, by Lemma 4(d), together with (6.1) and (6.5), bt ) andg,, (A, )
can be expressed gs}\kﬂlf) multiplied by a linear combination of 1 armgf exp(iit)\kﬂlf). By Lemma 4(a)-
(), 9(Ay,) = O(A;kz) andg(A;) = O(1). Combining these results with (5.36) and Lemma 1(c) yields
the expression fo6,(A,). Because of the symmetr§, (A, ) has the same expression. Furthermore, the
expressions fog, (A, ), S;(A,), andS;(A, ) can be obtained from (5.30), (5.32), and (5.34), respectively. The

proof is complete.

6 Technical Lemmas

This section contains some technical results needed in the proof of the propositions. The first three lemmas

are cited without proof.

Lemma 1l [27] As n— oo, the following expressions are true.

(@) max,| TP t'ntg explitw)| = (5 "~Y2,/logn) almost surely for any integer¥ 0.
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(b) |Tis&expitw)s'_;j'niexplije)| = O(6~""*/nlogn) + 0(5~"~32,/logn) almost surely and
uniformly inw andw’ forr =0,1,2.

(©) yii&expitw) = 0p(nY/2) andmax | 31 i'n’g; sin(jw)| = Op(5"~/2) for any givenw and

any integer r> 0.

Lemma 2 [27] Let A, be defined in Theorem 1 with = cosw, ande > 0. If n — 1as n— o, then there
exist constants.c> ¢, > 0and ny > 0 such that ¢ja —a,| < |A = A | < cla—a,|forall A € A, and
n> ny; in particular, these inequalities imply that— A, = O(6%) uniformly forA € A, and for sufficiently

large n.
Lemma 3 [27] Letr=0,1,2.
(@ SPqt'ntexp(itw) = O(d""1) uniformly inw € (—,), n € (0,1), and n> 0.
(b) If wis uniformly bounded away fro@rik for any integer k, the§ ! ; exp(itw) = O(1). If, in addition,

nn" = 0(1), theny{;t"ntexp(itw) = O(1).

It is easy to show from (5.2) that

P(A) =9(A) px(A), &(A) =9(A)an(2), (6.1)
where
g(A) = (1—2ncosA +n?)1 (6.2)
Pe(A) = sinA —n'tsin(tA) +n'sin((t —1)A), (6.3)
Ue(A) = nH1-ncosr —n'cogtA)+n"eog(t —1)A)}. (6.4)

These quantities are evaluated in the next lemma.

Lemma 4 LetgA), py(A), and @, (A) be defined by6.2)—(6.4). Then, the following results are true for
A€ (—2m2m) andr=0,1,2.

(a) If A is bounded away from zero aneRm, then gA) = 2n~Y(siniA)=2+0(82) and ¢ (1) = O(1)

uniformly inn andA.

(b) If A > 0andAd — o as n— oo, then gA) = InY(sin3A)"2 + O(A45?) and ¢"(A) =
QA2+ uniformly inn andA.
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(c) If A satisfies the condition ita) or (b), and if m" = O(1), thens ;t'ntexp(itAd) = O(g'1(A)) =
O(A —2(r+1))'

(d) Asfunctions of t, () and d)(A) can be regarded as linear combinationsIond tn' exp(+itA)

(0 < j <r) inwhich the coefficients are uniformly bounded functiong ahdA.

Proof. Leta:=4n(sin3A)? andx := 62. Then, the TSE ofi(A) = (a+x)~ atx= 0 can be expressed
asg(A) = a1 — (a+x*)"?x, wherex* is between zero and If A is bounded away from zero aneRr,
thena+x > a+x* > ¢ > 0 for some constart. This implies thatla+ x*)=2 = O(1) andg(A) = O(1).
The assertion follows immediately upon noting tgéd ) = —2ng?(A) sinA andg{A) = —2ng?(A)cosA +
8n2g3(A) sinA cosA.

To prove part (b), consider the TSE cdos=1— %)\Zcos)\*, whereA* is between zero and. Since
A — 0, there exists a constant> 0 such that cod* > c for largen. This implies that= 2n(1—cosA) >
cnA?. As aresulta+x* > A?(x*/A%+cn). This, combined with the assumption tha? — 0, leads
to (a+x*)"2 = O(A~*), and thus the expression fgfA). Furthermore, sinca+x > A%(x/A%2+cn), we
obtaing(A) = O(A~2). Part (b) follows immediately. Part (c) follows from Lemma 4 in [27], and part (d)
follows from (6.3) and (6.4). Q.E.D.

Equipped with Lemma 4, the following results can be easily obtained.

Lemmab5 Let p(A) and q(A) be defined by5.2) or (6.1).

(@) If A € (—2m,2m) is bounded away from zero anlr, then p'(A) and ¢"(A) (r =0,1,2) can be
regarded as linear combinations df and tntexp(+itA) (0 < j <r) in which the coefficients are

uniformly bounded functions gf and A.

(b) If A — 0andAd ! — w0 as n— o, then P'(A) and ¢”(A) (r = 0,1,2) can be regarded as linear
combinations oA ~2"—i*1 and A ~2—i+Dtintexp(+itA) (0 < j < r) in which the coefficients are

uniformly bounded functions gf andA.

(c) Forr=0,1, pi(0) =ré2{1-otn" 1 —n'tand ¢"(0) = (1-r)d*(1-n")n L.

Proof. Part (a) follows from (6.1) and Lemma 4(a) and (d). Part (b) results from (6.1) and Lemma 4(b)
and (d). Part (c) can be obtained from (5.2) by direct evaluation. Q.E.D.

It is easy to show from (5.3) that

fuA) =3{pA —w)+pA+w)} gMA)=3{a} -w)-a@+w)}. (6.5)
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Therefore, the next lemma, concernifigA) andg,,(A ), is a direct consequence of Lemma 5.

Lemma6 Let f,(A) and g,(A) be defined by5.3). Then, the following statements are true.

(@) Forr =0,1,2and/ #k, if ;'8 — 0 as n— o, then /() and ¢/’(ey,) can be considered as
linear combinations ofl, t/n'exp(+it ), Azkz(r*j“), andAZkz(r*j“)tjntexp(iitwk*g) (0<j<r),
in which the coefficients are uniformly bounded functiong ahd n. Both {7)(«) and ¢!)(«,) can

be expressed a8(4, ")+ 5§_,0(4,2 1" Dtin'), which holds uniformly in t ang.

(b) Forr = 0,1, ft(kr)(wk) can be regarded as a linear combination bfrd—2, ré—2titint, and tntx
exp(+it2¢) ), and qli)(cq() can be regarded as a linear combination bf (1 —r)571, (1—r)d1nt,
and tntexp(£it2c,) (j = 0,r), in which the coefficients are uniformly bounded functiong aind

n. In general, forr=0,1,2,

i (@) = %pt(”<0>+0<1>+%t‘)<tjnt),
j=

r .
K@) = 3470 +0m+ 5 o),
=
uniformly in t andn.
Proof. By (6.5), f!" (a) = 3{p{" (@) + P{" (w};)}. Lemma 5(a) is applicable to(")(«) for any .
In the case of #Kk, pt(r)(wk*g) can be evaluated by Lemma 5(ajpif, = O(1) and by Lemma 5(b) i\, — O.

Lemma 5(c) is applicable in the casefof k andr = 0,1. Combining these results leads to the expression

for £{)(cy). The proof forg!) (c,) is similar. Q.E.D.
The next two lemmas are instrumental to the proof of the propositions.

Lemma 7 Assume that the conditions in Proposition 1 be satisfied. [(ef and $(t) be defined by5.1),
and let f,(A) and g,(A) be defined by5.3). Then, the following expressions are true.

(@ Forr=0,1,2and forany/=1---,p,
fOA) =01, gA)=0("1,
uniformly int,A, andn.
(b) Forr=0,1,2,if A — = O(89) for some ¢> 0, then
(00 = 19(@) +0(6%2), gP() =g (@) +0(5%"2),

uniformly int,n, andA.
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(c) For¢#kandA € A, if Al — 0as n— o, then f,(A) and g,(A) can be expressed &¥A,2) +
O(8%~2), which holds uniformly in ty, andA.

Proof For part (), it is easy to show thbfg([r)()\ﬂ <3%,i"nI"L By Lemma 1in [27],3% ot'n' =
O(3~""1). Thus the expression fd{)(A). The proof forg(!)(A) is analogous.
To prove part (b), consider the TSE

() =10 (@) + (A @) fT (), (6.6)

whereA ™ lies betweem andw,. By Lemma 7(a),ft(g”1)()\*) = 0(57"7?), so the second term in (6.6) is
0(3%"~2), hence the expression féf")(2). The proof forg!) (1) is similar.
Finally, to prove part (c), consider the TSE

ftf()‘) = fté()‘k) +(A - )‘k) ftg()‘*)a

whereA* lies betweerd andA,. Note that by Lemma 2* € A, andA — A, = O(5%), and by Lemma 7(a),

f.,(A*) = 0(872). Therefore,
fip(A) = f (M) +0(3°72). (6.7)

The assertion follows because the combination of Proposition 5(a), Lemma 6(a), and Lemma 7(b) implies
that, for¢ £k, f,(A,) = f, (@) +0(1) = 0(A,2) + 0(8,2n") + O(1) = O(A,2). A similar argument can
be applied tag,,(A). Q.E.D.

Lemma 8 Let the condition in Lemma 7 be satisfied. Assume thdt-nO(1) and Alzlé — 0as n— o,

Then, for?’ # k, the following expressions are true.

(a)
] NN ~1E, + O0(8,28%n) + 0 (8,257 1) if ¢ =0 £k,
tzlcg,(t) ¢, (t) f,(A) = § min{O(8,2n),0(8,20,7)} +O(D2571) if ¢ #£0#£k,  (6.8)
OB, +0(871) if ¢ £ 0=k,
) (00,2571 if ¢/ =04k,
tZng/(t)Sg(t)gw(Ak) = { same as(6.8) if 0/ £ 04K, (6.9)
| 0,0 +0(B,28°Y il #0=Kk,

whereg,, = gB2{cot(3wy,) +cot(3ay;)}. In addition,

(1) f (A) = 0(8%n) + 067 1). (6.10)
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(b)
t;cg/(t)cé(t) f.,(A) = 0(3 n)
N O(8,N) +0(A,2072) if £ #£Kk,
0D Y +0(A,2672) ifL=k,

n

ZC@() (1) G (A) = 0(87 )

t=
04571 +0(8;2572) if ¢ =0k,
+ same as ir(6.11) if ¢/ £ 04K,
0(67?) if ¢/ 4=k

(©
t;cz(t)cg, (t) f, (A T (A) = O(Aen)

N { O(B,eD,2N) + O(D,EN,2072) + O(D,20 M) if £ £k,

O(Aﬂk5 )+O(A£lk5 )+O(5_1n) If f: k’

5 (0608, (A f (4 = 1)
t=

0,871 +0(8,2072) + 08,25 n) if ¢/ =0 #K,
+ same as ir{6.13) if 0/ #£0#Kk,
0L, 287 1) + 08,0072+ 08,2073 +0(872n) if ¢ £ L=k,

ic(”s"“ A G (A

same as ir{6.14) if /' = ¢ #K,
same as i(6.13) if /' A0 #kort #£¢=K,

t; 0 (1) S (1) Gy (A) G (Ay)

same as in(6.13) if £ £k,
same as ir(6.14) if / =k.

Proof of (a). Defineg;, (t) := wj t + @, + @,. To prove (6.8), it is helpful to note that

Gy (1), (t) = 3By B,{cos( @ (1)) + cos( @, (1)) }.
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First, let?’ # ¢ # k. It can be shown, by Lemma 5(a), (6.5), and (6.17), that the praglttc,(t) f,,(A,),
as a function oft, is a linear combination of cég;(t)), n'exp(=it(wi, £A))), A2 cos( (1)), and
aen Yexp(+it (wj;, +£A,,)). Note thaty cog @}, (t)) = O(1). Note also thaf cog @, (t)) = min{n, O(A M)}
for E’ # ( becausgy exp(itw,,
Lemma 3(a) yields (6.8) fof’ # ¢ # k.
Next, let?’ # ¢ =k. By (6.17) and Lemma 5(a3, (t) ¢, (t) pi(A,) is alinear combination of cég, (t))
and n'exp(+it (wj;, £ Ag)). This, combined (6.17) and the fact thptog ¢, (1)) = O(A,}), leads to

Y ¢ (1) G () Pe(Ag) = O(A,E) +O(371). Moreover, sincepy (0) = 0, the TSE ofpy (A — @) atA = A,

)|§min{n,|sin( W)~ 1 =min{n,0(A M)} Combining these results with

takes the form
Pot (Akk) = Pt (€7) A (6.18)

where{* is between zero andl.. By (6.17) and Lemma 4(dk, (t) ¢ (t) py ({*) is a linear combination
of cos(@;, (1)) andt! ntexp(=it ( wi £*)) (j =0,1). Note that summing the first expression ovgrelds
O(Al,,k) and summing the second expression, by Lemma 4 in [27], lead$gt™(w l,,kiZ )) under the
assumptiomn” = O(1). Since* = 0(5?), one obtaingw,, = {*)d~ ! — w and w,, £ {* = O(B,,).
Moreover, w;;, + {* can be bounded away from zero a#@m. By Lemma 4,9(w,, +{*) = (AZ,E)
andg(wyl, £{*) = O(1). Thereforey ¢, (t) G (t) py ({*) = O(A Z,k) Substituting this result in (6.18) yields
3 €y (1) G (t) P (Ag) = O(A,¢5?). Furthermore, sincg(A,, ):0(5 %), one obtaing ¢, (t) ¢, (t) pr(A) =
O(Aé,k) This, combined with (6.5), proves (6.8) ffr~ ¢ =

Now consider the remaining case&f= ¢ # k. Note thatc?(t) = 3B{1+ cos(@},(t))}. As in the first

case, one obtaingcog ¢}, (t)) f,(A,) = 0(A,2571). Therefore, it suffices to show that
ti fi (M) = NN 1, +0(8,18%n) + O(B,2n 1), (6.19)
To this end, one first obtains, by a straightforward calculation based on (6.1), that
let A {nsinA — (1—n?) pa(A) —n""tsin(nA)}. (6.20)

Sincenn" = 0(1) andg(A,)) = O(1) by Lemma 4(a),y p:(A}) = ng(A)) sin(A;) + O(3) + O(n1).
Again, by Lemma 4(a)g(A.,) = 2n-1(sin(3A,;)) %+ 0(8?). Therefore,y pi(A,;) = 3n~'ncot(3A,)) +
0(8%n) + 0(8) + O(n~1). Moreover, sinca,; = w; + 0(d?) andA,; is bounded away from zero anPr,
one obtains ccﬁ%)\k;) = cot(chj;) +0(6%). Therefore,

Zx p(A) = 2n " ncot(3w) +0(8%n) + 0(8) +O(n1). (6.21)
t=
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On the other hand, by Lemma 4(lgJA,,) = O(Ag—kz), and by Lemma 4in [27]pa(A,,) = O(9(A,)). There-
fore, it follows from (6.20) thaty p(A,,) = ng(A,)sin(Ay,) + O(A,20) + O(A,2n~1). By Lemma 4(b),
d(Ag) = 2n1(sin(3A)) 2+ 0(A,252). Moreover, sincel, — w, = 0(52), it can be shown, by TSE,
that cot1A,) = cot(1wy,) + 0(A,262). Therefore,

ZQ(AK;) = In"tncot(3awy) + O(A,H8%n) + 0(82n ). (6.22)
t=

Combining (6.21) and (6.22) with (6.5) leads to (6.19) and thus proves (6.8)5of + k.
To prove (6.9), it is helpful to observe that

Cy (1) ,(t) = 3B, B, {sin(@y, (1)) — sin(g;, (1)) }. (6.23)

For ¢ # k, it can be shown from (6.23) and Lemma 4(d) tleatt)s,(t) th()\i) is a linear combina-
tion of sin(¢;,(t)) and n'exp(+it (wy;, £ A5)). Note thaty sin(g,,(t)) = min{n,O(A M)} if ¢/ # ¢ and
¥ sin(¢,,(t)) = 0if ¢/ = ¢. Note also thay sin(¢,(t)) = O(1) andy n'exp(+itA) = O(6~1) for any¢’ and
A. Therefores c, (t)s,(t) gy (AL ) takes the form mifn, O(A z_/z)}JF (871 if ¢ # ¢ and the form9(671)
if ¢ =¢. By Lemma 4(a) and (b(A,)) = O(1) andg(A,,) = O(A,2). Combining these results with (6.5)
and (6.1) proves (6.9) far £ k.

Now consider?’ # ¢ = k. Sinceg(A.}) = O(1) and sincec, (t) s (t) gy (A.) is a linear combination of
sin(@7; (1)) andn®exp(£it (wj, = Ag)), it follows thaty ¢, (t) s (t) o (AL) = O(A,5) + O(6~1). Moreover,
the TSE ofgy (A,) can be expressed as

Aot (M) = Aot (0) + Gy () A

where {* lies between zero and,,. By (6.23) and Lemma 4(d)¢, (t)s (1) gy ({*) is a linear com-
bination of sir{¢;, (1)) andt/ntexp(it ( wy £%)) (j =0,1). As with the sum ofc, (t)c,(t) py ({*),
one can show thay ¢, (t) s (t) 4y ({*) = O(A,2). Moreover, sincegy (0) = dn~*(1—n'), the product
Cy(1)S.(t) dy (0) is a linear combination obsin(g;, (1)) and dn'sin(g;, (t)). So, by Lemma 3(b) and
Lemma 4(c),y ¢, (t) S (t) gy (0) = O(A,25). Combining these with, = 0(32) andg(A,) = O(372)
yields 3 ¢, (t) s (t) o (Ag) = O(A,207 1)+ 0(A,2), and thus (6.9) fof = k.

To prove (6.10), it is important to note that sinkg = O (6%) andnn" = (1), one can writeg(A,, ) =
0(872), sin(Ag) = 0(8%), n"1sin(nA,, ) = 0(8?), andn"sin((n—1)A,, ) = O(8?). This, combined with
(6.1) and (6.3), implies thapn(A,,) = O(1). Substituting these results in (6.20) leads3t (A, ) =
ng(Ag)sin(Ag)+0O(871). Furthermore, since Proposition 5(a) implies thgt= — 1 ~15%cotaw, + 0(5%),
one obtains sif,) = Ay + O((Ag)%) = —3n~162cotey, + O(5%). In addition, one can writg(A,,) =
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&2+ 0(1). Combining these results yields

ipt()\k‘k) = —in"ncotw, +0(8%n) +O(57 ).
t=

This, coupled with (6.21), which remains valid o= Kk, gives rise to
n
Zx fu(A) = 0(8%n) +O(571).
t=

Further, by using (6.18) and Lemma 4(d), one can show Yt ¢, (1)) pi (Ay) = O(1); by Lemma 3(a)
and Lemma 5(a), one obtaifgscos( @ (t)) pi(Ag) = O(8~1). Therefore,

> oSGV fuh) = (87,

t=

Equation (6.10) follows immediately upon noting tigaft) = {1+ cog¢(t))}. Q.E.D.
Proof of (b). To show (6.11), it suffices to note that by Lemma 7(b),

f,(A) = f (@) +0(871). (6.24)

For ¢ # k, one can show, by using Lemma 6(a) and (6.17), thét)c,(t) f, f /(@) is a linear combination
of cog(gj; (1)), t'n' exp(it (w);, = @), A, 22-1) coq g (1)), andA,, 2@ Dtintexp(+it (wy, £ wy,)) (j =
0,1). This, combined with (6.24), Lemma 3(a), and the fact @abs( (1)) = O(n), leads to (6.11) for
0 #1#K.

For ¢ = ¢ # K, it follows from Lemma 6(a) thaty cog @ (1)) f, (@) = O(A,467 1) + O(4,2672)
due to the fact thay cog @) (t)) = O(1). It also follows from Lemma 6(a) that fw(wk) = 0(D,%n) +
08,071 +0(8,2072) = O(8, ) + O(A,26~2). Combining these results with (6.17) and (6.24) leads
to (6.11) for/’ = ¢ #k.

In the remaining case of # ¢ = k, Lemma 6(b) ensures tha, (t)c(t) f, () is a linear combi-
nation of co$g (1)), d-2cos(@h (1)), 62" Itin'cog ¢, (1)), andt!n'exp(+it(wi + wl)) (j = 0,1).

The assertion follows immediately from the fact ttgt! n' cog @, (1)) = 0(4, 2(i+1)) by Lemma 4(c),

'k
s tintexp(+it ( W W) = 09(67171) by Lemma 3(a), ang cog @, (t)) = O(1).
Equation (6.12) can be proved similarly. First, by Lemma 7(b),

G (M) = G (@) +0(37H). (6.25)

It follows from Lemma 6(a) and (6.23) tha.(t)s,(t) g, (c,) is a linear combination of sy, (t)), tin'x
exp(Lit (), + W), b/ 22=Dsin(g (1)), andAé‘kz( Dtintexp(+it (w7, + wy,)) (j =0,1). Therefore, for

33



U #L#K, 5 c,(t)s,(t)g,(w) has the same expressiongs, (t) c,(t) fw(“’k)- For¢' = ¢ #k, one can show
by using Lemma 6(a) that sin(@;; (1)) &, () = O(A, 201 +0(A,20~2). This, combined with (6.23) and
the fact that sif;, (t)) = O leads to the assertion. Finally, f6r# ¢ = k, it follows from Lemma 6(b) and
(6.23) thatc,, (t) s (t) g, () is a linear combination of siig;, (t)) andt! n'exp(=it ( wi ) (j=0,1).
Since summing the first expression ovsfields O(Al,,k) and summing the second one leadtd2) by

Lemma 3(a), the proof is complete upon noting t@é&z,k) +0(872)=0(572). Q.E.D.

Proof of (c). SinceA, — w, = 9(6?), one obtains, by Lemma 7(b),

f (A = T (@) +0(1). (6.26)
For ¢ # k, Lemma 6(a) ensures thd, () f,, () is a linear combination of functions that take the
20(2-i)p 2 22 -2 —2p(2—)) A—2a¢ ] p (r+ D)t i i —
form A, 2p(2-Dp 29, A 2P-DA 2antexp(+itA ), andA, 2PE-DA, 2t exp(+itA) (p,q,r, j = 0,1).

Since y coq g, (t )) = O( ), it follows from (6.17) and Lemma 3(a) thatc,(t)c,(t) f,, () fw,(wk) =

OB AN + O(DI02071) + O(B,20,2072) = O(B,i0,2N) + O(D,20,2072). Forl # (=K,

Lemma 6 implies thaff, (c),) f, (e is a linear combination of functions that take the foap2°(®-1),

A, 2P i ntexp(+itA ), andA, 2P~ Dtin(Ftexp(+itA) (p,r, j = 0,1). This result, combined with (6.17)

and the fact thaf cog¢;, (1)) = (‘)(Al;lf) yields 3 ¢ (t)c, (t) f (@) fw(“’k) = O(Az,k) + (‘)(Al,,ké bH+
0(8;2572) = 0(A,#671) + O(0,2672). Further, by Lemma 6f,, (w,) =0(8p0) + 31008, 2% DtinY,

f () = (‘)(A;k ) if £#k, and f,, (@) = O(1). Combining these results with (6.24) and (6.26) leads to

(6.13).

Similarly, to prove (6.14), one first observes that

% (A) = G (@) +0O(1). (6.27)

For ¢’ # { # k, one can show, by using Lemma 6(a), (6.23), and the factsat(¢,,(t)) = O(n), that
3 5,(t) () g (@) i (@) has the same asymptotic expressiory ag(t) ¢, (t) f,, (@) f,. (). In the case
of ¢/ = 1 #Kk, sincey sin(¢j; (t)) = O(1), it follows from Lemma 6(a) and (6.23) thats, (t) c,(t) g, (w,) x
fi (@) = O(8,8671) + O(A,62). Finally, for ¢ # ¢ =k, Lemma 6 guarantees thg(w,) () is a
linear combination of functions that take the foﬁplfp 2-))5—a, Agjlfp(zfl)é—ln ,AZEP(Z*J ntexp(xitA),
andA*Zp(Z*j)J*qtjr7(r“)t exp(£itA) (p,q.r,j = 0,1). By Lemma 4(c), one can writ§ n'sin(¢, (t)) =
0(A,2). Combining these results with (6.23), Lemma 3(a), and the facgthat( @5 (t)) = O(A,}) leads to
Y S(t)c, (1) gy (@) w(wk) = 08,2571+ O(D,,2572) + O(A,2573). Moreover, by Lemma 6, () =
08, if £ #k, andgy (w,) = 0(6~1). Combining these results with (6.24) and (6.27) proves (6.14).
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Note thatf,,(c,) @, (e, is a linear combination of the functions that constitgig(cy,) f,,, () for
¢' =1 # k as well as the functions that constituig(cw,) f'w,(wk) for any ¢ and any?’ # k. Moreover,
¥ sin(g;;,(t)) = O(n) for £ # £, andy sin(gj; (t)) = O(1). Combining these results with (6.23) and Lemma 6
proves (6.15).

Finally, one can prove (6.16) fof’ # ¢ # k by observing thaty s,(t)s, (t) g, (w) &, (w,) has the
same expression &gs,(t)c,(t)g,(w,) f'w,(cq(). The assertion fof’ = ¢ + k follows from the fact that
g (@) G, (@) is a linear combination of the same functions which fofpic,) f,,(ca,) and the fact that
Y cos(@(t)) = O(n). The case of’ # ¢ =k can be proved by using the fact thgf(w,) ¢, () is a
linear combination of the same functions which constitygéw, ) fw,(wk) and the fact thay cog( ¢, (t)) =

O(B)- Q.E.D.
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