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Abstract

Twenty years ago Kay (1984) proposed an iterative filtering algorittif)(for jointly estimating the
frequencies of multiple complex sinusoids from noisy observations. Itsetan the fact that the noiseless
signal is an autoregressive (AR) process, so the frequency estinpatiblem can be reformulated as the
problem of estimating the AR coefficients. By iterating the cycle of AR coefiicestimation and AR
filtering, IFA provides a computationally simple procedure yet capable @ifrate frequency estimation
especially at low signal-to-noise ratio (SNR). However, the converyendFA has not been established
beyond simulation and a very special case of a single frequency anittistimple size. This paper provides
a statistical analysis of the algorithm and makes several important contribu¢arit shows that the poles
of the AR filter must be reduced via an extra shrinkage parameter in ordecdoonmodate poor initial values
and avoid being trapped into false solutions. (b) It shows that the AR es$iiaach iteration must be bias-
corrected in order to produce a more accurate frequency estimatoseadiorm expression is provided for
bias correction. (c) It shows that for a sufficiently large sample sizegthdting algorithm, called new IFA,
or NIFA, converges to the desired fixed point which constitutes a consfséguency estimator. Numerical
examples, including a real data example in radar applications, are pragddiinonstrate the findings.
It is shown in particular that the shrinkage parameter not only controlsdfimagion accuracy but also
determines the requirements of initial values. It is also shown that the mogwas-correction method

considerably improves the estimation accuracy, especially for high SNR.

Abbreviated TitleMultiple Frequency Estimation
Keywords Adaptive filter; Convergence; Contractive mapping; Doppler; FixadtpBrequency estimation;

Mixed spectrum; Signal processing; Sinusoid.



1. INTRODUCTION

As an alternative to the Gaussian maximum likelihood method, the iterative filtdgogtam (IFA) was
proposed by Kay (1984) for estimating the frequencies of multiple complesaids from noisy observa-

tions

P
Y= %+ & %= g bt (t=1;0n); €y
k=1

wherep lisaknownintegety > 0,wi:= 2pfc2 ( p;p)nf0g, andfy2 ( p;p]are unknown constants,
andfgg is a zero-mean complex-valued white noise process with unknown varsahcéFA is based
on the fact that the noiseless sigrialg is a special autoregressive (AR) process of ordesatisfying

X + éfz 18X k= 0, where thea, uniquely determine, and are determined by, the frequengissich that
b 2 )
1+ g az “= Q@ %z b, (2)
k=1 k=1

so the frequency estimation problem can be reformulated as the problestinodtng

to produce

avi k+ye (t=1;:::n); 3)
1

Yt =

T Qos

wherey™ 1 := ¥ := 0. Then it re-estimates the AR parameter from the filtered time skfigand uses the
new estimate to filter the original dats g in the same way as (3) to produce a new filtered time series. This
cycle is repeated until a stopping criterion is satisfied. Li and Kedem {If#+ralized the basic idea of IFA
by including other parametric filters and by regarding the cycle of estimatidriléering as a fixed-point

iteration. The resulting procedure is called parametric filtering. IFA is simptgotationally yet capable of
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Figure 1: Contour plot of the Gaussian likelihood, as a function of tleemalized frequenciefy and f,, for two
complex sinusoids in complex Gaussian white naise (100 and SNR= 0 dB). Dashed lines indicate the location of

the true frequencied{= 0.2 andf, = 0.23); dotted diagonal line shows the boundryg f,.

providing accurate frequency estimates. However, the convergémied bas not been established beyond
simulation and a very special case of a single frequency and infinite saizgle s

The Gaussian maximum likelihood method (also known as nonlinear leasesfjhas been applied to
the problem of frequency estimation (Walker 1971; Rife and Boorstyr;18Batzoglou 1985; Rice and
Rosenblatt 1988; Stoica, Moses, Friedlander, abdegstom 1989; Stoica and Nehorai 1989; Van Hamme
1991; Starer and Nehorai 1992; White 1993; Shaw 1995). Althouglodyzes a statistically efficient esti-
mator that attains the CramRao lower bound (CRLB) wheima g is Gaussian, the surface of the Gaussian
likelihood function comprises numerous local extrema, as shown in Fig. thas@n initial value of pre-
cisiono(n 1) is usually required in order for standard optimization algorithms, such agad&amethod,

to converge to the desired solution. Since theoint discrete Fourier transform (DFT) only produces an
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Figure 2: Trajectory of the frequency estimates produced by IFA fersame data as used in Fig. 1. Open circles
represent initial values; solid points represent finaheatés after 15 iterations; intermediate estimates apsdares

that link the open circles with the solids points.

estimator of accurao®(n 1), interpolation techniques have been proposed to obtain improved initiabvalue
from DFT, but convergence with such initial values is still not guaranteathematically. IFA suffers from
the same initial value problem, as shown in Fig. 2.

In this paper, we provide a rigorous statistical analysis of IFA in the chge=02 and make several

important contributions:

(a) Itis shown that the poles of the AR filter must be reduced via an extirgkalge parameter in order

to accommodate poor initial values and avoid being trapped into spurious sslutio

(b) Itis shown that the AR estimates in each iteration must be bias-correabedento produce a more

accurate frequency estimator; a simple closed-form expression i€ddoivbias correction.

(c) It is shown that with probability tending to unity as the sample size growsethdting algorithm,



which we call thenewlFA, or NIFA, converges to the desired fixed-point which constitutesresis-

tent frequency estimator.

Numerical examples are provided to illustrate these findings. The resulteegagarded as an extension of
the earlier work of Li and Kedem (1994), Li and Song (2001; 2068) Song and Li (1997; 2000). Unlike
the algorithms discussed there, the algorithm in this paper estimates the tegyemtly as a multivariate
problem rather than sequentially as a sequence of univariate probleedéquency at a time). The benefit
of the joint estimation approach is the relaxation of the frequency separatjairement (Kay 1984).
It is worth pointing out that by cascading the AR fitting with the AR filtering a nditter can be

obtained. It can be implemented as an adaptive filter for tracking time-vafsgagencies. This is an
advantage of the present approach that the DFT approach doeaveot The results in this paper remain

valid for the steady-state performance of the notch filtering algorithm.

2. NEW ITERATIVE FILTERING ALGORITHM (NIFA)

Let us assume in the remainder of the paper tlyai is given by (1) withp= 2 andw; < ws. Under this

assumption, it is easy to show from (2) tlaat [ a1; ay]" takes the form
O _
a; = %l’”l+ g g, = Wt w). (4)

For any admissible variable :=[ az; a,]", which will be defined later, lety;(a)g denote the filtered time

series given by

2
w(@= @ ah*v w@)+y (t=1:::n) (5)
k=1

withy 1(a) := yo(a) := 0, whereh 2 (0;1) is the shrinkage parameter that contracts the poles of the filter
towards the origin and thus stabilizes the filter.

Given the filtered dathy;(a)g, we estimata by the method of least squares (LS), i.e., by seeki@a)



that minimizesky(a)+ Y(a) Da(a)k?, where
1 1

(@) yi(a)
Y(a):=

1
E D := diagh; h?):

aa):= D *fY"(a)Y(a)g ‘Y"(a)y(a); (6)

Yo 1(2) Yn 2(a)

This gives rise to an AR estimator

where superscrigil stands for Hermitian transpose. Note that the rolP if to compensate for the shrink-
age parametdr.

Unlike the true AR parametex, the AR estimatoé(a) does not necessarily correspond to a polynomial
of the form (2) which has unit roots. To impose this constraint on eachafotihe polynomial ofa(a),
one can simply reset its modulus to unity while retaining its angle, thus projectingliteounit circle. The
resulting AR estimator is denoted pya(a)), wherey () represents the unit-root (UR) projector. The UR
projection not only stabilizes the AR filter but also eliminates the redundancy iARhreparameterization
of the frequency estimation problem: it reduces the number of free panarisien four (the real and
imaginary parts of the AR coefficients) to two (the angles of the roots), whictentical to the number of
unknown frequencies. As in regression problems, using the minimal nushifree parameters is helpful in
reducing the statistical variability of the estimation, especially when the samplis sizll or the signal-
to-noise ratio (SNR) is low.

With the AR estimatoy (a(a)) so defined, one can apply the general procedure of parametric filtering
proposed by Li and Kedem (1994) and seek a fixed point of the magpirigy (a(a)) by the so-called

fixed-point iteration

am=y(@&@am 1) (m=12::): (7)

This algorithm can be decomposed into repeated cycles of AR filtering, tirfSag®n, and UR projection.



The IFA of Kay (1984) can be regarded as a special case of (7) withl, although, strictly speaking,
it employs Burg's estimator rather than the LS estimator and it does not imposiRticenstraint. Fig. 2
shows that withh = 1 the iteration in (7) may converge to spurious fixed points if the initial valuesiar
near the desired solution. This problem can be overcome, as will be seerbiachoosindr < 1.

A careful analysis shows that in the casehof 1 the mappingi(a) contains a bias term atthat can

be expressed ds:= [ by;by]" where

_ (@ hyike™e eksir® Kne  w)

ok A1 cogw, wi)g (k= 1,2): ®)

By subtracting it froméa(a), a new mappin@ 7! y (a(a) b) is formed. Theorem 1 in the next section
establishes that with probability tending to unity, the new mapping is contractavaeighborhood cd and
therefore has a unique fixed point that can be obtained as the limiting vatue fofed-point iteratiom ., :=
y(a(am 1) b) under fairly mild initial conditions. However, this procedure is not yet picatbecause the
bias given by (8) depends on the true frequencies. One way of makinagitical is to substitutb with an
estimateb obtained from an initial estimate af(or equivalently, of the frequencies). Theorem 2 establishes
that the convergence assertions in Theorem 1 remain valid for the resuléipginga 7! y (a(@) b) as
long as the initial estimate @fis sufficiently accurate.

Alternatively, the bias can be re-estimated in each iteration using the estimateooh the previous

iteration. This gives rise to our final NIFA algorithm
am:=y(@&@ami1) bami) (m=12::), )

whereb(a) :=[by(a);bx(a)]" is defined in the same way asby (8) except thatw; andw» are replaced
by I 1 and/ > which are the angles of the roots of1a;z 1+ ayz 2 satisfying/1 /5. Leta:= [él;éz]T

be the limiting value offang in (9) asm! ¥. Then, the final NIFA frequency estimator is given by
W= [ Wo]T, wherews = 2pf; andvin = 2pf, are defined as the angles of the roots ef&z 1+ &z 2

satisfyingwy,  W». Similarly, one can define the intermediate frequency estimateén= 0;1;2;:::) in
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Figure 3: Trajectory of the frequency estimates produced by NIFA jwigh different values oh and 15 iterations

for the same data as used in Figs. 1-2. lleft, 0.92; right,h = 0.96.

terms of the roots of the polynomial associated vaith By definition,w,,! wasm! ¥,

Fig. 3 shows the trajectory of the frequency estimditars,g produced by NIFA in (9) withh = 0:92
andh = 0:96 for the same data as used in Fig. 2. Fig. 4 shows the correspondingtivies a g for
h = 0:96. As can be seen, the spurious fixed points in Fig. 2 no longer exist iBRidnere all initial
values lead to a single fixed point even if they are far away from the teggriémcies. This implies that the
initial requirement of NIFA, withh < 1, is much less stringent than that of IFA whére 1. Note that in
generalh should not be made too close to unity either, otherwise (B.g.,0:99, not shown), the problem
of spurious fixed points may appear again, just like when 1 in IFA.

The shrinkage parametérplays a vital role not only in determining the requirement of initial values,
but also in determining the accuracy of the final estimator. Fig. 3 shows thdiktéd point of NIFA with
the largerh = 0:96 is much closer to the true frequencies than that with the smalter0:92 where the

estimates are pushed towards a single value in the vicini%;( ff+ fo).
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Figure 4: Trajectory of the AR estimatess, := [ aim; azm]" Which correspond to the frequency estimates in the right

panel of Fig. 3.

These results indicate that while accommodating poor initial values requinesli@sshrinkage parame-
ter, producing an accurate final estimate demands a larger shrinkageqtear. In practice, the conflicting
requirements on the shrinkage parameter can be satisfied by employingemse®f increasing values

0< h1< hy< < hq < 1, where the estimate produced by NIFA whh= h, afterm iterations can be

initial value and still ends up with an accurate final estimate.

Table 1: Choice of Shrinkage Parameter

n 25 50 100 200 400

hy | 0.830 0.900 0.960 0.970 0.980

h, | 0.835 0.975 0.985 0.995 0.998

With two values ofh given by Table 1 for each sample size, Fig. 5 shows the mean-squaréM8E)
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Figure 5:Reciprocal MSE of the estimator fér by NIFA in (9). Lines without circle represent the CRLB undee
assumption of complex Gaussian white noise. Results aggltms1,000 Monte Carlo runs. The true frequencies are

f1 = 0.2 andf, = 0.23 (the phases afe = 0 andf, = p=2). The simulated noise is complex Gaussian.

of the estimatorf; by NIFA and the corresponding CRLB for various sample sizes and SN&smilar
results, not shown, are obtained f&r) In all cases, the LS estimator affrom the unfiltered data, also
known as Prony’s estimator, is employed to initialize NIFA. The algorithm stéips 5 iterations: 6 with
h1 followed by 9 withh.

As can be seen from Fig. 5, the accuracy of the NIFA estimator is verg ttothe CRLB, except for
the case oh = 25 where the frequency separation is less tham 1Since Prony’s estimator is bias and
inconsistent (Li and Kedem 1994), the results in Fig. 5 suggest that Wit a proper choice of is able
to accommodate poor initial values of accur@fyl) and still manages to converge to a final estimate which
is nearly optimal.

The benefit of the bias-correction (BC) technique in (9) as compared) ttaf be appreciated by ex-

amining the results displayed in Figs. 6 and 7. Fig. 6 shows that whereaalfotfthms converge from all
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Figure 6: Frequency estimates produced by NIFA from different ihig@ues with and without using the BC tech-
nique. Left, NIFA without BC in (9); right, NIFA with BC in (7)both withh = 0.975 and for the same time series of
lengthn = 50 and SNR= 10 dB. Green lines represent estimatesfioand red lines foif,. Dashed lines represent

the true frequencies.

initial values, the final estimates by NIFA with BC have a smaller bias than NIFAowttBC. Fig. 7 further
shows that the bias of NIFA without BC is more than 15 dB larger than thatlAMith BC. Although the
variance is approximately the same for both and is very close to the CRLH faNRs, the bias of NIFA
without BC dominates the variance and becomes greater than the CRLB a¢Rha@eases beyond 2 dB.
As aresult, at SNR = 10 dB, the MSE, which equals the sum of variancscaraded bias, of NIFA without

BC exceeds the CRLB by approximately 12 dB as compared to 2 dB for NIiEABRC.

3. MAIN THEOREMS

Eq. (4) defines a one-to-one mapping fram=[ wy; w,]" to a=[az;ay]" which will be denoted by 7!

f(w) = a LetL denote the set of :=[/;/,]" with p<l1< [, p and letA denote the set of

10
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frequencies are employed as initial values. Shrinkagenpeters in Table 1 fon= 50 are used. Results are based on

1,000 Monte Carlo runs, each of sample size 50. True frequencies and phases are the same as in Fig. 5.
a :=[ay;ay]" suchthat = f(l) for somel 2 L,i.e.,A:=f(L). Let Ay denote a closed subset Af

suchthatA,:= fa2 A:ka ak kd®g, wherek > 0ande?2 (1; %) are constantsand:= 1 h 2 (0;1)

depends omsuch thad! Oasn! ¥.

Theorem 1 LetA, be the neighborhood afdefined above and assume th@tn d)" = O(1) and d®! ¥
asn! ¥. Then, with probability tending to unity, the mappiad! y (a(a) b) is contractive inA,, with
a contraction factor of the forf®p(d® 1), and therefore has a unique fixed pa@ A,. Furthermore, with
probability tending to unity, the sequenag, := y (&(am 1) b) (m= 1;2;:::) converges t@as m! ¥

for any initial valueag 2 Ag.

11



The required accuracy f@g in Theorem 1 can be expressed@g€). Sincend®! ¥, it means that
the initial accuracy can be lower th@{n ). This is in contrast with the Gaussian maximum likelihood
method which requires that the initial accuracy be higher ®@n ).

Note that the requiremen{1 d)"= O(1) impliesnd! ¥, sod cannot approach zero faster thart.
The requiremennd®! ¥ further asserts thal should not approach zero faster thant™¢. Both require-
ments explain why in our numerical examplegsannot be too close to unity in order to avoid converging to

spurious fixed points when initial values are poor.

Theorem 2 Assume that the conditions in Theorem 1 are satisfied. In addition, aghaftrtbere exists an
initial estimatorwg such thakwy, wk = op(d® 1). Letb be defined in the same way by (8) usingwg
instead ofw. Then, the assertions in Theorem 1 remain valid for the mapaifit y (a(a) b) and the

sequenc@m:= y (&@am 1) b)(m= 1;2;:::).

The conditiorkwy wk = op(d® 1) can be easily satisfied by a wide range of initial estimators readily
available in practice. For example, it is satisfied by any initial estimatpsuch thakw, wk = Op(d9)
for someg> e 1. In particular, it is satisfied by aﬁ n-consistent estimators such as those produced
by Pisarenko’s method (Pisarenko 1973; Sakai 1984) or the singalla@-decomposition-based methods

(Stoica and 8derstbm 1991).

Theorem 3 Assume that the conditions in Theorem 1 are satisfied. Then the assertidreorem 1 remain

valid for the mappin@ 7! y (a(a) b(a)) and the sequendea g defined by(9).

Theorem 4 Assume that the conditions in Theorem 1 are satisfiedwileg the frequency estimator corre-
sponding to the fixed poiftof the mappin@a 7! y (a(a) b(a)) in Ag. Then, for any constarlt  3=2
suchthatnld = 0O(1) asn! ¥,d °(W w) is uniformly tight, i.e.d ?(W w)= Op(1). In other

words, W is at leastd P-consistent for estimating.

12



If hischosensuchthat=1 h=0O(n ") forsome < n< e 1< 1, thennd®= O(n' ") ! ¥,
so the conditions in Theorem 1 are satisfied. With this choice, accordingetoréim 4, the NIFA estimator
W is at leas"P-consistent for anyp  min(n 1;3=2), as it satisfies *d ? = O(n *"°)= O(1). The
required accuracy of initial values can be expressed(as"®).

Now consider the special case where 2=3 andb = n = 3=2. In this case, Theorem 4 implies that
W is at leash-consistent. By setting= 1%, the initial requirement becomes nea@lyn 2=). This means
that it suffices to use a slightly better thaff*-consistent estimator as the initial value in order to obtain
the n-consistent final estimata#. Such initial values can be produced by NIFA itself, with the choice of
n=(4=9)". Indeed, with this choice, Theorem 4 guarantees a bettemfffanate of consistency by taking
b = 3=2 so thatnb = (2=3)". To obtain this estimator, the initial values are required to be slightly more
accurate tha®(n 4), which can be satisfied by £I n-consistent estimators.

As can be seen, by applying NIFA twice, once with a smalleand once with a largé, one is able
to improve the accuracy of the frequency estimator f@fn 4=°) to O(n 1) or better. The convergence of
NIFA in both cases are guaranteed by Theorem 4.

Note that one can determine the number of iterations needed to achieve treefimeacy ensured by
Theorem 4 from the contraction factor, denotedghyof the mapping. Indeed, since aftarterations one

canwriteka, 8k gTkaop &k, andsincea, a= Op(d®) andg,= Op(d® 1), it follows that

kan k= Op dne res

Therefore, in order to make this quantity the same order of magnitude as @ahedtimation error of the

form Op(dP?), it sufficestham (b 1)=(e 1). With b = 3=2 in particular, it becomes
m i(e 1) %

This expression suggests, with no surprise, that the number of iteratpesds on the accuracy of initial

values: More iterations are needed when the initial values are poor se kizet to be near unity, but for

13



good initial valuesge can be made near3, so a few iterations are enough to bring them sufficiently close
to the final estimator.

Finally we note that Theorem 4 does not exclude the possibility of a higkepfaonsistency, which
is what “at least” means. In fact, by subtracting a more accurate bias tefioh wow depends on the
amplitude as well as the frequency of the sinusoids and needs to be estimatideklieas before, one can
remove the condition *d ? = O(1), so thatn in the above discussion can take on values such agHis,

coupled withb = 3=2, gives rise to a rate of consistency which is arbitrarily close to the optirteah?z.

4. EXAMPLE AND DISCUSSION

4.1 Real Data Example

The dataset in this example is the “Sea Clutter + Target Data File” #283, takaraflarge database of high-
resolution radar measurements collected in November 1993 with the McMabxeRadar overlooking the
Atlantic Ocean from a cliff-top in Dartmouth, Nova Scotia, Canada (see httm&sxe.mcmaster.ca/ipix).
The dataset is about 2 minutes long and has a weak target in one of itshiaag@&he target is a spherical
block of styrofoam wrapped with wire mesh. It has a diameter of one meterobjective of this exercise is
to estimate the Doppler frequency of the target from the radar data. Fayed tdip scatterers moving at a
constant speed within the observation time window, the radar data (affopessing) can be modeled by
(1), where the real and imaginary parts represent the in-phase addatjure components and the noise is
attributed to the backscatters from the ocean surface (sea clutters} (Keatschmer, and Shelton 1986).
Fig. 8 shows the frequency estimation results for two 128-point (128 milliskctmng) segments of the
radar data from the 10th range bin (2685 meters). As can be seerdgimeat 1 (left panel) where the signal
is strong, the frequency estimates coincide and appear at the speakalfjilee target; for Segment 2 (right

panel) where the signal is weak, the frequency estimates split, with onadlatkke spectral peak of the

14
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Figure 8: Frequency Estimates and Periodograms for Two 128-Poimh&ety of Radar Data. Left panel, Segment 1
(strong signal); Right panel, Segment 2 (weak signal). Tegl part of the data; Middle, imaginary part of the data;
Bottom, frequency estimates superimposed on the periadugdots, periodogram ordinates; solid line, interpolated
periodogram; dotted line, initial values of NIFA; dash-#at line, final frequency estimates produced by NIFA after

20 iterations (5 witth = 0:9 followed by 15 withh = 0:95).

target (dash-dotted line on the left) and the other locked at the largestaeeak of the noise (dash-dotted
line on the right). According to the estimation, in Segment 1 the target is movingdewlae radar at an
estimated speed of 0.17 meters per second, whereas in Segment 2 this tageahg away from the radar

at an estimated speed af3d meters per second.

4.2 Automatic Selection of Shrinkage Parameter

In practice, the shrinkage parametemust be fully specified in advance. Although one may tlreais a

tuning parameter and experiment with different values until a satisfacéspytris obtained, one may also
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wish to automate this process based solely on the data. A simple way of doinpseggard the frequency
estimates from NIFA as functions bf regress the observations on the complex sinusoids with the estimated
frequencies in place of the true frequencies, and then minimize the resultargsgeared error (MSE) as

a univariate function ohf.

Fig. 9 shows 100 independent realizations of the regression MSE ast&fuofh where the frequency
estimates are obtained from NIFA with Prony’s estimator as the initial value. aAse seen, the MSE
starts from large values whénis far from unity, decreases &smoves towards unity, reaches its minimum
whenh enters the interval between 0.98 and 0.99 (approximately), and, in soe® bagins to rise when
h further increases. The minimum values are very close to the ideal MSEsv@®EQ) obtained using
the true frequencies, resulting in a near zero excess MSE defined diffehence between the MSE curve
and the MSEO (which is a constant). Note that the best valuésagipear to lie within a relatively large
interval, indicating that the frequency estimates are not overly sensitive tchitice ofh once it is in the

correct neighborhood.

4.3 Generalization

The proposed method can be extended easily to the general cpse bf Indeed, forp 1, the filtered

dataf y;(a)g can be obtained from

withy; p(@)= =yo(@)= 0anda:=[as;:::;ap]". Givenfyi(a)g, the AR parametea:=[ay;:::;ap]"

is estimated by the LS method that seé@) to minimizeky(a) + Y(a) Da(a)k?, where
L1

1
p(a) yi(a) +1(a)
Y(a) = : : y(a) := E D := diagh;:::; hP):

Yn 1(@) Yn p(@) yn(@)

This gives rise to the LS mapping of the form (6).
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Figure 9: Mean-Squared Error of Complex Sinusoidal Regression wattintated Frequencies as a Functiorhof
From 100 Independent Monte Carlo Trials. For each trial, MI&E of complex sinusoidal regression using the true
frequencies (denoted by MSEQO) is subtracted for easy casgmarProny’s estimator is used to initialize NIFA. Model

parameters are the same as in Fig. 3.

To analyze this mapping, we first need to expreg$a)g in terms offy;g. To this end, letl :=
U1 lpl":=f Ya)andz :=[z;; ;zp]":=[€'1; ;&'*]T, wherea= f (w) is the one-to-one map-

ping defined by (2). Then, the transfer function of the filter in (10) caeXpressed as

¥ - U !
H2:=ah()zl= 1+ §anhz® = O 1 zhz' :
j:O k=1 k=1

wherehg(l ) = 1 and forj 1, by the Cauchy integral theorem and the residue theorem,

1 - . Q2 .
hi(l) = == H(2Z 'dz= § ResH(2Z 'g-,n
2pi jg=1 e 1
L im (2 amH@D = nh
= im (z Zz 22 ~= =
212! zh “ Eloksko(zk 20
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whereQg1(zk  z) is defined as 1 whep= 1. Given this expression, (10) can be rewritten as

t 1
(@)= éohj(l)yt i (11)
J:

In the expression ofij(/ ), the decaying factoh! does not depend op. This suggests that the rate of

convergence of the NIFA frequency estimator in the cage ofl would be the same as in the caseef 2.
Moreover, some algebra shows that the general entry of the Hermitian ni&li&) Y (a) is given by

fik(a) = é[‘:g 1Mt (@)y+j (@) (1 k j p). With the explicit expression (11), we can apply the

same techniques developed for the casp®f2 to evaluate the exact order of magnitudes;efd) as well

as other terms. Fqu= 1, this leads to

Aliv(@yei(@), _ (1 hye"

- ) 1
" Liw(a)j? h

’

where

t 1
w(@)= ahy 1(@)+y=a hj(l )y j;
=1

with yo(a) := 0,hj(/ ) :=(hz)},andz := &' = a.

A major mathematical challenge in the general case of 2 is the inversion of thg-by-p matrix
YH(a) Y(a), which makes direct evaluation of the elementsi{a) computationally very complicated.
Although the lack of simple inversion formula currently prevents us fromtifiémg the general leading
bias term, the basic ideas and mathematical arguments used in our analysstsdlop = 2 would carry
over to the general case pf 2.

In this paper, the bias in the LS mapping is corrected by subtracting the ledingf the bias in an
asymptotic expansion. An alternative method of bias correction was mdgmsLi and Kedem (1994).
Instead of subtracting the bias, which depends on the unknown frei@gethe method of Li and Kedem
(1994) relies on reparameterization of the filter so that the autocovasiandtiee filtered noise satisfy a set

of equations called the parameterization property. The method was Jutlgessplied to an AR filter for
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estimating the frequencies of real sinusoids. The earlier work of Li amd) $2001; 2003) and Song and
Li (1997; 2000) was devoted to analyzing the resulting estimators. Umfately, for complex sinusoids
and the AR filter in (10), this method does not lead to a useful solution becdasfundamental difference
between real and complex sinusoids, which motivates us to use the biactiobtmethod discussed in the
present article.

More specifically, lef hj(a)gj-‘:0 be a linear filter such tha jhj(a)j < ¥. Applying this filter tof y;g

in (1) yields the filtered process

¥
v(@):= a hj@)y j=x(@)+ a(a);
=0

wherex(a) and g(a) are the filtered signal and the filtered noise, respectively. It is not diffio
show thatx(a) remains a sum op complex sinusoids with the same frequencies as those ahd
hence satisfies the same AR equationxadoes. LetRg(a) denote thep-by-p autocovariance matrix of

fa(a)g with the (j;K)th entryrje @) = Efa+j k(@)g(@)g (;k=0;1:::;p 1), and letre(a) :=

a= R,Ya)re(a): (12)

As shown by Li and Kedem (1994), any filter satisfying (12) will lead toagagmptotically unbiased fre-
quency estimator as the fixed point of the LS mappivi§f (a) Y(a)g 1Y (a)y(a). Unfortunately, the AR
filter (10) cannot be reparameterized to satisfy (12). To see thig letge(a; h) be any reparameterization
so that (10) becomeg(a) = élleqkyt k(@) + y;. Then, itis easy to see that the filtered ndisga)g
with the new parameters is an Ap(process withf gkg as the AR coefficients. For this AR process, the
Yule-Walker equations take the forRe(a) g = re(a), whereq := g(a;h) :=[qu(a;h);:::;qp(a@; h)]".
Therefore, the only way to make this filter satisfy (12) is to chagpse a, which corresponds to the AR
filter (10) with shrinkage parametér= 1. This means that fan < 1, the AR filter (10) cannot be repara-

meterized to satisfy (12).
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A closer look reveals that the reason why the reparameterization methéd veorreal sinusoids is
thatx == &f_ ; Accogwd + ) satisfies asymmetricAR equationd {yajx | = 0, whereag, | = aj for
j=01::;p landag= 1. As aresult, the AR filter can be constrained by the symmetry. On the
contrast, for complex sinusoids, the corresponding AR equation is nohsyric, so the AR filter cannot be
constrained. A real sinusoid equals the sum of two complex sinusoids atgatonjugate pairs. Therefore,
it is not surprising that the complex sinusoid model is more general than dhaineisoid model in the
sense that estimation methods developed under the complex sinusoid modie¢ettg applicable to the

real sinusoid model, but not vise versa.

5. CONCLUDING REMARKS

In this article, we have presented a new iterative filtering algorithm (NIBAJdint estimation of the fre-
guencies of multiple complex sinusoids from noisy observations. The algoigtbased on the idea of
repeating the cycle of least-squares (LS) estimation and autoregré&Riyéltering to form a fixed-point
iteration. The AR filter is endowed with a bandwidth shrinkage parameter vidlishown to control not
only the accuracy of the final frequency estimates but also the acawauiyed for the initial values. With
a proper choice of the shrinkage parameter, which can be an incressingnce, the algorithm achieves
nearly global convergence with satisfactory estimation accuracy, anebthprovides a more practical al-
ternative to the Gaussian maximum likelihood method which has stringent rewuite on initial values.
In our statistical analysis, it is shown that the mapping formed by the compositib8 estimation and
AR filtering contains a bias, for which an explicit asymptotic expression iwetkin the case of one and
two sinusoids, that can be corrected to produce more accurate faygestimates. It is shown that the
bias-corrected iteration converges to the desired fixed-point whichsfarconsistent frequency estimator.
Derivation of a closed-form expression for the bias in the general absiore than two sinusoids remains

an open problem for future research.
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APPENDIX |: PROOFS

Foranya :=[ai;as]" 2 Ay, letl :=[11;1,]":= f Ya)andz :=[z1;2z5]" :=[€'1;€!2]". Becausé 1(a)
is continuously differentiable in a neighborhoodapfindf (/') in a neighborhood alv, there exist constants
c1 > O0andc; > Osuchthad 2 Ay implieskl  wk ¢ d®andkl  wk cpd®impliesa 2 A,.

A key technique in the proof of Theorems 1-3 is to apply the well-known {fp@dt theorem (Stoer
and Bulirsch 2001) to the corresponding random mappings. For exatoglgtablish Theorem 1, it suffices

to show that with probability tending to unity as ¥,

(@ ky(a(@a) b) y(a@% bk g.ka a%foranya;a®2 A, whereg,2 (0;1) is the contraction

factor which may depend ambut not ona ora® and
(b) ky(a(@) b) ak (1 gn)kd®.

Sincea(a) = Op(1) uniformlyina 2 A, and sincéd(a) has distinct roots with probability tending to unity
asn! ¥, which can be proved by using (13), (14), together with the factahatA, implieskl ~ wk =

O(d®), it follows from Lemma 2(c) that there exiskg = Op(1) such that
ky (a(a) b) y(a@% b)k kpka(a) a@%k:
Therefore, one can establish (a) by proving
ka(a) a@% cka ak (13)

for somec, = op(1), because it leads to (a) witly, := c,kn = Op(cn) = op(1), so thatgy 2 (0;1) with

probability tending to unity as! ¥ . Similarly, one can establish (b) by proving
&a) b a= op(d); (14)

asitleads tky (a(a) b) ak dy:= kpkd(a) b ak, whered €d,= op(1)! O, sothatd, (1

gn) kd € with probability tending to unity as! ¥.
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Before proving the theorems, we first provide some useful proposivbith constitute the basis of the
proof. The proof of the propositions is outlined in the appendix.
Givena 2 Ay, it follows from (5) that

t1
(@)= ah)w i;

=0
where

h(l):= h'G(1)=Go(l); GI(I):= 2zt 2zt

Fork= 0;1;2; let

Vin(@) = iGoll )Fin(@): (15)
Un(@) = Goll ) Yien(@): (16)
where
Fun(@) = Té_;ljyt;ﬁk(a): Yin(@) = %jymk(a); a7)
yir@) = yj@y(@); ¥ = y@ay: (18)

The asterisk denotes complex conjugate. Let the kngample autocorrelation coefficient bfi(a)g be

defined as

ren(@) == Frn(@)=Fon(a) = Vin(a)=Von(a): (29)
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Moreover, define

Wh(@) = f1j run(a@)i’gFon(a); (20)
Pun(@) = Yin(@) rin(@)Yn(a); (21)
Pon(@) = Ypn(@) ryn(@)Yin(a); (22)
Qun(@) = ashyy 2n @)+ h My, 1a(@) yip(a)g; (23)
Qen(@) = ryp@)fazyn 20 1(@)+ h Yy 10(@) Yi2(@)l0

h ?ryn(@)fyn 10 1(@)  yia(a)g; (24)

Qun(a) aifyn 1n 1(@) yri(a)g
Wh(@)  Wh(@)+ yn 1n 2(@) yr1(a)
+ fh 1P1;n(a)+ Qun(@)afyn 1n 1(@) y11(@)9,
Wh(a)fWh(a)+ yn 10 2(@) y1a(a)9
Qzn(a) axfyn 1n 1(@) yia(a)g
Wh(a) Wh(@)+ yn 10 1(@) yr1(a)
+ fh 2F)Z;n(a) QZ;n(a)ngn 1n 1(a) YI;l(a)g.
Wh(a)fWh(a)+ yn 10 1(@) Y1a(2)9

Rl;n(a) =

(25)

Rz;n(a) =

(26)

With this notation, our propositions can be stated as follows.

Proposition 1 Let B:n(a) and R;n(@) (j = 1;2) be defined by21), (22), (25), and(26). LetW(a) be

defined by(20). Then,
aa)=a W,(a)D !py(a)+ rn(a);
wherepn(a) :=[Prn(@);P2n(a)]” andrp(a) := [Ren(a);Ran(a)]’.
Proposition 2 Let . (k= 0;1;2) be defined byl5). Ifn(1 d)"= O(1) and rd®! ¥ asn! ¥, then

Cc(n 2)d 2+ Op(d %)+ Op(nd *?)

Vicn(@)
+[Op(nd® *); Op(nd® DI w);

[Op(nd® %); Op(nd® HI(1 19;

Vk;n(a) Vk;n(a%
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uniformly ina;a®2 Ay, wherea®:= f (19, G := 8%.,Cj, and Gy := bfe i (j= 1;2).
Proposition 3 Let U¢p(@) (k= 0;1;2) be defined byl6). Then, under the conditions of Proposition 2,

Uen(@) = (Cox 1 Cik 1)(n 2)d '+ Op(nd )+ Op(d ?)

+(n 2)d ?[ iCix 1+ Op(d® 1);iCox 1+ Op(d® H(I  w);

Uk;n(a) Uk;n(a()

= (n 2)d ?[ iCyx 1+ Op(d® %);iCok 1+ Op(d® (I 19;
uniformly ina;a®2 A,.
Proposition 4 Letryn(@) (k= 0;1;2) be defined by19). Then, under the conditions of Proposition 2,

rkn(@)= CCy 'f 1+ Op(n *d )+ Op(d*?)g+[Op(d® ?); Op(d® A1 w);

ren(@)  rin(@%)=[0p(d® ?);0p(d® 211 19;
uniformly ina;a®2 Ag.

Now let us begin with the proof of the theorems.

A. Proof of Theorem 1

Recall that Theorem 1 can be proved by establishing (13) and (14)si@ (14) first. It follows from

Proposition 1 that
aa b a= b D ‘W, (a)pn(a)+ ra(): (27)

Some algebra shows that

GO(W) f Ul;n(a) r 1:n(a) U2;n(a)g,

W, 1(a) Pin(2) = f1 ] run(a)j%gVon(a)
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From Proposition 3, we obtain
Uen(@ =(Cox 1 Cix (0 2)d 1+ Op(n *d )+ Op(d*?)g:
This, coupled with Proposition 4, implies

Upn(@)  ran(@Uzn(a)
L] -
= (n 2d 'G' A ( D'CCa Cyu)+ Op(n *d )+ Op(d™?)

k=0
Again by Proposition 4, we obtain

1j run(@j?=(1j Cij°Cy*)f1+ Op(n *d 1)+ Op(d*PH)g:
This, combined with an application of Proposition 2, leads to

(1] ren(@j®)Von(d) =(C3 j CLjAC,H(n 2)d 2f1+ Op(n 1d 1)+ Op(d*P)g:

Moreover, direct computation shows that

Go(W) d &jc ol 1)*C(Cyc Cyd) _

by h:
CZjCij? '
Combining these expressions leads to
W, (@) Pun(@) = bih+ Op(n 1)+ Op(d®?): (28)

Similar calculations show that

GO(W) f U2;n(a) r 1;n(a) Ul;n(a)g .

. _
W @ Pen@ = T @Roven@

and

Go(W) dTCo(Cyy Ciy) CulCpo Cro)9 _

b,h?:
C2 j Cij? ?

Therefore, we obtain
W, Y(@)Pn(a) = bph?+ Op(n 1)+ Op(d®?): (29)
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Finally, it can be shown that bofRy.n(a) andRxn(a) are of smaller order tha@p(n 1)+ Op(d®?). Under
the conditions of Theorem Dp(n 1) = op(d®) andOp(d*?) = op(d®). Therefore, the proof of14) is
complete by plugging these expressions together with (28) and (29) into (27

To show (13), we note from Proposition 1 that for ama®2 A,
aa) a@%=(a a%+D fw,'(@Ips(@) W,'(a)pa(@)g+ra(@) rn(@d: (30)

To evaluate the second term, let

Von(@) = f1] rin(@)i’gVon(a);
DUj,(@%a) = Up@) Upna@) (j=12);
DGo(I %1) = Gol Y Go(l);
Dryn(@;a) = rin@) rin(@9;
DVon(@;a% = Von(a) Von(@9:

Then, it follows from (21) and (20) that

4
W, @9 Pia(@) W,%a)Pun(@)= § A«a;ab;

k1
where
p(a:ad = GO(’%wxn(a%\l/)o.n(;gn(a%wz;n(aqa)gi
Axa;ay = DGO(’0”)ful;sl(:n)(a(;xn(a)Uz;n(a)g;
As(a;a% = GO(’C)Dr\i:;(?;;%Uz;n(a);
A@iay = )fU””é;)vo;rn?;()?;?;(g JoDo@i2),

According to Proposition 3,
GO(’ C)wk;n(ao;a)
= (n 2)d ?[ Cy 1+ O0p(d® 1);Chy 1+ Op(d® HIGo( il 19:
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It follows from Lemma 2 and the Taylor series expansioe df’ at w; that
1

-
Go(l %i(1 19= %1 © @ a%+ oka a%?:
1 e

iW2

By noting the definition o€, andCj, we obtain

Go(l ) DUyn(a%a)

GO(I % I1JZ;n(a 0; a)

Moreover, it follows from Proposition 4 that
rkn(@) = GCo'f 1+ Op(n *d 1)+ Op(d™)+ Op(d*® *)g:
Therefore,

Go(l Y rin(@% DU, ,(a%a)

= (n 2)d ?[[Cj°Cy H(1+ Op(d® 1)); Ca(1+ Op(d® )] (2° a):
Combining these expressions leads to

Go(l 9[DUy(a%a) rin(a%Duy,(ala)l

= (n 2)d ?[(iCy® CHCy*(1+ Op(d® 1);0p(d® H(a a9:
Furthermore, it follows from Proposition 2 and Proposition 4 that
Von(@9=(n 2)d %C§ j Cij*)Cy'f 1+ Op(n *d 1)+ Op(dP)g:
Combining these results yields
A(@;a9=[ (1+Op(d® 1);Op(d® H)(a a9:
Again, by Proposition 2, Proposition 4, and Lemma 2,
Upn(@)  rin(@)Uzn(@)= Op(nd );
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Dryn(@;29) =[Op(d® ?); Op(d® ?)(a a9:
Using the Taylor expansion and Lemma 2, we can show that
DGo(l ¢1)= O(1)(a a9Y:

Therefore, we obtain

Axa;al [Op(d); Op(d)](a a9;

As(a;a% = [Op(d® 1);0p(d® H)(a a9:

Similarly, by expressingVon(a;a9 in terms ofgn(a) Von(a% andDriq(a;a9, one can show that
Aq(@;a%=[Op(d® *); Op(d® H](a a:
Combining these expressions for thgs leads to
W' (@) Pin(@) W,'(@)Pun(@)=[ (1+O0p(d® 1);0p(d® H]l(a a9: (31)
Using the same technique, we write

4
W, Y @9 Pn(@) W,%a)Pxn(a)= Q Bu(a;ab;

k=1
where
0 0
Bi(a;a% := Go(/ Yf DU (a ,a\l/)o_n(glc;)n(a() DU,..(a ,a)g;
0
Bz(a;a() - [x;O(I ,I )fUz;:/(oa-n)(ac;’l;n(a)Ul;n(a)g;
M
Bya:a) = Go(l %Dr\i;;i?a,;)ulm(a);
. — Go(! )fUZ;n(a) rl;n(a) Ul;n(a)g D\70;n(a;a() -
Bia;a9 = R |
Since

GO(’ ()rl;n(a% I:lJl;n (aqa)

= (n 2)d ?[Cy(1+ Op(d® 1);jCaj’Cy*(1+ Op(d® MI(a° a);
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we obtain

Go(l 9[DU,n(@%a)  rin(a9DUpy(ata)l

[
= (n 2)d ?[0p(d® Y); (jCJ* CH)Cyt 1+ Op(d® H)I(a aY:
This leads to
Bi(a;a)=[0p(d® 1); (1+ Op(d® M)I(a aY:

Similarly, one can show thad(a;a9, for k = 2;3;4, has the same asymptotic expressiorga;a9.

Combining these results yields
W' (@) Pen(@) W,'(a) Pan(@) =[O0p(d® 1); (1+ Op(d® M)I(a a9: (32)
Finally, by a similar argument, it can be shown that
r(a) rn(@%= op(d® )(a a9%:

Combining this expression with (30)—(32) proves (13) vaitlr Op(d® 1) ! Oasn! ¥. 1

B. Proof of Theorem 2

In the proof of of Theorem 1, we have established (13) and (14)., Xmwanya anda®2 Ay, Eq. (13)
implieskfa(a) bg f a@% bgk c,ka a%. It remains to show that the counterpart of (14), i.e.,

a@a) b a=op(d®).Sincea(a) b a=fa@ b ag+b b, we obtain
ka(@) b ak k &@ b ak+ kb bk

Eq. (14) ensureka(a) b ak = op(d€). By using the Taylor expansion and the continuous mapping
theorem, we obtaitkb bk = Op(d)kwy wk. Combining these expressions with the assumption that

kwo wk = op(d® 1) completes the proof. 1
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C. Proof of Theorem 3

Recall that we have established (13) and (14) under the same conditiftmiews from (13) that

kfa@) b(a)g f a@% b@%gk c.ka a%+kb(a) b(a%k;

wherec, = Op(d® 1). Using the Taylor expansion and the continuous mapping theorem, we obtain

kb(a) b(a% = O(d)ka a%:

Thus, the counterpart of (13) is proved with:= ¢, + O(d) = Op(d® 1). The counterpart of (14) follows

immediately from (14) and the observation théh) = b. 1

D. Proof of Theorem 4

Sincea is the fixed point ol (a(a) b(a)) in Ay, we have

a a=y(a@ b(d) y(a@ b))+ ya@ b)) a

Theorem 3 ensures that

y(&a@ b(@) y(a@ b(a)= op(1)(a a):

Therefore,

a a=fil+op(l)g Hy(a@ b(a) ag:

By Lemma 2(c), we have

y(a@) b(a) a=O0p(1)fa(a) b(a) ag:

Combining (27)—(29) with the fact tha(a) = b yields that

a@ b(a@) a=[Op(n )+ 0p(d*?);Op(n )+ Op(d*?)]:
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Therefore, under the conditions of Theorem 4,

dP@ a) = [Op(n 1d P)+ 0p(a®2 P); 0p(n 1d )+ Op(a®2 P)]

[Op(1); Op(D)]:

An application of the Taylor expansion and the continuous mapping theorm tcompletes the proofl__1

APPENDIX II: PROOF OF PROPOSITIONS

A. Proof of Proposition 1
It follows from the equatiory,, ,(a)+ a; hy,(a)+ azhzyt (@)= Yy, that
Fin(@)+ a;hFon(@)+ a,h?F 1n(a)= Yn(a):

By noting thatyp(a) = y 1(a) = 0, we have

F (@)= Fl;n(a) Yn 2n 1(a):

Thus

Y 1n h 2n 1@
@)= ah ahiry(a)s () g gl ze 10, (A1)

Similarly, becauss,, ,(a)+ a; hy,, ,(a)+ a,h?y,(a)= Yi+ 2o WE have

F2;n(a)+ athl;n(a)+ azthO;n(a): YZ;n(a):

Hence

Y 2n(a)
ron(@)+ a hryn(@)+ a,h?= -2 :
2,“( ) 1 l,n( ) 2 FO;n(a)

This yields

Y, (a
ron(@)= aihryn(a) a,h?+ Finga;: (A.2)
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Combining (A.1) and (A.2) gives

Y 2;n(a) i
Fon(@)

rin(@)ron(@)=  aihjryn(a)j®  ash’ryn(a)+ ria(a)
This, coupled with (A.1), leads to

rl;n(a) rl;n(a)rz;n(a)

: 5 Yin(a@) Y on(a) Yo 2n 1(@)
= ajhflj ryn(@)jfg+ =2 (@) =2+ ap,h? 2 A3
Similarly,
r2;n(a) f rl;n(a)gz
. . : axh?r.,(@)yn 2n 1(@)
= ah?1] rysa)fgr 2@ L n 2 A4
Now, to evaluaté(a) :=[&(a);a(a)]", we first note that
ai(@) = h ‘defY"(a)Y(a)g flrin(@)ron(@) ryn(@)Fon(@)
+Yy10(@) Yo 1n(@)9 (A.5)
Direct calculation shows that
def Y"(a)Y(a)g= Wa(@)Fon(@)+ fyn 1n 1(2)  y11(a)gF on(a): (A.6)
Substituting (A.3) and (A.6) in (A.5) gives
8y(a) = aiWn(@) h 'Pyn(a) azhy, ,, (@) h lfyn (@) yio(a)g
' Wh(@)+ ¥ 1n 2(@) ¥12(a@) '
This expression can be further simplified as
R _ Pin(@) _
al(a) = a h\/\41(a) + R1;n(a). (A.7)

Similarly, we obtain

f(”l;n(a))2 ron(@)gFon(@) rop(@)fyn 1o 1(@) yiai(a)g
h2tWh(@)+ yn 1n 1(@) y11(a)g
+ rl;n(a)fyn 1;n(a) yl;z(a)g .
h2fWa(@)+ yn 1n 1(@) Y1:1(2)9

&(a) =
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Using (A.4), one can show that

h 2Pup(@) Qan(a) axfyn 1n 1(a2) yua(a)g

aa) = az Wh(a) Wh(a)+ Yn 10 1(@) Yy12(a)

+ fh 2F)Z;n(a) Qzn(@)gfyn 1n 1(@) y1a(a)g,
Wh(a)fWh(a)+ yn 10 2(@) yr1(a)g .

This expression can be further simplified as

Pxn(a)

&(a)= az h2W(a)

+ Ron(a):

Collecting (A.7) and (A.8) proves the assertion.

B. Proof of Proposition 2

Let us introduce the following notation:

tol
x@) = ah)x
I=0
tol
a(a) = h(l)ea 1,
I=0
tol
w(l) = ah'c)a
=0
tol
u(l) = ijﬂ-ah'Gl(l)Zj' (j=12):
1=0

(A.8)

(B.1)

(B.2)

(B.3)

(B.4)

wherez; := €%, andrj := bjei (j = 1;2). Sinceyi(a) := &{_5hi(l )y 1, we havey(a) = x(a)+ a(a).

Thus

4
Vin(@) = jGo(l )j*Fkn(a) = & Ti(l );
=1
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where

n 2
iGo(1)i* & x(a)%.(@);

Tu(l) =
t=1
n 2

L) = jGol )i’ a(@)x.(a);
t=1
n 2

(1) = jGo(l)i®a x(a)a.(a);
t=1
n 2

() = jGol)i*a a(a)e.(a):

t=1

The goal of the proof is to establish the following expressions:

Ta(l)

To(I')

T3(I)

T4(l)

C(n 2)d %f1+0(n td 1)+ O(d)g

+[0(d %)+ O(nd ?);0(d %)+ O(nd ?](I w)

+0(d kI wk®+ 0O(d kI wkd+ O(d kI wk?:

Op(nd %)

+[Op(nd 5%); Op(nd >2)](I  w)

+Op(nd 2kl wk?)+ Op(nd %2kl wk®)+ Op(nd 2kl wk®);
same expression ds(/ ),

Op(nd 1)

+[Op(nd ?); Op(nd »)](I W)

+ Op(nd 3kl wk®+ Op(nd *kI  wk®)+ Op(nd °kI  wk?):

As can be seen, the assertion in Proposition 2 follows immediately from thpeessions.

To simplify the evaluation of these expressions as functionk,ofet us introduce some additional

notation. Forj = 1,2, the first and second partial derivatives of a functiowith respect tol ; will be

denoted byD; f andD?f, respectively. The mixed partial derivatives will be denotedyf andD%,f.

The gradient (Jacobian) row vector evaluateavawill be denoted byd(f(w)) := [ D1(f(w));Do(f(w))].

34



The Hessian matrix of the second derivativek atill be denoted byH (f (f)). By a slight abuse of notation,
any intermediate point between two given vectors will be denotdd, byhich may vary not only at different
expressions, but also within the same expression (e.g., it may vary froreahpart to the imaginary part
of a complex-valued function). For any complex numbkend real number > O, let gi(zr) :=(z
r'2*1)=(1 zr), wheret is any positive integer. Letj := zjz andfj := fj f.

First, let us derive the expression foi(/ ). It follows from (B.1) and (B.4) that

2
x(a)= Gy'(l) & w;j(l):
=1

Thus

n 2

Ti(l) = & fuall ) Ui () + Ua(l ) Uy ia (1)

t=1

+ U (1) U iga(1)+ U2l ) U o) @
For j = 1;2, we have the following Taylor expansionwat
Ui ()= U W)+ I W) (1 W)+ 30 w)THU)U w):
SinceD?(Gi(I)) = 0for j & kandD(G(1)=( 1)I*(1+ 120+, we have
KH(G (I )k = O((I + 1)?);

wherekH(G|(f))k denotes the matrix norm induced by the vector norm and th®t&ym is uniform in

I . It follows from (B.4) that

N t 1 B 1
KH(u;(F)k by & h'kH(GI()k=0 § h'(+1)? =0(d 3):
=0 =0
Thus
Ugi(1) = (W) + I(uj(w)) (I w)+ O(d kI wik®): (B.6)
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Using this expression, we obtain

Ue;j (1) Ui (1)
= U (W) Uy g j (W) + T Ui (W) I (Uer i (WD) + Uy j (W) I(U (WD) g1 w)
] . ,0
+J(U; (W) (I W) (Ueij(W)) (I w)+ O wj(w)d kI wk
] - ]
+ 0 Uy j(w)d 3k wik® + 0 J(u;j(w) (I wyd 3kl wk?

L] 3 2I:| I:IG 4D
+0J (Us;W)(I wyd 3kl wik? +0d %kl wk*:

Direct computation shows that

Ui(W) = 13" gz h)+ oz h)g: (B.7)

This, coupled with the fact thaf (zr) = &(z ;r) andz; = zj, implies

U j (W) Uy i (W) = Cifai(z2); h) G (Zj2s D) G215 h) Gie (225 )
9(22j; 1) G (zj2: h) + (215 D) G k(Zj25 ) 92

By noting thatzj; = 1, we obtain

2
é Ut; j (W) Uy . (W)
j=1

= Cka(Lh) g k(L h) + C0i(z21; h) G (222, ) + Cox Gt (z12; D) Qv k(2215 D)
2

& Cif 6t(z1): 1) G (212 M)+ (2253 ) Gz W)

i=1

Note thatnd®! ¥ impliesnd! ¥. Note also that the leading term é)f‘:kagt(l;h)gt+ k(1; h) takes the
formCy(n 2)d 2. Therefore,
n 2

2
A & W)Uy ;W)= CG(n 2)d 1+ 0(n *d 1)+ O(d)g: (B.8)
=1j=1

—

Using the same argument, one can show that

) t+|g 1
DiUrkj(w)) = (- DI*tirjzozy 0§ 1+ Dh'Zp0 (1°= 12): (B.9)
I=0
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Thus,

t+k 1

( 1)j0+1 Z”oZ a( 1) gt(zmj:h) Ié_ (|+l)h|£j0;
=0

Ut;j (W) Djo(Ut+ k;j (W)

Upr ) (W) Dol j (W) = ( 1>J'°ib,-zzjoj-zjké( 1)mgt+k(znj:h)é(l+1)h'£,-o,-:
m=1

=0

In the case of = j° we obtain

Ut j (W) D (U k. j (W) + Uy (W) Dj (U j(w))

B
= ( Dick a(y gt+k(zm,,h)a(l+1)h'
m=1 1=0
t+§ 1 L1
a( D" (zmj;h) & (1+ 1)h'
m=1 1=0
-
= ( DliCi a( D)Mo (Zmjs 1) Ge(zm; ] A (1+ 1A'
1=0
t+§ 1 L1
( D" (zmj;h) & (1+ 1)h'
m:l I=t

Direct calculation shows that

G+ k(Zmjsh)  (zmji h)

(Znj Zm)+ 2 (zmy h) h*2 Oz, h)g)
j1 hzmj? '

Form= j, we havey,, (zjj;h) a(z;;h)= h'(1 h¥d 1, which, coupled with the formula
tol
ad+nh'=(1 ht dthh)d ?
I=0

leads to

fOu(Zii:h)  a(zj; h)ga(l+ Dh'= h'@@ K% Kt dthYd 3
=0

Formé j,fg, (znjih) G(zmj;h)g&l_5(1+ Dh' = O(d ?) uniformly int. Thus

n 2 2
A a( D" guw(@nih) Gz h)ga(|+ 1)h'=0(d %)+ O(nd ?):
t=1m=1 =0
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A similar argument with an application of the formula

t+k 1
a (I+1h'=h@ A1+ dt) dkh*gd ?

I=t
shows that

n 22 t+k 1
o

a a( D"g(zmih) & (I+1h'=0(d ¥:

t=1m=1 1=t
Combining these results leads to
"o’ 4 2
a fuj(W) D (U (W) + Ups i j (W) Dj (U j(w)) g = O(d )+ O(nd ©):
t=1
For j 6 j° the order of magnitude of the term
no 2
a fuj(W) Djo(Ut+ 1) (W) + Ups i j (W) Djo(u;j(W)) g
t=1
does not exceed the order@fnd ?). Thus
2

n,2C1
A U;i(W)J (Ui j(W)) + Ui (W) I(u; (W)
=1

—

= [O(d %+ O(nd ?);0(d %+ O(nd ?)]:

Finally, it follows from (B.7) and (B.9) that.;(w) = O(d 1) andD jo(u+ ;j(w)) = O(d 2) uniformly int.
Combining these results with (B.8) yields

n 2
o

a Uil ) (1)

=1

—

= Cd(n 2)d %1+0(n *d Y+ O(d)g
+[O(d )+ O(nd ?);0(d %)+ O(nd A)I(I w)

+0(d kI wk?+ 0O(d kI wk®)+ O(d kI wk*):

e n 2

To evaluatéd - { Ui (I ) u, (1) in Ty(l ) for j & s, it suffices to identify the magnitude of j(W)u,, (W)

andUt;j(W)Djo(UH. ks(W)) + U, .o(W)Djo(U;j(w)) in view of the above analysis. It follows from (B.7) and
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(B.9) that

2 2
Ut j (W) Uy o s(W) = 131526 ' 2% 8 ( D™at(zmjh) & ( D)™ Ge(Zms h);
m=1 m=1

t+k 1

. 2 X
Ut;j (W) Dot iis(W)) = (- 1) tirjrszpziZiszs* & ( D™ai(zmsh) & (1+ Dh'zpe
m=1 =0
Thus
n°2 n°2
A Utj(W) Uy (W) = O(d ?); & t;j(W) Dok is(W)) = O(d ):
t=1 t=1

Similarly, we obtain
n, 2 3
a U ks(W) Djo(ug;j(w)) = O(d °):
t=1
Combining all these results yields the final expressiorn{ék ).
For the other terms in (B.5), we only outline the proof o/ ) andT4(/ ). The proof forTs(l ) is the

same as that foF,(l ) because of the symmetry.

It follows from (B.2) and (B.3) thag(a) = G, Y1 Yw(1). This, coupled with the expressionxfa),

implies
n°2 <’2
()= aw(l)a l):
t=1 j=1

The Taylor series expansionaf/ ) atw takes the form
w(l )= ww)+ ) (I w+ 31 wTHME) (I w): (B.10)
It follows from (B.10), (B.6), and Lemma 1 that
we(1 )U't+k;j(l)
= V(W) Uy i j (W) + FV(W) I (Ui i (WD) + Ui (W) I (W) g(I - W)
1 1
+IMW) (I W) (Ueii(w) (I w)+ Op w(w)d kI wk?
(I - 0 O 3 o]
+Op Uy j(W)d 2k wk® + Op J(v(w)) (I w)d 3kl wk

] ]
+0p J (UekjW) (I w)d >kl wk® + Op(d kI wk?):
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Thus, from (B.7) and Lemma 1, we have

n 22

T(W) = & & (W)t (W)= Op(nd ¥?):
t=1j=1

Moreover, it follows again from Lemma 1, (B.7), and (B.9) that

n 22
DiTo(w)) = & & Fv(W)Djo(Ups i (W) + Upsicj(W) Djo(vt(W)) @
t=1j=1

= Op(nd >?) (j%= 1;2):

Combining these results leads to the final expressiofdr).

Finally, we note thaly(/ ) = é{‘:fvt(l )Vis (). By Lemma 1 and (B.10), we have

Vel ) Ves (1)
= (W) Vi (W) + Fve(W) I (Vs k(W) + Ve (W) I(e(W)) (I W)
] 5 ]
+IvW) (I W) (vek(W)) (I w)+ Op w(w)d >kl wik?
- oplﬂk(w)d 522k wk2|:+I op%%vt(w))(l w)d 2kl w|<2':I
+ op?(vﬁk(w))(l w)d 2 wk2|:+| Op(d Skl wk™:

Carrying out the same analysis as above leads to the final expressibyilfdr The proof of Proposition 2

is complete. 1

C. Proof of Proposition 3

It follows from (16), (B.2), and (B.3) that

4
Uen(@)= a Sl );
j=1
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where

Therefore, to prove Proposition 3, it suffices to derive the followingresgsions:

Si(l)

(1)

Ss(1)

S()

Su(1)

S() =

S(l) =

S) =

n°2 o2

a a Uil )%
t=1j=1

n°2

a Vt(l )Xt+kf
=1

n°2 g

aa ut;j(, )et+k
t=1j=1

n°2

a w(l)e.x

t=1

(Cak 1 Cuk 1)(n 2)d *+0(d ?)+ O(n)

+[ iCix 2(n 2)d ?+0(d ¥+ O(n);

iCax 1(n 2)d 2+ 0(d ¥+ O]l w)

+0O(nd 3kl

Op(nd *?)+[Op(nd *%); Op(nd *2)](/

+ Op(nd 5kl

wi®);

wk?);

Op(n'™d )+[Op(n'?d 2); Op(n'?d 2)1(/

+ Op(n2d ki

Op(nd *?)+[Op(nd *?); Op(nd *2)](!

+ Op(nd kI

wk?);

wk?):

Now let us derive these expressions one by one.

First, to evaluat&, (I ), we obtain using (B.6) that

Sl )= SW)+ & & X i (U j(w)) (1

n 2?2

t=1j=1
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w)

w)+ O(nd 3kl wk?):

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)



Direct computation shows that

2 2
& wiWx: = A Cik 1 ( D"a(zmjih)
=1 =1 m=1
0 &
+arnziziz*a ( H"g(zmjh):
61 m=1

Since
é é
aCik 1a ( D™g(zmj h)
=1 m=1
= (Cxk 1 Cik D)ax(Lh)+ Cix 10(z21:h)  Cox 10(z12; h);
we obtain
w2z 2
a atCkia ( D"a(znjh)
t=1j=1 m=1

= (Cak 1 Cik 1)(n 2)d *+0(d %)+ O(n):

The remaining terms iS;(w) is of smaller order tha®(d 2). Thus,

Siw)=(Cax 1 Cix 1)(n 2)d *+0O(d )+ O(n)

To evaluate the second term in (C.5), we apply the formula

0. tol
Djo(u W) = ( DYiryzdi & 1+ Dh'Zp
=0

and obtain
HoR 02 ktol |
Yo DU i (W) = (- DT Q rirgzidimzm @ (1 + Dh'Zg;:
m=1 =0

This leads to
g
%+k & Di(Uj(w)) = i(Cik 1+ rirzz,2,% (1 h' dih')d 2

=1
= 1 Leh
i Coxza+ M2z a+1h'z,;
1=0

2
ik @ Do(Uj(W) = i(Cox 1+ Mirozednz (1 h' dth')d 2
=1
1 ‘ Iﬂol
+i Cpaat o™ P & (1+ )h'2y;
=0
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hence

n 2 2

a X.xa Di(ugj(w)) =  iCix 1(n 2)d 2+ 0(d 3+ O(n)
t=1 j=1

n 2 2

iCox 1(n 2)d 2+ 0(d %)+ O(n):

t=1

A Xk & Da(u:j(w))
=1

Substituting these results in (C.5) yields the final expressio&:fdr).

Next, consideS;(/ ), which has the following Taylor expansion:
S()= SW)+ ISM) (I w)+ 30 wTHSE) (I w): (C.6)
Using the Cauchy-Schwarz inequality, we obtain

. . nO 2 . n02 .
iSWiP* A ivw)i®Q X’
t=1 t=1
By Lemma 1y (w) = Op(d ) uniformly int. Thus
n°2
a im(w)j?= Op(nd Y):

t=1

This together with the observation thgfL 12jxt+kj2 = O(n) yields
Sca2(w) = Op(nd *7):
To evaluate the second term in (C.6), we note that
no 2
J(&EW) = a %+ (w(w)):
t=1

Moreover, by Lemma 1D;(w(w)) = Op(d 32) (j = 1;2) uniformly int. This, coupled with an application

of the Cauchy-Schwarz inequality, gives
I(S(w)) = Op(nd *?):
A similar argument leads to
(0 WTH(SU)(I  w)= Op(nd kI  wk?):
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Substituting these expressions in (C.6) gives rise to the final expressiSs(F ).

Similarly, the Taylor expansion &;(/ ) atw takes the form

Ss(l)= SwW)+ ISM) (I W)+ 30 WTHSE) (I w):

The first term in this expansion can be rewritten as

o2 n°2
SW) = a a &+ku;j(w):

j:l =1

—

Sincef agis a zero-mean white noise process, it follows from (B.7) that

2 n 22
E% %kllt;j(w)@: s®b? & % ( 1)mgt(zmj;h)§: o(nd ?):

t=1 t=1 m=1
Using this result and Chebyshev’s inequality, one can show that
n 2

a 8. U:j(w)= Op(n2d 1):
=1

—

Thus,
S(w) = Op(n'2d 1):

To evaluate the second term in (C.7), we first observe that

n 2

Di(SW) = & & g Djo(u;j(w)) (%= L;2):
j=1t=1

—

Using a similar argument together with the expressio pfu;;j(w)), we obtain

%Z E n02 Igo. IZI
Era &.kDjoluj(w)) s?bfa ad+1h

t=1 t=1 =0

n 2
s%b? é1(1 ht dtht)?d 4
t=

o(nd 4:

An application of Chebyshev’s inequality gives
I(Ss(w)) = Op(n*?d ?):
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Combining these results with an application of Lemma 1 to the third term in (C.7) yiedm#d expression

for S(1).
Finally, the expression fd&(/ ) can be derived by the same method that led to the expressi&g(for,

together with the observation th&af. fjep, 2= Op(n). This completes the proof. 1

D. Proof of Proposition 4

The first part of Proposition 4 follows from Proposition 2 and the ideiftity €) 1= ¢ 1 e[c(c+ e)] L.

To prove the second part of Proposition 4, we expresg$a) ren(@% as

Vicn(@) V(@9 fVon(a) Von(a%aVin(@9 .
Von(a) Von(a)Von(a9

ren(a@) rk;n(ao) =

An application of Proposition 2 completes the proof. 1

E. Some Technical Lemmas

Lemma 1 Let ¢ be defined by (B.3). Then, uniformly in both t dndwe have I ) = Op(d ) and
Djwi(l )= Op(d 32) for j = 1;2. Furthermore, uniformly intl , and/ , we have(l  w)TH(w (/') (I

w) = Op(d 52k wk?).

Proof. We provide a proof only for the second assertion because a similar angaarebe used to prove

the first one. To show the second assertion, we observe that
R N
Hw(1))= & h'a 1H(G())
=0

Sincef ag is a zero-mean white noise process with variasiéewe obtain

Efid w)THmI ) w)ig

t 1 N
s2a h?i wTHGU ) (I w)j?
i =
0 & h?(+ 1%  wk* ;
I=0
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where the last equality follows from the fact thai(G|(f))k: O((1 + 1)?) uniformly ini . Since

h?(1+1)*= o(d ®)

Qo

1
a th(I + 1)4
0 |

t
o

| 0

uniformly int, an application of Chebyshev’s inequality completes the proof. 1
Let C2 denote the two-dimensional complex space. Forany [as;as]" 2 C?, letz; := r1€'t and

7, := r,€'2 be the roots of the quadratic polynomial

1

1+ aiz Y+ az?=(1 zzH1 zz Y

wherer; 0,ro 0O,and p</; [, p. Thisequation defines a one-to-one mapping betvaeand
Z :=[ z1; zo]" which we denote ba = x(2). In the special case wheae2 A sothaz = m(l ) :=[¢&'1;e'2]T
consists of unit roots, the mapping reduceate x(m(l )) = f (I ). Note that the roots are distinct if and

onlyif ja? 4a,j > 0. Note also that the UR projectign(a) :=[y1(a);y2(a)]" can be expressed as
yi@)= (ziF9zj+ 2292j); ya(a)= 21252125
for anya 2 C? such thata, = 2,2, 6 0.

Lemma 2 Let B be a closed and bounded domainGh such thatja? 4ayj ¢, for all a 2 B, where
c1 > Ois a constant. LeD be a subset dB such thafa,j ¢, forall a 2 D, where ¢ > 0is a constant.

Then, the following assertions are true.

(a) There exist constante; > 0 and ko > O such thatk;:kz z% k a a% kkz z% for all

a;a%2 B, wherez := x (a) andz®= x 1(a9.

(b) Foralla;a®2 A\ B, sothatz= ml ) andz®= m(l 9 are unit roots, one can write

kikl 1% ka a% kkl 1% a a° ﬂ:”(IT%(I 19+ 0ok 1%;

wherek, and k, are the same constants as in part (a).
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(c) There exists a constakt > Osuch thaky (a) y(a%k kska a%foralla;a®2 D.

Proof. Sincea; = (z1+ z2) anday = 212, itis easy to show that
a a’=z@z 29
where
1 1
1 1
z=H TH
z 2z
SincekZk is bounded above by some constent 0, we obtairka a% kokz z%. On the other hand,
since the roots can be expressed as
1 o 1
zp=3 a+DfPrdl YD (= 1;2);

whereD:= a? 4a, andr :=(D5Dj)*?, it follows that

2z z)= (a1 ad)+ O j D2l DPa(r r9jp§iEdl bp: (E.1)
Note that
512 312 = jbi* j DY? :
05 D= g o7 5+ o)
and

jDi* = jaij* 4afa, 4a;%ar+ 16ay”:
It is easy to show that
04 _

jaij* j a%*=(a; ad(ai+ada,’+(ay ad) (ar+ad) ajal

Therefore we can writga;j* j ad*= O(ka a%). By applying a similar argument to the other terms,
we obtainjDj? j D§?= O(ka a%). Combining this result with the assumption tiigf candjDj ¢

yields
iDi¥? j 4= oka a%):
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Similarly, we can show that
r r°=o0ka a%):

Substituting these results in (E.1) yields z% = O(ka ak), which proves part (a). Part (c) can be
shown similarly by first establishing thay (a) y(a%k = O(kz z%) and then applying the assertion
in part (@) thakz z% = O(ka a%).

For part (b), one can show that whers m(l ) andz®= m(l 9, there is a Taylor series expansion

o (i)

ZZ_ﬂIT

(I 19= diag ie"s;ie’2 (I 19;

which implieskz  z%= kI 1 %. By using a similar argument fa = f (I ), one can establish the second

expression in part (b). The proof is thus complete. 1
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