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Abstract

New divergence measures are introduced for change detection and discrimination of stochas-

tic signals (time series) on the basis of parametric filtering — a technique that combines para-

metric linear filtering with correlation characterization. The sensitivity of these divergence

measures is investigated using local curvatures under additive and multiplicative spectral depar-

ture models. It is found that when the time series contain dominant spectral components (such

as sharp peaks and notches) of similar characteristics, the new divergence measures are more

effective in detecting the dominated spectral deviations than the conventional spectral diver-

gence measures such as the Kolmogorov-Smirnov spectral distance and the Kullback-Leibler

spectral divergence. Simulation results are given that illustrate and confirm the theoretical

findings.

Key wards and phrases:Characterization; Discriminant Analysis; Distortion Measure; Filter

Bank; Pattern Recognition; Signal Processing; Spectral Analysis



1. INTRODUCTION

In discrimination, change detection, and change analysis of stochastic signals (or time se-

ries), divergence measures are widely-used statistics that quantify the dissimilarity between the

time series in terms of their statistical characteristics [Basseville (1989), Grayet al. (1980),

Parzen (1992)]. Divergence measures can be derived from different characterizations of time

series. Typical characterization methods include parametric probability models [Basseville and

Nikiforov (1993)] and nonparametric representations such as Fourier spectral densities [Coates

and Diggle (1986), Deshayes and Picard (1986), Parzen (1992)]. In this paper, we introduce

some divergence measures that are derived from a recently proposed approach of time series

characterization called parametric filtering [Li (1996a)].

To represent the statistical characteristics of time series, theparametric filtering(PF) ap-

proach combines the interference rejection capability of linear filtering with the correlation

characterization property of some parametric filter banks in terms of the output lag-one auto-

correlations. The PF approach provides a suitable source for obtaining divergence measures

that are (i) universal for time series discrimination and change analysis, (ii) easy to calcu-

late, and (iii) flexible to adjust for effective detection of spectral deviations in the presence of

dominant spectral components. The PF divergence measures have been successfully used in

speech processing applications to detect acoustic events in continuous-speech waveforms [Li

and Gibson (1994), (1996)].

Two filter banks are considered in this paper, the repeated summing and differencing (RSD)

and the complex exponential filtering (CEF). The RSD is motivated by the work of Kedem and

Slud (1982) in which the higher order zero-crossings obtained from repeated differencing are

proposed as features for time series discrimination [see also Kedem (1994)]. The RSD can be

regarded as a filter bank of low-pass and high-pass filters in which the bandwidth is determined

by the number of times the summing or differencing is repeated. The CEF, on the other hand,

is equipped not only with a more flexible bandwidth parameter, but also with a parameter that

easily controls the center frequency of the filter and thus allows the analysis to concentrate on

the frequency bands of interest that may not be in the high or low frequency regions. For both

filters, different time series correlation structures can be discriminated via thecharacterization

functionsderived from the lag-one autocorrelation of the filtered time series as functions of the

filter parameter. New divergence measures result from quantifying the difference between two

such characterization functions.

Thedominating effectof spectral peaks and notches on spectral density based divergence

measures, such as the Kolmogorov-Smirnov (KS) spectral distance and the Kullback-Leibler

1



(KL) spectral divergence, has been noticed in the literature [e.g., Basseville and Nikiforov

(1993), Li (1996a), Li and Gibson (1996), Zhang and Taniguchi (1995)]. These dominant

narrow band components tend to cause enormous sample variations in the spectral divergence

measures, even though they have similar spectral characteristics. As a result, the actual spec-

tral deviations of other (narrow and/or broad band) components may be overshadowed by the

sample variations, so that large spectral divergence values may not necessarily correspond to

significant spectral changes. This, in change detection applications, leads to high false alarm

probabilities, as shown, for example, in Li and Gibson (1996).

To investigate the effectiveness of the new divergence measures in the presence of dom-

inant spectral components, we carry out a sensitivity analysis using thelocal curvature ap-

proach. The local curvatures are derived under two general spectral departure models — the

additive model and the multiplicative model. Using the local curvatures, we discuss the sensi-

tivity of the CEF divergence measures when a spectrum is contaminated by narrow band peaks

and notches. The analysis shows that the new divergence measures can be easily adjusted to

balance the efficiency of change detection and robustness against the dominant spectral com-

ponents. As a result, the new divergence measures are potentially more powerful than the

spectral density based divergence measures in detecting spectral deviations in the presence of

dominant spectral components. In addition to this, an investigation is carried out on the role of

the frequency and bandwidth parameters of the complex exponential filter in determining the

sensitivity of the CEF divergence measures. The results may be used as a guide to the selection

of these parameters in practice. For a general time series model with a mixed spectrum, strong

consistency is established for estimating the divergence measures using their natural sample

estimates. Simulation results are given to confirm and demonstrate the theoretical findings.

2. PARAMETRIC FILTERING METHODS

Suppose that{Xt} is a real-valued stationary time series with zero mean, unit variance,

and autocorrelation functionrτ := E{Xt+τXt}/E{X2
t }. In the following, we summarize two

parametric filtering methods that characterize the correlation structure of{Xt}.

2.1 Repeated Summing and Differencing

Let sk := sgn(k) andXt(0) := Xt. Then, the repeated sums and differences of{Xt} can

be obtained recursively from

Xt(k) := Xt(k − sk) + sk Xt−1(k − sk) (k = ±1,±2, · · · ), (1)
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where for a positivek, {Xt(k)} representsk times summing of{Xt}, and for a negativek, it

represents|k| times differencing of{Xt}. In operator notation, we can write

Xt(k) = Hk(z) Xt (k = 0,±1, · · · ),

with Hk(z) := (1 + skz
−1)|k|, wherez−1 is the delay operator such thatz−1Xt = Xt−1.

Traditionally, the repeated summing is regarded as a smoothing operation that suppresses

high frequency noise, whereas the repeated differencing is used to eliminate low frequency

components such as polynomial trends [e.g., Brockwell and Davis (1992)]. The parametric

filtering explores an additional use of the repeated sums and differences defined in (1), namely,

to characterize the correlation structure of{Xt}. To that end, we consider the lag-one (first-

order) autocorrelations

ρ(k) :=
E{Xt+1(k) Xt(k)}

E{X2
t (k)} (k = 0,±1, · · · ) (2)

as acharacterization functionof {Xt}.
There is a relationship betweenρ(k) and theexpected zero-crossing rateof {Xt(k)}, de-

noted byζ(k). In fact, under suitable conditions, it may be shown that [Kedem (1994)]

ρ(k) = cos(πζ(k)).

Because theζ(k)’s, known as the higher order crossings (HOC) [Kedem and Slud (1982)], are

proportional to the numbers of zero-crossings(k = 0), peaks and troughs(k = −1), inflection

points (k = −2), etc., of the original (unfiltered) time series{Xt}, the functionρ(k) thus

indirectly measures these features of{Xt} using the lag-one autocorrelations. Theρ(k)’s are

also referred to by Kedem (1994) as HOC, standing for the higher ordercorrelations.

Besides the zero-crossing interpretation, one can also interpretρ(k) upon noting the spec-

tral representation

ρ(k) =

∫ π

−π
cos(ω) |Hk(ω)|2 dF (ω)∫ π

−π
|Hk(ω)|2 dF (ω)

,

whereHk(ω) := Hk(exp(iω)) is the transfer function of the RSD filter andF (ω) is the cu-

mulative spectral distribution function of{Xt}. According to the spectral representation, the

inverse cosine transform

ψ(k) := arccos(ρ(k)) ∈ [0, π]

defines a measure for thecenter of spectral massof the filtered time series{Xt(k)} whose

power spectrum equals|Hk(ω)|2 dF (ω). Due to the filtering, the center of spectral mass is
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changed fromψ(0) to ψ(±1), ψ(±2), · · · . It is the trajectory of these changes that is explored

by the PF approach to characterize the spectrum of{Xt}.
In (1), the repeated differencing corresponds tok < 0. It is easy to see that ask decreases,

the low frequency contents of{Xt} are increasingly suppressed as a result of the shrinking

bandwidth of the high-pass filter; this gives rise to a more oscillatory time series{Xt(k)},
and hence a decreased lag-one autocorrelation. On the other hand, ask grows, the repeated

summing (k > 0) increasingly attenuates the high frequency components of{Xt}, leading to a

smoother (less oscillatory) time series{Xt(k)}, and thus an increased lag-one autocorrelation.

In this way, theρ(k)’s constitute a monotone increasing function ofk. More importantly, as

k varies, thesignatureof these lag-one autocorrelations completely determines the correlation

structure of{Xt}. This forms the foundation forρ(k) to be used as a characterization function

of {Xt}. These results are summarized in the following, for proofs see Kedem and Li (1991),

and Kedem (1994).

Proposition 1.Assume that{Xt} is a zero-mean stationary time series andρ(k) is the lag-

one autocorrelation of{Xt(k)}. Then, ask varies, theρ(k)’s form a monotone increasing

function of k. The monotonicity is strict unless{Xt} is a pure sinusoid of the formXt =

A cos(ω0t + φ) — in this case,ρ(k) = cos ω0 for all k. Furthermore, the functionρ(k) is

mathematically equivalent to the autocorrelation functionrτ of {Xt}.
According to these results, the mappingrτ 7→ ρ(k) is one-to-one, and it transforms the au-

tocorrelation function of{Xt} into an increasing function ofk. The monotonicity is a desirable

graphical feature whenρ(k) is employed to compare different correlation structures. Finally,

we point out thatρ(k) is sufficient to determine the correlation structure of{Xt} even if it is

restricted tok ≥ 0 (repeated summing only) ork ≤ 0 (repeated differencing only). Including

both summing and differencing makes the filter bank practically more versatile in terms of the

frequency response.

2.2 Complex Exponential Filtering

Though useful in many ways and easy to interpret, the RSD may still lack the flexibility

of frequency selection in some applications because it cannot simultaneously suppress the low

and high frequency components. This problem may be resolved with the help of the complex

exponential filter defined as

Hα(z) :=
∞∑

j=0

α∗jz−j =
1

1− α∗z−1
,
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whereα := η exp(−iθ) is a complex parameter, withη ∈ [0, 1) andθ ∈ (−π, π], andα∗ is the

complex conjugate ofα. Applying this filter to{Xt} gives rise to

Xt(α) := Hα(z) Xt =
∞∑

j=0

α∗jXt−j. (3)

The CEF essentially behaves likeband-passfiltering in which the effective pass band is cen-

tered at frequencyθ with the (half-power) bandwidth(1 − η)/
√

η [Priestley (1981), p. 517].

Based on{Xt(α)}, a characterization function is obtained by considering

γθ(η) := <{e−iθ ρ(α)} (0 ≤ η < 1), (4)

whereρ(α) := E{Xt+1(α) X∗
t (α)}/E{|Xt(α)|2} is the lag-one autocorrelation of{Xt(α)}.

Since it is a demodulated version ofρ(α), we refer toγθ(η) as the demodulated lag-one auto-

correlation of{Xt(α)} [Li (1996a)].

As with the RSD, two essential properties ofρ(k) are preserved by the CEF characteriza-

tion functionγθ(η), i.e., the equivalence to the autocorrelation function and the monotonicity.

The following results, cited from Li (1996a), justify these and some other properties ofγθ(η)

necessary for the development of divergence measures.

Proposition 2.With θ 6= (2m + 1)π/(2n) for any integersm andn, the functionγθ(η) of

η ∈ [0, 1) is mathematically equivalent to the autocorrelation functionrτ and hence completely

characterizes the correlation structure of{Xt}.
Proposition 3.For any fixedθ, the functionγθ(η) is infinitely differentiable with respect to

η ∈ [0, 1), even if{Xt} has a mixed spectrum.

Proposition 4.For any fixedθ, the functionγθ(η) is a non-decreasing function ofη ∈ [0, 1).

The monotonicity is strict unless{Xt} coincides almost surely with a pure sinusoidal sequence

of the formSt := A exp{i(ω0 + θ)t} + B exp{−i(ω0 − θ)t} for someω0 ∈ [0, π] — in this

case,γθ(η) = cos ω0 for all η ∈ [0, 1).

These results can be summarized as saying thatγθ(η) transforms the autocorrelation func-

tion of {Xt} into a smooth monotone function ofη which is unique for almost everyθ (the

set of “bad” values ofθ has Lebesgue measure zero). In the following, we always assume

{Xt} 6= {St}, so that bothγθ(η) andρ(k) arestrictly increasing.

To end this section, we note that the domain ofγθ(η) can be extended toη ∈ (−1, 1) without

loss of the monotonicity. Sinceγθ(η) is symmetric in the sense thatγθ(−η) = − γπ−θ(η) [Li

(1996a)], it suffices to confineγθ(η) in the intervalη ∈ [0, 1). Further, the monotonicity

and boundedness ofγθ(η) ensure the existence of a finite limiting value,γθ(1
−), asη → 1−.

Therefore, the domain ofγθ(η) can be extended to[0, 1] upon regardingγθ(1
−) as the value of
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γθ(η) at η = 1. In the sequel, thisextended domainof γθ(η) is always assumed. Finally we

note thatγθ(η) = η for anyθ if {Xt} is white noise.

3. DIVERGENCEMEASURES

Given two time series{Xj
t }, (j = 0, 1), let ρj(k) and γj

θ(η) denote the corresponding

characterization functions from RSD and CEF, respectively. A simple way of quantifying the

spectral deviation between{X0
t } and{X1

t } is to use divergence measures motivated by theLp

distance. In fact, for anyp > 0, one may define

Lp(ρ
1, ρ0) :=

∞∑

k=−∞
wk |ρ1(k)− ρ0(k)|p, (5)

wherewk ≥ 0 is a suitable weight function so thatLp(ρ
1, ρ0) = 0 impliesρ1(k) = ρ0(k) at

least fork ≥ 0 or k ≤ 0. Moreover, letΘ ⊆ [0, π] be a set of frequencies, and letηa := ηa(θ)

andηb := ηb(θ) be functions ofθ such that0 ≤ ηa < ηb ≤ 1; then, withΩ := {(θ, η) : θ ∈
Θ, η ∈ [ηa, ηb]}, one may define

Lp(γ
1, γ0) :=

∫

Ω

|γ1
θ (η)− γ0

θ (η)|p dν, (6)

whereν = ν(θ, η) is a suitable measure onΩ such thatLp(γ
1, γ0) = 0 impliesγ1

θ (η) = γ0
θ (η)

at least in an open subinterval of[ηa, ηb] for someθ satisfying the condition in Proposition 2.

With these requirements satisfied, a necessary and sufficient condition for{X0
t } and{X1

t }
to have the same correlation structure is that the divergence measures in (5) and (6) be zero.

Note that these divergence measures are analogous to the Cramér-von Mises distance defined

in terms of the cumulative spectral distribution functions [Deshayes and Picard (1986)].

An alternative design of divergence measures can be based on theincrementsof the char-

acterization functions. For any0 ≤ ηa < ηb < 1, define

dθ(η) :=





1
2
γ̇θ(η) if η ∈ (ηa, ηb),

1
2
(γθ(ηa) + 1) if η = ηa,

1
2
(1− γθ(ηb)) if η = ηb,

(7)

whereγ̇θ(η) is the derivative ofγθ(η) with respect toη. In addition, letµ(η) be a mixed-type

Lebesgue measure, such thatµ(dη) = dη for η ∈ (ηa, ηb) andµ({ηa}) = µ({ηb}) = 1. Then,

we have the following results.

Theorem 1.For any real-valued zero-mean stationary time series{Xt} 6= {St}, the func-

tion dθ(η) defines on the interval[ηa, ηb] a normalized density(with respect toµ), which is

strictly positive within(ηa, ηb) and uniquely determines the autocorrelation functionrτ of {Xt}
for almost everyθ ∈ (−π, π].
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Proof. By Propositions 3 and 4, the functionγθ(η) is differentiable and strictly increasing.

This, combined with the fact that−1 ≤ γθ(η) ≤ 1, implies that the functiondθ(η) is finite,

non-negative on[ηa, ηb], and strictly positive in(ηa, ηb). Further, it is easy to show that
∫

[ηa,ηb]

dθ(η) dµ = 1.

Thereforedθ(η) is a normalized density function on[ηa, ηb] with respect toµ. It may also be

shown that

γθ(η) = 2

∫

[ηa,η]

dθ(ξ) dµ− 1 ∀η ∈ (ηa, ηb),

so thatdθ(η) is equivalent toγθ(η). ¤

To further appreciate the role ofdθ(η) in characterizing correlation structures, assume that

{Xt} has a continuous spectrum withnormalizedspectral density function

f(ω) :=
∞∑

τ=−∞
rτ e−iτω.

If f(ω) is sufficiently smooth withf(θ) > 0, it may be shown [Li (1995), (1996a)] thatγθ(η) →
1 andγ̇θ(η) → 1/f(θ) asη → 1−. Therefore, withηb → 1−, one obtainsdθ(ηb) → 0 and

lim
η→1−

dθ(η) =
1

2 f(θ)
. (8)

In other words, the limiting behavior ofdθ(η) as η → 1− determines the spectral density

function atθ: a higher CEF densitydθ(η) in the neighborhood ofη = 1 implies a lower

spectral densityf(θ). This relationship with the spectral density makes the use ofdθ(η) more

interpretable in the design of divergence measures.

Let dj
θ(η), (j = 0, 1), be obtained from{Xj

t } according to (7). Then, one may define the

KL-type information divergence [Kullback (1959), Basseville (1989), Parzen (1992)]

I(d1, d0) :=

∫

Ω

λ

(
d1

θ(η)

d0
θ(η)

)
d0

θ(η) dν, (9)

whereλ(x) is a non-negative, smooth, and convex function ofx > 0 satisfyingλ(1) = λ̇(1) =

0, andν is a mixed measure onΩ such thatI(d1, d0) = 0 impliesλ(d1
θ(η)/d0

θ(η)) = 0 (and

thusd1
θ(η) = d0

θ(η)) in the interval[ηa, ηc] for someηc ∈ (ηa, ηb) and someθ that satisfies

the condition in Proposition 2. From (9), one may obtain theχ2-type divergence of indexβ

[Parzen (1992)] by takingλ(x) = λβ(x), where

λβ(x) :=





(1 + β)−1(β−1x(xβ − 1)− x− 1) if β 6= 0,−1,

x log x− x + 1 if β = 0,

x− log x− 1 if β = −1.
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The Kullback-Leibler information corresponds toβ = −1.

Sinceλ(x) ≥ 0 for anyx > 0 andλ(x) = 0 if and only ifx = 1, the information divergence

(or I-divergence) in (9) can be regarded as measuring the departure of the ratiod1
θ(η)/d0

θ(η)

from unity by a weighted average ofλ(d1
θ(η)/d0

θ(η)). This interpretation obviously carries over

to non-normalizeddensities [Parzen (1992)] and therefore leads to the following divergence

measure:

D(d1, d0) := I(d1/d0, 1) =

∫

Ω

λ

(
d1

θ(η)

d0
θ(η)

)
dν. (10)

We may callD(d1, d0) theD-divergence.

For any time series{X0
t } and{X1

t }, possibly with mixed spectra,I(d1, d0) = D(d1, d0) =

0 if and only if {X0
t } and{X1

t } have an identical correlation structure.

Similar divergence measures can be defined using the increments ofρ(k). In fact, for any

fixed k0 ≥ 0, let ∆(k0) := 1
2
(1 − ρ(k0)) and∆(k) := 1

2
(ρ(k + 1) − ρ(k)) for k < k0; then,

by Proposition 1,{∆(k)} is equivalent to{ρ(k)} with ∆(k) > 0. If the spectral densityf(θ)

is smooth withf(π) > 0, then, it can be shown [Kedem and Slud (1982)] thatρ(k) → −1 as

k → −∞ and hence
∑k0

k=−∞ ∆(k) = 1. The spectral deviation between{X0
t } and{X1

t } may

be measured by

I(∆1, ∆0) :=

k0∑

k=−∞
λ

(
∆1(k)

∆0(k)

)
∆0(k), (11)

D(∆1, ∆0) :=

k0∑

k=−∞
λ

(
∆1(k)

∆0(k)

)
. (12)

According to Proposition 1, these divergence measures vanish if and only if{X0
t } and{X1

t }
have the same autocorrelation function.

4. SENSITIVITY ANALYSIS

To investigate the sensitivity of the new divergence measures to different types of spectral

deviations, and especially to narrow band contaminations, we carry out an analysis oflocal

curvatures[e.g., Dey and Birmiwal (1994)]. A local curvature can be interpreted as the instan-

taneous acceleration of the divergence measure when it takes off from zero as one time series

starts to depart from the other. Although the local curvature is only a partial measurement of

sensitivity, its mathematical tractability makes it a standard tool for sensitivity analysis. In the

following, we only consider the CEF divergence measuresI(d1, d0) andD(d1, d0). The other

measures can be investigated in a similar way, and the results will be reported elsewhere.

8



4.1 General Results

Before discussing the narrow band spectral components which tend to dominate spectral

density based divergence measures, let us first consider the following spectral departure models

of more generality. The first model, called theadditive departure, takes the form

f1(ω) = (1− ε) f0(ω) + ε g(ω), (13)

and the second model, called themultiplicative departure, can be written as

f1(ω) = c(ε) {f0(ω)}1−ε{g(ω)}ε. (14)

In both models,fj(ω) represents the (normalized) spectral density of{Xj
t }. The function

g(ω), also a normalized spectral density, characterizes the “direction” of departure fromf0(ω).

For convenience, we denote by{Xg
t } the time series whose spectral density equalsg(ω) and

by {Xg
t (α)} the filtered version of{Xg

t }. The constantc(ε) in (14) normalizesf1(ω) so that
∫ π

−π
f1(ω) dω = 1. The constantε in both models represents the severeness of spectral deviation

as it varies in[0, 1].

With the spectral departure models given by (13) and (14), the local curvature of a diver-

gence measure is defined as the second derivative of the divergence measure with respect to

ε at ε = 0 [e.g., Dey and Birmiwal (1994)]. Because of their dependence onf0 andg, we

denote the local curvatures ofI(d1, d0) andD(d1, d0) by CI(f0, g) andCD(f0, g), respectively.

Note that the first derivatives of these divergence measures atε = 0 are equal to zero because

λ̇(1) = 0. Also note thatCI(f0, g) andCD(f0, g) do not depend onε.

The local curvatures under the additive model are given in the following theorem, and the

derivation can be found in Appendix A.

Theorem 2.Under the additive spectral departure model(13), the local curvatures ofI(d1, d0)

andD(d1, d0) can be expressed respectively as

CI(f0, g) = λ̈(1)

∫

Ω

cg
θ(η) d0

θ(η) dν, (15)

CD(f0, g) = λ̈(1)

∫

Ω

cg
θ(η) dν, (16)

wherecg
θ(η) is defined by

cg
θ(η) :=

{
ϕg

θ(η) (dg
θ(η)− d0

θ(η)) + 1
2
ϕ̇g

θ(η) (γg
θ (η)− γ0

θ (η))

d0
θ(η)

}2

(17)

with ϕg
θ(η) := E{|Xg

t (α)|2}/E{|X0
t (α)|2} being the “noise-to-signal ratio” after the filtering

andϕ̇g
θ(η) being the derivative ofϕg

θ(η) with respect toη.
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In the multiplicative model (14), we assume thatlog(g(ω)/f0(ω)) is bounded so that

h(ω) := f0(ω)

{
c− log

g(ω)

f0(ω)

}
(18)

is non-negative and integrable for some constantc ≥ sup{log(g(ω)/f0(ω))}. Under this as-

sumption, one can regardh(ω) as a (possibly non-normalized) spectral density which corre-

sponds to a zero-mean stationary time series{Xh
t }. Similarly, one can defineXh

t (α), γh
θ (η),

anddh
θ (η). Note that the last two functions ofη do not depend on the variance of{Xh

t }. With

this notation, the next theorem, a proof of which can be found in Appendix B, provides the

expressions forCI(f0, g) andCD(f0, g).

Theorem 3.Under the multiplicative spectral departure model(14), the local curvatures of

I(d1, d0) andD(d1, d0) can be expressed respectively as

CI(f0, g) = λ̈(1)

∫

Ω

ch
θ (η) d0

θ(η) dν, (19)

CD(f0, g) = λ̈(1)

∫

Ω

ch
θ (η) dν, (20)

where

ch
θ (η) :=

{
ϕh

θ (η) (dh
θ (η)− d0

θ(η)) + 1
2
ϕ̇h

θ (η) (γh
θ (η)− γ0

θ (η))

d0
θ(η)

}2

(21)

with ϕh
θ (η) := E{|Xh

t (α)|2}/E{|X0
t (α)|2} representing the relative power of contamination

after the filtering anḋϕh
θ (η) being the derivative ofϕh

θ (η) with respect toη.

In Theorems 2 and 3, we note that the sensitivity ofI(d1, d0) andD(d1, d0) is directly

related to the dissimilarity between the spectrumf0 and the directiong in which the deviation

occurs. This dissimilarity, as shown in (17) and (21), is measured explicitly in terms of the

CEF characterization functionsγθ(η) anddθ(η). Via ϕg
θ(η) andϕh

θ (η), the sensitivity is also

directly related to how effective the filter suppresses the contaminations. It is this dependence

that gives the PF-based divergence measures an added feature, as compared to some spectral

divergence measures, that can be utilized to balance the robustness and sensitivity to narrow

band spectral components.

4.2 Sensitivity to Narrow Band Components

Using the general results, we now consider some special cases that are directed toward

understanding the sensitivity of the CEF divergence measuresI(d1, d0) andD(d1, d0) to narrow

band spectral components. For simplicity, we takeθ = {θ} and letν(θ, ·) = µ(·). Under this

assumption, the integrals overΩ become single integrals with respect toµ for η ∈ [ηa, ηb].
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A. Narrow Band Spectral Peaks

To investigate the sensitivity to sharp spectral peaks, consider the additive departure model

(13) with

g(ω) =





1
2
∆−1 if |ω| ∈ (ω0 − 1

2
∆, ω0 + 1

2
∆),

0 otherwise.
(22)

Assuming0 < ∆ ¿ 1, this choice ofg(ω) represents the situation where{X0
t } is “contam-

inated” by an additive narrow band noise of bandwidth∆ centered at frequencyω0. Because

g(ω) is normalized, the following sensitivity analysis should be considered as one with respect

to thebandwidth, rather than the power, of the narrow band component.

As a corollary to Theorem 2, we have the following result, a proof of which is given in

Appendix C.

Corollary 1. Let g(ω) in the additive spectral departure model(13) be given by(22). If

|θ − ω0| = O(1− ηb) and1− ηb = O(∆(1−ε)/4) for someε ∈ (0, 1), then the local curvatures

of I(d1, d0) andD(d1, d0) can be expressed asCI(f0, g) = O(∆−3(1−ε)/4) andCD(f0, g) =

O(∆−3(1−ε)/4), where∆ > 0 is small.

According to this result, the sensitivity ofI(d1, d0) andD(d1, d0) to the spectral peak at

ω0 is governed byθ andηb — the closer isηb to unity andθ to ω0, the more sensitive are

the divergence measures. Therefore, if the narrow band component is to be rejected, one may

choose1 − ηb ≈ O(1) (or ε ≈ 1), so thatCI(f0, g) andCD(f0, g) areboundedregardless

of how small∆ may be; if the narrow band component is to be detected, one may choose

1 − ηb ≈ O(∆1/4) (or ε ≈ 0), so that the divergence measures are more responsive to the

presence ofg(ω).

This is in contrast with the KL spectral divergence whose local curvature is alwaysun-

boundedas∆ approaches zero. In other words, the KL spectral divergence lacks robustness

to the narrow band spectral peaks of contamination. To see this, we note that the KL spectral

divergence takes the form [e.g., Parzen (1992)]

DKL(f1, f0) :=

∫ π

−π

λ−1

(
f1(ω)

f0(ω)

)
dω. (23)

Sinceλ̈−1(1) = 1, it is easy to show that, under the additive model (13), the local curvature of

DKL(f1, f0) can be written as

CKL(f0, g) =

∫ π

−π

(
g(ω)

f0(ω)
− 1

)2

dω.

For the particular choice ofg(ω) in (22), the local curvature becomes

CKL(f0, g) = O(∆−1),

11



which grows without bound as∆ → 0.

According to Corollary 1, the sensitivity ratio of the CEF divergence measures versus the

KL spectral divergence isO(∆(3ε+1)/4). This can be used as an indicator of efficiency when

I(d1, d0) andD(d1, d0) are compared withDKL(f1, f0) in detecting narrow band components.

Unlike the KL spectral divergence, however, the efficiency ofI(d1, d0) andD(d1, d0) can be

balanced with the robustness by properly selectingθ andηb.

B. Impact ofθ andηb on Sensitivity

The previous discussion reveals that the sensitivity ofI(d1, d0) andD(d1, d0) to a spectral

peak atω0 is directly related to how closeηb is to unity andθ is to ω0. In the following, this

relationship is further elaborated under the assumption that{X0
t } is white noise withf0(ω) =

1/(2π) andg(ω) takes its limiting formg(ω) = 1
2
{δ(ω + ω0) + δ(ω− ω0)} as∆ → 0 (i.e., the

case of white noise plus a sinusoid), whereδ(·) is the Dirac delta. In this case,CI(f0, g) and

CD(f0, g) coincide withC̃I(f0, g) andC̃D(f0, g) in (C.1) and (C.2).

Under the white noise assumption, it is easy to show thatγ0
θ (η) = η, d0

θ(η) = 1
2

for η ∈
(ηa, ηb), d0

θ(ηa) = 1
2
(ηa+1), andd0

θ(ηb) = 1
2
(1−ηb). It may also be shown thatE{|X0

t (α)|2} =

1/(1 − η2), and henceϕg
θ(η) = 1

2
(1 − η2){Gη(ω0 + θ) + Gη(ω0 − θ)} (see Appendix C).

Combining these leads to

CI(f0, g) = 1
2
λ̈(1)

{ ∫ ηb

ηa

cg
θ(η) dη + cg

θ(ηa) (ηa + 1) + cg
θ(ηb) (1− ηb)

}
, (24)

CD(f0, g) = λ̈(1)

{ ∫ ηb

ηa

cg
θ(η) dη + cg

θ(ηa) + cg
θ(ηb)

}
, (25)

where

cg
θ(η) = {ϕg

θ(η) (2κ̇θ(η) sin ω0 sin θ − 1) + ϕ̇g
θ(η) (γg

θ (η)− η)}2

for η ∈ (ηa, ηb) and

cg
θ(ηa) =

{
ϕg

θ(ηa) (γg
θ (ηa)− ηa)

ηa + 1

}2

, cg
θ(ηb) =

{
ϕg

θ(ηb) (ηb − γg
θ (ηb))

1− ηb

}2

.

Note that the difference betweenγg
θ (η) andγ0

θ (η) = η at the end-points (η = ηa, ηb) has a

greater impact onCD(f0, g) than onCI(f0, g) as a result of the different weighting in the first

two terms of (24) and (25). The larger weights inCD(f0, g) lead to a greater local curvature

and hence a higher degree of sensitivity to the spectral peak.

Assumingλ̈(1) = 1, which holds whenλ(x) = λ−1(x), the (standardized) local curvatures

in (24) and (25) are calculated by numerical integration for various values ofω0, θ, andηb. The

results are plotted in Figure 1 as functions ofθ. As we can see from Figure 1, whenηb is fixed,

12
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Figure 1:The local curvatures(in decibels) as functions ofθ (×2π) in the case of white noise plus a

sinusoid. (a) Plot ofCI(f0, g). (b) Plot ofCD(f0, g). Solid curves are forω0 = 0.05× 2π and dashed

curves forω0 = 0.20× 2π. For each value ofω0, the curve with a sharper peak corresponds toηb = 0.9

and the other toηb = 0.8. In all cases,ηa = 0.

the sensitivity of bothCI(f0, g) andCD(f0, g) increases asθ approachesω0 and decreases as

θ moves away fromω0. For a fixedθ in the vicinity of ω0, the closer isη to unity the more

sensitive are the divergence measures. These observations clearly suggest that one take a large

value ofηb and placeθ as close as possible to where the narrow band component may occur if

that component is to be detected. On the other hand, if a robust divergence measure is desired

to resist the contamination of a narrow band component, one should either moveθ away from

the contaminated frequency band or use a smaller value ofηb. With the flexible choice ofθ and

η, both objectives can be achieved with the CEF divergence measures.

Comparing Figure 1(a) with Figure 1(b) confirms thatD(d1, d0) is more sensitive than

I(d1, d0) to the narrow band component, as indicated by the fact thatCD(f0, g) is greater than

CI(f0, g) for the same parameters. The sharper peaks in the graph ofCD(f0, g) nearθ = ω0

implies thatD(d1, d0) has a betterfrequency localization property. WhereasI(d1, d0) is more

robust against the narrow band component,D(d1, d0) seems preferable for detecting the narrow

band component.

C. Narrow Band Spectral Notches

A similar investigation can be carried out for the sensitivity to spectral notches. To this

end, consider the multiplicative mixture (14). For simplicity, let{X0
t } be white noise so that

13



f0(ω) = 1/(2π). Assume further that

g(ω) =





g∆ if |ω| ∈ (ω0 + 1
2
∆, ω0 − 1

2
∆),

1− 2∆g∆

2π − 2∆ otherwise,
(26)

where

g∆ :=
1

2∆ + 2(π −∆) exp(π∆−1)
.

Sinceg∆ → 0 as∆ → 0, this model gives rise to a narrow band spectral notch of bandwidth

∆ in the vicinity of±ω0.

To obtain the spectral densityh(ω) in (18), letc := log(2πg∆) + π∆−1. With this choice,

it is easy to verify thath(ω) = 1
2
∆−1 if |ω| ∈ (ω0 + 1

2
∆, ω0 − 1

2
∆) andh(ω) = 0 other-

wise. In other words,h(ω) coincides with the contamination spectrum given by (22). Upon

noting the similarities between the local curvatures under the multiplicative model and those

under the additive model, it is clear that if we replaceg with h, then the sensitivity analysis in

Sections 4.2A and 4.2B remains valid for the narrow band spectral notch considered here.

With regard to the KL spectral divergence, it is easy to show that, under the multiplicative

model (14), we have

CKL(f0, g) =

∫ π

−π

{
IKL(g, f0) + log

g(ω)

f0(ω)

}2

dω,

whereIKL(g, f0) :=
∫ π

−π
λ−1(g(ω)/f0(ω)) f0(ω) dω is the KL information. For the choice of

g(ω) in (26), it may be shown thatlog g∆ = O(∆−1). Therefore,log(g(ω)/f0(ω)) = O(∆−1)

if |ω| ∈ (ω0 + 1
2
∆, ω0 − 1

2
∆) andlog(g(ω)/f0(ω)) = O(1) otherwise. As a result, we obtain

IKL(g, f0) = O(1) andCKL(f0, g) = O(∆−1). This proves that the KL spectral divergence

also lacks robustness against the narrow band spectral notch, as it does against contaminating

spectral peaks.

5. CONSISTENTESTIMATION

Given a finite-length time series{X1, · · · , Xn}, the estimation ofρ(k) is quite straightfor-

ward. A simple estimator̂ρ(k) may be obtained by taking the ordinary lag-one sample auto-

correlation of the|k|th summation or difference{X1(k), · · · , Xn−k(k)}. To estimateγθ(η),

the filtered time series{Xt(α)} can only be approximated bŷXt(α) :=
∑t−1

j=0 α∗jXt−j, (t =

1, · · · , n). In practice,{X̂t(α)} may be calculated recursively bŷXt(α) = α∗X̂t−1(α) + Xt,

with X̂0(α) = 0. A natural estimator ofγθ(η) is

γ̂θ(η) = <{e−iθ ρ̂(α)}, (27)
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whereρ̂(α) can be the ordinary lag-one sample autocorrelation of{X̂1(α), · · · , X̂n(α)} or the

least-squares estimator

ρ̂(α) =

n∑
t=3

{
X̂t(α) X̂∗

t−1(α) + X̂t−1(α) X̂∗
t−2(α)

}

2
n∑

t=3

|X̂t−1(α)|2
.

The latter minimizes the sum of forward and backward prediction errors

n∑
t=3

{|X̂t(α)− ρX̂t−1(α)|2 + |X̂t−2(α)− ρ∗X̂t−1(α)|2}

with respect toρ. The least-squares estimator is employed in our simulations.

As the sample sizen grows, it may be shown that botĥρ(k) andγ̂θ(η) areuniformlycon-

sistent under some mild conditions, and the consistency even holds for mixed-spectrum time

series. To be more specific, assume that{Xt} takes the form

Xt =
m∑

j=1

aj cos(ωjt + φj) + Zt, (28)

whereaj > 0 andωj ∈ (0, π) are constants and theφj are i.i.d. random variables with uni-

form distribution in(−π, π] and independent of{Zt}. Let Zt :=
∑∞

j=−∞ bjξt−j be a general

linear process, where{bj} is an absolutely summable sequence of constants and{ξt} an i.i.d.

sequence of random variables with zero mean and finite variance.

In the literature, results concerning the consistency of sample autocovariances of mixed

spectrum processes such as{Xt} in (28) have not been entirely adequate. This issue was

clarified recently in Li and Kedem (1993) and in Houdré and Kedem (1995), where it was

shown that the sample autocovariances of{Xt} given by (28) are strongly consistent. In Li and

Kedem (1993), the consistency is also extended to the sample autocovariances of time series

obtained by passing{Xt} in (28) through a linear parametric filter. In this case, the sample au-

tocovariances become functions of the filter parameter and henceuniformconsistency is often

desirable. This has been proven in Li and Kedem (1993). To achieve the uniform consistency,

the parametric filter is required to beuniformly strictly stable, namely, the parametric impulse

response of the filter is bounded in absolute value by a constant sequence of finite first moment.

With regard to the estimation ofρ(k) andγθ(η), it is fortunate that the RSD filterHk(z) and

the CEF filterHα(z) are indeed uniformly strictly stable for any|k| ≤ K, η ∈ [ηa, ηb] ⊂ [0, 1),

andθ ∈ (−π, π]. Therefore, it can be shown, as Theorem 1 and Corollary 1 of Li and Kedem

(1993), that the sample autocorrelationsρ̂(k) and ρ̂(α) converge toρ(k) andρ(α) not only

almost surely but also uniformly ink andα with |k| ≤ K and|α| ∈ [ηa, ηb]. Furthermore, since
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the derivatives ofHα(z) with respect toη result in uniformly strictly stable filters, it follows

that any derivative of̂ρ(α) with respectη also converges almost surely and uniformly inα to

the corresponding derivative ofρ(α) [Theorem 2 of Li and Kedem (1993)]. This high-order

uniform consistency extends straightforwardly toγ̂θ(η) in (27). Due to the uniform consistency,

the sample estimateŝρ(k) and γ̂θ(η) preserve sufficient information aboutρ(k) andγθ(η) as

functionsof k andα respectively. The following theorem summarizes these results.

Theorem 4.Let {Xt} be the mixed-spectrum time series in (28) and{Zt} a general linear

process. Let̂γ(j)
θ (η) andγ

(j)
θ (η) represent thejth derivatives of̂γθ(η) andγθ(η) with respect to

η. Then, for any interval[ηa, ηb] ⊂ [0, 1), it follows that

lim
n→∞

sup
α∈A

| γ̂(j)
θ (η)− γ

(j)
θ (η)| = 0

almost surely, whereA := {α : η ∈ [ηa, ηb], θ ∈ (−π, π]}. Under the same conditions,

lim
n→∞

max
|k|≤K

|ρ̂(k)− ρ(k)| = 0

almost surely for anyK ≥ 0.

The estimation of the CEF divergence measures is straightforward. For example, with

obvious notation, one may use the natural estimatesI(d̂1, d̂0) andD(d̂1, d̂0). For the RSD

divergence measures, one should replaceρ(k) with ρ̂(k) and truncate the infinite sums in (11)

and (12), for example, withk0 = K andk ≥ −K, to obtain the sample estimatesIK(∆̂1, ∆̂0)

andDK(∆̂1, ∆̂0). Similar estimates can be obtained for theLp distances (5) and (6). The

following theorem is a direct consequence of Theorem 4.

Theorem 5.Let {X0
t } 6= {St} and{X1

t } 6= {St} be mixed-spectrum time series of the

form (28). Then, for any closed subsetΩ ⊂ (−π, π]× [0, 1),

lim
n→∞

I(d̂1, d̂0) = I(d1, d0) and lim
n→∞

D(d̂1, d̂0) = D(d1, d0)

almost surely. For anyK ≥ 0, IK(∆̂1, ∆̂0) andDK(∆̂1, ∆̂0) are also strongly consistent in es-

timating the truncatedI(∆1, ∆0) andD(∆1, ∆0) respectively. Similar results can be obtained

for estimating theLp distances.

Asymptotic distributions of̂ρ(k), γ̂θ(η), and the related (discretized) divergence measures

can be derived using the central limit theorems for the sample autocovariances of mixed-

spectrum time series [Li, Kedem, and Yakowitz (1994), Li (1996b)]. In particular, for the

mixed-spectrum time series{Xt} in (28), it may be shown that botĥρ(k) andγ̂θ(η) converge

in distribution to Gaussian processes whose covariance functions can be expressed explicitly

using the spectrum of{Xt}. The derivation, however, is quite involved since in the case of CEF
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Figure 2:Spectral densities(in decibels) of the time series in Example 1: solid curve for Spectrum I

and dashed curve for Spectrum II.

it involves complex-valued multivariate time series whose spectra contain discrete components.

We therefore prefer to discuss this problem elsewhere. In the special case ofθ = 0, the asymp-

totic normality ofγ̂0(η) for fixedη can be found in Li (1996a), where{Xt} is assumed to take

the form (28) with{ξt} having finite fourth moments.

6. NUMERICAL EXAMPLES

In this section, we provide some simulation results to confirm the theoretical findings con-

cerning the sensitivity of the new divergence measures. For simplicity, we concentrate on

I(d1, d0), D(d1, d0), andL2(ρ
1, ρ0). Examples of application to speech processing can be

found in Li and Gibson (1996).

Example 1. Consider the two spectral densities shown in Figure 2. Note that the first

spectral peaks are nearly identical in these spectra. Also note that the spectra take small values

and have similar characteristics in the high frequency region. Given two time series with these

spectral densities, the objective in this example is to detect the spectral deviations using the

divergence measures. This kind of problems can be encountered in on-line change detection

of nonstationary time series, including the segmentation of continuous-speech waveforms and

the failure monitoring of manufacturing processes [Basseville and Nikiforov (1993), Li and

Gibson (1996)].

To evaluate the detection performance, we consider two cases: In Case (i),{X1
t } and{X0

t }
both have Spectrum I; and in Case (ii),{X1

t } has Spectrum I and{X0
t } has Spectrum II. Under

the hypothesis testing framework, these cases correspond respectively to the specifications

17



0 50 100 150

0.0

0.01

0.02

0.03

0.04

0.05

0.06

D̃KL(f1, f0)

(a)

0.0 0.1 0.2 0.3 0.4 0.5

0

2

4

6

8

DKS(f1, f0)

(b)

Figure 3:Distribution of the spectral divergence measures for discriminating the time series in Exam-

ple 1: (a) the symmetrized Kullback-Leibler spectral divergence, (b) the Kolmogorov-Smirnov spectral

distance. Solid curves for Case (i) and dashed curves for Case (ii).

of the null (composite) hypothesis that the autocorrelation functions of{X0
t } and{X1

t } are

identical and of the alternative (composite) hypothesis that the autocorrelation functions are

different; divergence measures play the role of test statistics. A good divergence measure

should respond to Case (i) with small values and to Case (ii) with large ones. In general, for a

divergence measure to be considered reasonable, the distribution of its values in Case (i) should

be well separated from that in Case (ii); and the degree of separation determines the detection

power of the divergence.

Figure 3(a) presents the distributions of thesymmetrizedKL spectral divergence defined by

D̃KL(f1, f0) := DKL(f1, f0) + DKL(f0, f1). The symmetrization is made in order to remove

the directionality of the original KL spectral divergence. The distributions in Figure 3(a) are

obtained fromN = 1000 independent pairs{X0
t } and{X1

t } of lengthn = 128. For each pair

of the time series, their periodograms are smoothed with a rectangular moving window of size

2L + 1, and the smoothed periodograms are used in the calculation of (23), with the integral

replaced by a sum over the Fourier frequencies. The window size for periodogram smoothing

is experimentally chosen among some candidate values, ranging fromL = 0 (no smoothing)

up toL = 11 (35% smoothing), so as to obtain a maximal distribution separation as measured

by the sum of detection probabilities at significance levels (false alarm probabilities) .01, .05,

and .10. In this example, the optimal window size turns out to beL = 2. The distributions

shown in Figure 3(a) are slightly smoothed histograms of the spectral divergence.
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Figure 4:Distribution of the CEF divergence measures for the same data as in Figure 3: (a) the sym-

metrizedD-divergence, (b) the symmetrizedI-divergence.

A similar plot is shown in Figure 3(b) for the KS spectral distance defined by

DKS(f1, f0) = max
ω∈(−π,π]

{|F1(ω)− F0(ω)|},

where theFj(ω), (j = 0, 1), are the cumulative spectral distribution functions. In this case, the

optimal window size for periodogram smoothing isL = 4.

As we can see from Figure 3, neitherDKL(f1, f0) nor DKS(f1, f0) is very successful in

discriminating the times series as a result of the smeared distributions. The dominating effect

of spectral peaks and notches in these spectral density based divergence measures is largely

responsible for their poor performance [see also Li (1996a), Basseville and Nikiforov (1993)].

For the same data, a much improved performance is achieved by the CEF divergence mea-

suresD(d1, d0) andI(d1, d0). Shown in Figures 4(a) and 4(b) are the distributions of these

divergence measures symmetrized in the same way asD̃KL(f1, f0). Clearly, the distributions

are separated to a much higher degree (if not completely) than those in Figure 3, giving rise to

a better detection power. Also, it is not surprising to observe thatI(d1, d0) has better separated

distributions thanD(d1, d0) — according to the discussions in Section 4, the former is more

robust to narrow band contaminations.

To obtain the distributions, the CEF divergence measures in (9) and (10) are calculated by

replacing the integrals with the sums over a single value ofθ andM values ofη taking the form

ηi := cos(1
2
π(M − i + 1)/M), (i = 1, · · · ,M). Note that the sampling interval inη decreases

asη becomes close to unity. This choice is motivated partly by the relationship in (8) and partly

by the necessity of frequency localization. As suggested by the sensitivity analysis in Section 4,

the frequency parameterθ should be close to where the spectra are suspected to be different
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Figure 5:Distribution of the RSD-basedL2 distance for the same data as in Figures 3 and 4.

and away from where the spectral contaminations are expected to occur. Among the candidate

values ofθ, ranging from2π× .10 to 2π× .30, the choice ofθ = 2π× .20 maximizes the sum

of experimentally determined detection probabilities at levels .01, .05, and .10. This comes

out as no surprise because of the spectral characteristics shown in Figure 2. Since the spectral

resolution of the data is2π/n while the bandwidth of the CEF is approximately1 − η, there

is no need to takeM greater than 4; otherwise, the smallest bandwidth (determined byηM )

would fall below the spectral resolution (which equals .049). In Figure 4 are the distributions

obtained withθ = 2π × .20 andM = 4.

In this example, the RSD divergenceL2(ρ
1, ρ0) achieves the best distribution separation

and hence the greatest detection power. Shown in Figure 5 are the distributions ofL2(ρ
1, ρ0)

obtained according to (5) with the restriction thatwk = 1 for −K ≤ k ≤ 0 andwk = 0 for

k > 0 (i.e., differencing only). The truncation is made at an experimentally selected value of

K = −3 that maximizes the sum of detection probabilities at levels .01, .05, and .10. As can

be seen, the distributions are almost completely separated. This superior performance can be

explained to a large extent by the particular effectiveness of the RSD in suppressing the sample

variations of the first spectral peaks.

At three significance levels (false alarm probabilities), Table 1 presents the simulated de-

tection power of the divergence measures discussed above. All the detection thresholds are

experimentally determined in Case (i), the null hypothesis, so as to yield the desired levels.

Clearly, the CEF and RSD divergence measures are more powerful than the spectral density

based divergence measures at all these levels. The performance ofL2(ρ
1, ρ0) is especially

remarkable, whereas the KS spectral distance gives the poorest performance.
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Divergence Measure

Level (a) (b) (c) (d) (e)

0.10 0.332 0.192 0.871 0.941 1.000

0.05 0.181 0.109 0.621 0.805 1.000

0.01 0.044 0.041 0.150 0.292 0.991

Table 1:Simulated detection power of different divergence measures for time series in Example 1:(a)

D̃KL(f1, f0); (b) D̃KS(f1, f0); (c) D̃(d1, d0); (d) Ĩ(d1, d0); and(e) L2(ρ1, ρ0).
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Figure 6:Spectral densities(in decibels) of the time series in Example 2: solid curve for Spectrum I

and dashed curve for Spectrum II.

Example 2.Consider the spectra shown in Figure 6. These spectra are slightly more com-

plex that those in Figure 2, with similar spectral peaks also in the high frequency region. In

this case, the CEF becomes more powerful than the RSD because the former has greater flex-

ibility of frequency selection. As pointed out earlier, the CEF is endowed with a frequency

parameter that enables the filter to emphasize a certain frequency band and de-emphasize (but

not eliminate) other frequency components. The RSD, on the other band, cannot “zoom in” to

a frequency band in the middle of the frequency domain.

With experimentally determined parametersL = 2, K = 1, andθ = 2π × 0.21, as done

in Example 1, the simulated detection powers are presented in Table 2. These results are

obtained from 1000 independent pairs of time series of lengthn = 128. As we can see from

Table 2, the CEF divergence measures outperform the RSD divergenceL2(ρ
1, ρ0) as well as the

spectral density based divergence measures. Again, the KS spectral distance gives the poorest

performance. Note that the performance ofI(d1, d0) is slightly superior to that ofD(d1, d0)

due to the same reasons as discussed in Example 1.
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Divergence Measure

Level (a) (b) (c) (d) (e)

0.10 0.592 0.164 0.817 0.885 0.538

0.05 0.329 0.078 0.608 0.714 0.392

0.01 0.090 0.009 0.269 0.288 0.178

Table 2:Simulated detection power of different divergence measures for the time series in Example 2:

(a) D̃KL(f1, f0); (b) DKS(f1, f0); (c) D̃(d1, d0); (d) Ĩ(d1, d0); and(e) L2(ρ1, ρ0).

7. CONCLUDING REMARKS

In this paper, we have introduced some new divergence measures for detecting correla-

tion deviations of time series. Derived from parametric filtering, these divergence measures

are shown, both theoretically and experimentally, to be more effective than some traditional

spectral density based divergence measures in detecting spectral deviations in the presence of

spectral peaks and notches that have similar characteristics. The theoretical analysis is based on

the local curvatures of the divergence measures derived under both additive and multiplicative

spectral departure models.

As compared with some commonly used filter bank methods [e.g., Lavielle (1993)] in

which spectral/correlation analysis is performed independently over certain fixed and non-

overlapping frequency bands, the parametric filtering approach combines filtering, which sup-

presses spectral contaminations, with the characterization property, which ensures the preser-

vation of completespectral/correlation information as a result of the variable bandwidth. If

used properly, effective change detection and discrimination of time series can be achieved

with minimal loss of robustness.

Future research should be devoted to the further exploration of the statistical properties

of the proposed divergence measures such as the asymptotic distribution. Impact of different

combinations of the frequency and bandwidth parameters for the CEF should also be investi-

gated.
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Appendix A: Proof of Theorem 2.

Let∇ := d/dε be the differential operator with respect toε; then, upon noting thatλ′(1) =

0, it is easy to show that, forI(d1, d0) in (9),

CI(f0, g) = ∇2I(d1, d0) |ε=0

= λ̈(1)

∫

Ω

{∇d1
θ(η)

d0
θ(η)

}2 ∣∣∣∣
ε=0

d0
θ(η) dν. (A.1)

Therefore, it suffices to evaluate∇d1
θ(η) at ε = 0. To that end, let us drop, for convenience, the

superscript or subscript “1” whenever it occurs in the following. With this in mind, it may be

shown from (7) that

∇dθ(η) =





1
2
∇γ̇θ(η) if η ∈ (ηa, ηb),

1
2
∇γθ(ηa) if η = ηa,

−1
2
∇γθ(ηb) if η = ηb.

(A.2)

To evaluate the derivatives ofγθ(η), consider the spectral representation [Li (1996a)]

γθ(η) =

∫ π

−π

cos(ω − θ) |Hα(ω)|2 f(ω) dω

∫ π

−π

|Hα(ω)|2 f(ω) dω

,

whereHα(ω) := Hα(exp(iω)) = 1/(1 − α∗ exp(−iω)) is the transfer function of the CEF

filter. With f(ω) taking the form (13), it follows immediately that

∇γθ(η) =

∫ π

−π

cos(ω − θ) |Hα(ω)|2(g(ω)− f0(ω)) dω

∫ π

−π

|Hα(ω)|2 f(ω) dω

−

∫ π

−π

|Hα(ω)|2(g(ω)− f0(ω)) dω

∫ π

−π

cos(ω − θ) |Hα(ω)|2f(ω) dω

{ ∫ π

−π

|Hα(ω)|2 f(ω) dω
}2

=

∫ π

−π

|Hα(ω)|2g(ω) dω

∫ π

−π

|Hα(ω)|2 f(ω) dω

{
γg

θ (η)− γθ(η)
}
.

This, combined withf(ω)|ε=0 = f0(ω) andγθ(η)|ε=0 = γ0
θ (η), leads to

∇γθ(η) |ε=0 = ϕg
θ(η)

{
γg

θ (η)− γ0
θ (η)

}
, (A.3)

whereϕg
θ(η) takes the form

ϕg
θ(η) =

∫ π

−π

|Hα(ω)|2g(ω) dω

∫ π

−π

|Hα(ω)|2f0(ω) dω

.
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Further, it follows from (A.3) that

∇γ̇θ(η) |ε=0 =
d

dη
∇γθ(η) |ε=0

= ϕg
θ(η)

{
γ̇g

θ (η)− γ̇0
θ (η)

}
+ ϕ̇g

θ(η)
{
γg

θ (η)− γ0
θ (η)

}
. (A.4)

Substituting (A.3) and (A.4) in (A.2) yields

∇dθ(η) |ε=0 = ϕg
θ(η)

{
dg

θ(η)− d0
θ(η)

}
+ 1

2
ϕ̇g

θ(η)
{
γg

θ (η)− γ0
θ (η)

}
.

This, combined with (A.1) proves (15). A similar argument leads to (16).

Appendix B: Proof of Theorem 3.

As in the proof of Theorem 2, it is sufficient to evaluate∇d1
θ(η) at ε = 0 under the mul-

tiplicative mixture and substitute the result in (A.1). To this end, lethε(ω) := f1(ω) {c −
log(g(ω)/f0(ω))}, wheref1(ω) is given by (14); then, with superscript and/or subscript “1”

omitted, it may be shown that

∇γθ(η) =

∫ π

−π

cos(ω − θ) |Hα(ω)|2f(ω) log(g(ω)/f0(ω)) dω

∫ π

−π

|Hα(ω)|2 f(ω) dω

−

∫ π

−π

|Hα(ω)|2f(ω) log(g(ω)/f0(ω)) dω

∫ π

−π

|Hα(ω)|2 f(ω) dω

γθ(η)

= −

∫ π

−π

|Hα(ω)|2hε(ω) dω

∫ π

−π

|Hα(ω)|2 f(ω) dω





∫ π

−π

cos(ω − θ) |Hα(ω)|2hε(ω) dω

∫ π

−π

|Hα(ω)|2hε(ω) dω

− γθ(η)





.

Upon noting thathε(ω)|ε=0 = h(ω), one obtains

∇γθ(η) |ε=0 = −ϕh
θ (η)

{
γh

θ (η)− γ0
θ (η)

}
,

where

ϕh
θ (η) =

∫ π

−π

|Hα(ω)|2h(ω) dω

∫ π

−π

|Hα(ω)|2 f0(ω) dω

.

This expression also leads to

−∇γ̇θ(η) |ε=0 = − d

dη
∇γθ(η) |ε=0

= ϕh
θ (η)

{
γ̇h

θ (η)− γ̇0
θ (η)

}
+ ϕ̇h

θ (η)
{
γh

θ (η)− γ0
θ (η)

}
.
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The rest of the proof is similar to that of Theorem 2. Note that∇γθ(η) does not depend on the

choice ofc in h(ω), and neither do the local curvatures, because the dependence ofh(ω) on c

is canceled out in the expression ofch
θ (η) in (21).

Appendix C: Proof of Corollary 1.

Let Gη(ω) := (1− 2η cos ω + η2)−1 so that|Hα(ω)|2 = Gη(ω− θ). Then, with|θ− ω0| =
O(1− η), it may be shown that(dj/dωj) Gη(ω0 − θ) = O((1− η)−2(j+1)) for j ≥ 0. Further,

assuming1− η = O(∆(1−ε)/4) for someε ∈ (0, 1), it follows that

γg
θ (η) = γ̃g

θ (η) +O(∆(1− η)−2),

whereγ̃g
θ (η) := (1− κθ(η)) cos(ω0 + θ) + κθ(η) cos(ω0 − θ) and

κθ(η) :=
Gη(ω0 − θ)

Gη(ω0 + θ) + Gη(ω0 − θ)
.

Similarly, it may be shown thaṫγg
θ (η) = ˙̃γg

θ (η) +O(∆(1− η)−3) and hence

dg
θ(η) = d̃g

θ(η) +O(∆(1− η)−3),

whered̃g
θ(η) := κ̇θ(η) sin ω0 sin θ for η ∈ (ηa, ηb), d̃g

θ(ηa) := 1
2
(γ̃g

θ (ηa) + 1), andd̃g
θ(ηb) :=

1
2
(1−γ̃g

θ (ηb)). Assumingf(ω) is sufficiently smooth withf(θ) > 0, it follows thatE{|X0
t (α)|2} =

O((1− η)−1). This implies that

ϕg
θ(η) = ϕ̃g

θ(η) +O(∆(1− η)−3),

ϕ̇g
θ(η) = ˙̃ϕg

θ(η) +O(∆(1− η)−4),

whereϕ̃g
θ(η) := 1

2
{Gη(ω0 + θ) + Gη(ω0 − θ)}/E{|X0

t (α)|2}. Further, it may be shown that

d̃g
θ(η) = O((1 − η)−1), d0

θ(η) = O(1), ϕ̃g
θ(η) = O((1 − η)−1), and ˙̃ϕg

θ(η) = O((1 − η)−2).

Substituting these results in (15) and (16) leads to

CI(f0, g) = C̃I(f0, g) +O(∆(1− ηb)
−3), (C.1)

CD(f0, g) = C̃D(f0, g) +O(∆(1− ηb)
−3), (C.2)

whereC̃I(f0, g) andC̃D(f0, g) are defined by (15) and (16) in terms ofγ̃g
θ (η), d̃g

θ(η), ϕ̃g
θ(η),

and ˙̃ϕg
θ(η). The proof is complete upon noting thatC̃I(f0, g) = O((1−ηb)

−3) andC̃D(f0, g) =

O((1− ηb)
−3).
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