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Abstract

Based on an asymptotic analysis of the contraction mapping (CM) method afdLKedem (EEE
Trans. Inform. Theory, vol. 39, pp. 989-998, 1993), a bandwidth shrinkage rule is prapfisefast and
accurate estimation of the frequencies of multiple sinusoids from noisy nezasats. The CM frequency
estimates are defined as the fixed-points of a contractive mapping formie ltyg-one autocorrelation
coefficient calculated from the output of a parametric filter applied to therubed time series. With judi-
ciously chosen bandwidth parameters according to the asymptotic analgsityahithm is shown to be able
to accommodate possibly poor initial values of precision—1/3) and converge to a final estimate whose
accuracy is arbitrarily close 1 (n~%/2), the optimal error rate for frequency estimation under the Gaussian
assumption. The total computational complexity of the algorithm is shown @(bgn), which is com-
parable to that ofi-point FFT. A novelty in the asymptotic analysis is that it accommodates clopaked
frequencies by allowing not only the filter bandwidth but also the frequeaparation to be functions of the
sample sizen. This enables an assessment of the accuracy of the frequency esfonaiigen bandwidths

and initial values in situations where some or all of the frequencies aretdeseh other.

Key words and phrases. Autoregressive, filter, fixed-points, harmonic analysis, martingalerdifiee, mixed
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Running Head. Multiple Frequency Estimation



|. INTRODUCTION

Consider a time seriglg/1,- - - ,yn} Obtained from the following random process:

p
yoi= ) Bccodwdt+ @) +&, (1)
k=1

wherefy, wx, andg are unknown constants satisfyifig> 0, 0< wy < --- < wp < 11, andg € (-7, 71, and
{&} is a zero-mean stationary process. This ‘multiple-sinusoid-plus-noiseéinhad important scientific
and engineering applications in, for example, radar and sonar sigreg®ing and rotating machinery.

A fundamental problem in these applications is to accurately estimate the unKremyuenciegy. In
particular, an accuracy afr(n~1) is required for reliable assessment of the amplitudes of the sinusoids, as
demonstrated in [1] and [2]. Traditional methods of obtaining such ate@m@quency estimates include
the maximization of periodogram (MP) as a continuous function of the frexyueariable and the min-
imization of the error sum of squares by nonlinear least-squares (Ng&¢gsion (which coincides with
the maximum likelihood method if& } is Gaussian white noise). Both MP and NLS are statistically effi-
cient for frequency estimation in the sense that the estimation error achEyaptotically the Cragr-Rao
lower bound (derived under the Gaussian white noise assumption) thhe@xpressed &% (n~%/?) (e.g.,
[3]-[7]). Unfortunately, the computational requirements of these methaguite prohibitive, not only be-
cause iterative optimization algorithms are needed to compute the estimates, éutportantly because
extremely precise initial values, typically of accuragin—1), which cannot be obtained bypoint FFT,
are required to ensure convergence (e.g., [1], [4], [8], and [Blrthermore, the MP and NLS estimates
cannot be easily updated upon the arrival of new observations witbearbcessing the entire data record.
These considerations have motivated the proposal of many alternativededthboth statistical and signal
processing literature.

Iterative filtering (IF) is a favorite approach in signal processing tcetbging alternative methods of

frequency estimation that are computationally efficient (e.g., [10]-[¥51ypical IF algorithm repeats the



steps of enhancing the sinusoids with a bandpass filter and estimating therfcags on the basis of the
filtered data. Since recursive filters are often employed by IF algorithradrelquency estimates can be
easily updated upon the arrival of new observations in order to trassilpe frequency changes (e.g., [16]—
[19]). The general premise of the IF approach is that as the fregesticnates become more accurate, the
filter, which depends on the frequency estimates, would enhance theidmumsore effectively and thus
further improve the precision of frequency estimation in the subsequelet af/iteration. This, indeed, has
been vindicated by many numerical studies in the literature. What remainfy/largepen question is how
to design the filter on the basis of the available frequency estimates so thatiteaterative scheme would
converge to a solution of improved accuracy.

Because the sinusoids are localized in the frequency domain, bandperssaiie often employed to
enhance them. One can use a filter with multiple passbands to simultaneously esliifne¢giencies (e.g.,
[14] and [20]), or a filter with single passband to sequentially estimate eaghdncy (e.g., [21]). The first
approach may have higher frequency resolution, as indicated by mamsrizal studies, but at the expense
of greater computational complexity. In this paper, we focus on the sexqprdach.

In essence, the second approach is an application of single-frgoestimation methods to the multiple
frequency case by regarding all but one sinusoids as interfereddaraping them into the noise termin (1).
Since this approach relies on the bandpass filter to suppress both thambibe interfering sinusoids, the
bandwidth selection becomes an important issue. If the bandwidth is tootlaegegise and the interfering
sinusoids would not be effectively suppressed and the resultingenegLestimates would be inaccurate.
On the other hand, if the bandwidth is too small, the desired sinusoid could beditiet by a filter designed
on the basis of poor frequency estimates and the iteration would not genwethe desired solution.

The main contribution of this paper is to analytically quantify the role of bandwiiditletermining
the required initial precision that ensures the convergence of an IFthlgcand the accuracy of the final

frequency estimates after convergence. The IF algorithm that we @otusthis paper is the contraction



mapping (CM) method of Li and Kedem [22]. This method employs a secotel-@utoregressive (AR)
filter endowed with a bandwidth parameter (for other filters, see [23])-[Sgatistical and numerical prop-
erties of the CM method in the case of single sinusoid have been studied bg Kiealem [22], Li, Kedem,
and Yakowitz [26], and most recently, by Song and Li [2], [27]. Téhetudies show that if the bandwidth
is judiciously adjusted with the iteration, the CM method can accommodate poor inidasgs of accuracy
Op(1) and converge to a final frequency estimate whose accuracy is arbitriasly toOp(n=—3/2).

To investigate the CM method in the case of multiple sinusoids, one has to ovetwom®ajor obsta-
cles. First, the interfering sinusoids have very different statisticaletims from the noise (e.g., discrete
versus continuous spectrum). Second, the interfering frequenciesasidg in a close vicinity of the fre-
guency to be estimated. To deal with the first problem, the interaction of theoéifstuamong themselves
and with the noise has to be carefully evaluated. To accommodate the seobteiry we assume that the
minimum distance among the frequencies may depend on the sampleasidemay decrease to zeroras
tends to infinity. Under this assumption, the bandwidth must also depend oeparaton of the frequen-
cies in order to suppress the interference. Consequently, the requtraldprecision for the CM iteration
to converge depends not only on the bandwidth parameter but also aederfcy separation. It is shown
that when the frequencies are not too close to each other (as compahedfiiter bandwidth), the CM
method retains its capability of producing accurate frequency estimategwhosracy is arbitrarily close
to Op(n~%/2). The convergence is guaranteed as long as the initial precisigifris/3). This requirement
is easily satisfied by any rooteonsistent estimates, including those produced by the multivariate IF method
in [14] and by the singular-value-decomposition-based methods suckl&Qvand ESPRIT (e.g., [28]).

The rest of the paper is organized as follows. In Sec. I, we introthie€M frequency estimator. In
Sec. lll, we present our main contributions in the form of five theorerdsaanesulting bandwidth shrinkage
rule that leads to a three-step algorithm capable of improving poor initial S/aihaccuracyop(n‘l/?’) to

produce a final frequency estimator whose accuracy is arbitrarily txba%e(n‘3/2). A simulation example



is also given in this section to demonstrate the algorithm. Finally, in Sec. 1V, axadar the proof of the
theorems on the basis of some preliminary propositions. The proof of tmepesitions are outlined in
Appendix I. Interested readers are referred to [29] for a completef mf the propositions. Some useful
expressions, which are important in the proof of the propositions ancestieg on their own right, are

given in Appendix Il without proof.

[I. THECM FREQUENCYESTIMATOR

For any givem € (0,1) anda :=cosw € A == (-2n(1+n?)"1,2n(1+n?1), let{y:(a)} be obtained
recursively from the observatiody,- - - ,yn} according to
V(@) +260(a)ny_1(a)+n*a(a) =y (t=1,---,n), (2)

wherey_1(a) =yp(a) :=0and

2
O(a):=— 142rnl7 o :=—COSA. (3)

Note that (2) defines a causal stable AR(2) filter with transfer fun¢ien2 8(a) n B +n?B2)~1, where
is the backward-shift operator such thy; = y;_1. Note also thad < (0, i) in (3) is uniquely determined
byn € (0,1) anda € A.

Let the lag-one autocorrelation coefficient{gf(a)} be estimated by

— ztn:lyt—l(a> {Yt(a)‘i"TZYt—Z(a)}. (4)
(1+n?) 3y 4(a)

pn(ar)

This estimator minimizes the weighted sum of the forward and backward predestior sums of squares
defined byea(p) == 11 {%t(a) —pYyi—1(a) }2+ N2 31 1 {yi_2(a) — pyi_1(a)}?, wheren? plays the role of
a weight that discounts the contribution of the backward prediction erftwes CM method in [22] produces

the frequency estimates from the fixed-point iteration

& = pn(a™Y) (m=12,--). (5)



Suppose that with an initial gueééo) in some neighborhood @fy := coswy the sequenc@dr(,m)} converges
to a fixed-pointd, asm — «. Then, sinced, can be regarded as an estimatomogf the frequencyw =

arccosay) can be estimated by
(o := arccosan). (6)

The convergence of (5) depends crucially on how close the initial \@,i.ﬂ)eis to ax. In other words, it
depends on the accuracy @30) as an estimator afi,. This initial accuracy required for convergence is in
turn determined by the bandwidth parameteNumerical experiments in [14] indicate that the closer te
unity, the more stringent is the requirementfq(ﬁ) and the more accurate is the resultiig Quantification

of this relationship in the presence of interfering sinusoids and noise is aaijgictive of this paper.

[11. M AIN RESULTS

We assume thayp is a function ofn such thatn — 1~ asn — o. An equivalent assumption is that:=
1-n — 0". This assumption is necessary in order to achieve the optimal error rétecfaency estimation.
Furthermore, for ank, ¢ € {1,---, p}, let oqu = £ Wy, D = | Wy | = D, D = min{ly, : £ # Kk}, and
A:=min{A: k=1,--- p}. We assume, for analysis purposes, that A, andA may depend om and
may tend to zero as — . This assumption is made in order to model possible frequency clustering (i.e.,
frequencies that are closely spaced relative to the sampl@)siEénally, for technical reasons, we assume
that{&} is a martingale difference sequence with respect to some filtrégignsuch thaE {£?|3;_1} = 0?2
almost surely andE{&*} < o for all t. This assumption is less restrictive than the usual. assumption
because it can be satisfied as long asettere independent, but not necessarily identically distributed, with
mean zero, variance?, and finite fourth-order moments (in this cageis the sigma field generated by
{&r,T <t}). Note that a martingale difference sequence is a white (uncorrelatéesh) pmcess, due to

the fact that Cotet, &—1) = E{E(&&_1|St-1)} = E{E(&|St—1)&-r} = 0 for all T > 0. Note also that the



complete knowledge about the distribution{af}, which may or may not be Gaussian, is not required in

our analysis.

A. Asymptotic Properties

This section contains five theorems regarding some asymptotic properties GMtestimator. The first
theorem concerns the existence of the CM estimaja@s a fixed-point op,(a) and the convergence of the

CM iteration (5) toay for a given initial valued?.

Theorem 1 Let A :={a: |a — ax| <ad®} C A be a neighborhood afy, wherea > 0 ande € (1, %) are
constants. Assume thatas- o, nn" = 0(1), 63%logn — 0, andA=25%~¢ = 9(1). Then, for sufficiently
largen, the mappingx — pn(a) has almost surely a unique fixed-poiy in Ak such thato,(an) = an;
and for anyo?rﬁo) € Ank, the probability that the sequen{:ér(]m)} defined by(5) converges t@, asm — o

is equal to unity.

Note thatnn" = O(1) impliesdn — . Therefore, Theorem 1 requires tldaapproach zero slower than
n—1. On the other hand, it also requires tBatpproach zero faster thélogn) ~/(3-2¢) so thatd® % logn —
0. Both conditions are satisfied with the choicedof O(n~") for any fixedv € (0,1). For a givend,
Theorem 1 requires that the minimum separation of the frequencies bestd (@ ¢/2), or O(n~V+¢v/2)

if 6=0(n"Y).
The next theorem shows that the CM estimator is strongly consistent.

Theorem 2 Assume that the conditions in Theorem 1 are satisfied.chdte defined by 6) whered, is
the fixed-point ofpn(a) in A obtained from(5). Then, for anyd < &, 6~9(é&y — w() — 0 almost surely as

n — oo. In particular,éy, — ax almost surely ag — .

In practice, the initial values may be provided by another estimation proeedis more appropriate in

such cases to regafqﬁo) as a random variable rather than a constant. For random initial valuesterhs 1



and 2 can be modified as follows.

Theorem 3 Let the conditions in Theorem 1 be satisfied. For éﬁﬁ}, if P{&,ﬁo) € An} — lasn— o, then,
the probability that the sequen@éém)} converges t@, asm— c approaches unity as— . Moreover,

for anyd < &, 5 9(&, — ax) — 0 in probability ag — oo.

Depending on how quickly tends to zero, different rates of weak convergence to normality can be

established for the CM estimator. Two useful cases are considered inilthweihg.

Theorem 4 Assume that the conditions in Theorem 1 are satisfied. If, in addd@m;— 0, 6>~2'n=0(1),
andA=48" — 0 for some constante (0,1], thend—3/2n%/2 (&, — w — %0 ~tb ) = N(0, y ) asn — o,
wherey = 182/02 andby := 2B2/ 5 .. BZ{cot(3wy,)) +cot(3wy;)} are the signal-to-noise ratio and the

signal-to-interference ratio of tHeh sinusoid, respectively.

The requirements in Theorem 4 can be satisfiedby O(n~") for any v € [5_—12“ %). According to
Theorem 3, the initial precision for the CM iteration to converge can beesspd a®)p(n—¢V). This re-
quirement is satisfied by any estimator whose accura@y(is‘l/(5‘2r>), which obviously includes all roat-
consistent estimators. With such initial values, the iteration (5) is guaranye€ddmrem 3 to converge to
the desired CM estimator, at least with probability tending to unity. By Theorehrerror ofa, takes the

form

@h — wx = max{Op(n~%),0p(n~H3)/2)} = 0p(n~2Y),

which is always as small as(n~2/%) because € [s%5,3) C (£, 1) for anyr € (0,1]. To achieve this error

rate, it is required by Theorem 4 that! = o(5-/4), i.e., the separation of the frequencies be greater than
O(8'/%). Note thatA—*8" — 0 for anyr € (0,1] impliesA~25%¢ — 0. Therefore, the frequency separation

condition is stronger in Theorem 4 than in Theorem 1.



Under three different scenerios, Table 1 summarizes the role of batidsébbction in determining the
required initial accuracy, the error rate of the resulting CM estimator, ancktjuired frequency separation.
It shows in particular that if a roat-consistent estimator is employed as the initial guess, then the CM
iteration is guaranteed to converge and the resulting error rate can beantétdarily close to9p(n~1) by
choosingv near%f (the third row in Table 1), provided the frequency separation is greaartm—/8).

Note that due to the interference from other sinusoids, the CM estimator ordinet is not as precise
as it would be in the case of single sinusoid for the same bandwidth [2]. Tlderence appears in
Theorem 4 as the deterministic bias teﬁﬁn‘lbgl. This term dominates the random error that takes the
form 9(5%2n~%/2) and thus determines the precision@f. Since the bias tends to zero ms- o, &,
remains to be consistent for estimating, as ensured by Theorem 3. Except the bias, the asymptotic

distribution oféy, in Theorem 4 is the same as in the single-frequency case discussed in [2].

Theorem 4 requires that approach zero at least as fastrad/(5-2) put slower tham~1/2. The next

theorem concerns two situations in whidtapproaches zero faster than'/2.

Theorem 5 Let the conditions in Theorem 1 be satisfied. (a)ah — 0 andA~*5 — 0, thend—/2n (&, —
wx— 820~ 1) 2 N(0, y 1) asn — w. (b) If 5%2n— 0 andA—*5 — 0, thend~2n(én — @) = N(0, % 1)

asn — oo,

Again, the asymptotic distribution afy, in Theorem 5 is the same as in the single-frequency case
discussed in [2], except the interference-induced bias. The corglitioheorem 5 can be satisfied by
0=0(n"Y) foranyv e (%7 1). By Theorems 1 and 3, the required initial accuracy takes the m?#")
for almost sure convergence ©p(n—¢Y) for convergence with probability tending to unity. The error of the

resultingé, can be expressed as m{@p(n~2Y), Op(n~1-Y/2)}, which implies that

i Op(n~2) if ve(3,3),
h— =

Op(n~1V/2) if v e (3,1).



Table 2 summarizes several scenarios of bandwidth selection undemiflifaes in Theorem 5. As can be
seen, the error of, is always smaller thafp(n~?) if v € (3,2) and smaller thadp(n=4/3) if v € (4,1).
Most importantly, by choosing near I (the fourth row in Table 2), the error rate can be made arbitrarily

close to the optimal valu@p(n—%/2).

B. A Three-Step Algorithm

Based on the asymptotic results, we now propose a bandwidth selectioratudapitalizes on the ability of
the CM estimator in accommodating poor initial values to produce improved fneg@stimates. This leads
to a three-step algorithm for achieving the optimal statistical efficiency withnagpatational complexity
comparable to that of FFT.

As shown in Table 2, in order to approach the optimal error rate, the initedggshould be at least
as accurate a8p(n~1). Such an initial guess can be obtained from the CM iteration withaay(3, %),
because Theorem 5 guarantees that the resulting estimator is alwaysoaunaetharp(n—1). To obtain
the latter estimator from the CM iteration, the required initial accuracy is redtaep(n~%/2), which,
according to Theorem 4, can be satisfied by the CM estimates witly wbé, %) when initialized by any
estimates of precisionp(n~1/3) (see Table 1).

In summary, with three increasing valueswfnamely
11 12 -
Vi€ [§’§)) V2€(§’§)> v3=1",

the CM method is able to improve upon any initial estimates of precisign—/%) and converge to a final

estimate whose accuracy is arbitrarily close to the optimal@ate~%/2). Note that if a roota consistent

estimator is employed as the first initial guess, then it suffices touﬁke(%, %). Note also that the required
frequency separation depends on the accuracy of the first initiabgifiéisat accuracy is merelyp(n—1/3),
then the separation should be greater théam/12); if a root-n consistent estimator is employed as the first

initial guess, then it suffices that the separation be greatertant/8).



Table 1: DFFERENT SCENARIOS IN THEOREM 4

Bandwidth Initial Accuracy Error oo, AT Cn(a,an)
v=1"(r=0"  op(n M%) (e=1%) op(n?%) 0O(1)  o(1)
v=1(=1)  op(n¥¥)(e=1") Op(n¥) om1?) of1)

ve (3, (r=1 0p(n¥)(e=2) 0p(n?) o4 O(nY2)

Table 2: DFFERENT SCENARIOS INTHEOREM 5

Bandwidth Initial Accuracy Error oy, Al Cn(a,an)

v=3" op(mVY(e=1%) op(n)  OMY8) o)
ve (1.9 0p(n ) (e=Z) Op(n)  o(mv/h) o)
v=3" op(n 2P (e=1%) op(n)  O(MYO) of1)

ve (5,1  Op(nt) (e=

<l

) op(n—l—v/Z) O(nv/4) O(n—l+V)

10



The computational complexity of this three-step algorithm is comparable to thmapoint FFT, both
taking the formO(nlogn). To prove this assertion, consider the expressions of the contractdiiceEnt

Cn(a, ayn) given in Tables 1 and 2. According to (19) and (20),

a\™Y —a,=c™ (@™ - ap,),

whereC{™ := Cy(G\™, Gn). In Step 3 of the algorithm, we ha@™ = o(1) becausess = 1~ (Row 4 in
Table 2). Therefore, the number of iterations required to achieve tr'nmdex:curacyﬂp(n‘e’/z) from an
initial value of accuracy)p(n~1) can be expressed &logn). Similarly, the number of iterations required
in Step 2 takes the forrd(1) becauseC{™ = O(n~%/2+v2) (Row 2 in Table 2). In Step 1, if the initial
accuracy isop(n~1/3), then the required number of iterationsd¢logn) (Row 2 in Table 1); if the initial
accuracy ig9p(n~/2), then that number is reduced®j1) (Row 3 in Table 1). Therefore, the total number
of iterations required to achieve the optimal error rate from an initial acgusa(n~1/3) or Op(n~%/2)
can be expressed &logn). The overall complexity takes the for(nlogn) because the complexity of
updating the estimate in each iteratiorig).

A simulation example is shown in Fig. 1 to demonstrate the algorithm. The time series éxanigple
contains three equal-amplitude sinusoids of frequenmies 21T x 10.5/n, wp = 2 x 11.5/n, andw; =
2mx 20.5/n, wheren = 64. The noise is a zero-mean white Gaussian process, with the sampleearian
standardized so that the signal-to-noise ratio of each sinusoid is equéld8. Fig. 1 shows the trajectory
of the normalized frequency estimatéém)/(Zn), as functions ofn, obtained with different initial values,
where @™ = arcco$dr§m)). The CM iteration begins witm; = 0.96; after 6 iterations, the bandwidth
parameter is increased e = 0.98, and after 6 additional iterations, it is increasedjic= 0.99. For each
initial value, the iteration converges to one of the frequencies with the fiigthést) accuracy determined
by the last (smallest) bandwidth.

As suggested in [30], the convergence of the CM iteration can be aatzleby replacing,(a) in

(5) with the modified mappingn(a) := pn(a) u+ a (1 — ), whereu # 1 is a constant. Note thah (o)

11



FREQUENCY
005 0.10 0.5 020 0.25 0.30 0.35 040 045

0 5 10 15 20 25 30

NUMBER OF ITERATIONS

Figure 1:CM frequency estimateéqgm)/(zm versus the number of iterationsfor different initial values. Dashed

lines represent the true frequencies and dotted linessept¢he Fourier frequenciggn (j = 1,2,---). The sample
size isn = 64, and the signal-to-noise ratio+is dB for each sinusoid. The bandwidth parametersjare 0.96 for

1<m<6,n=0.98for7<m< 12, andnz =0.99 form> 13.

has the same fixed-points gg(a). Furthermore, since the contraction coefficienfgfa) is Ca(a, én) :=
1-pu{1-Cy(a,an)}, the CM iteration with the modified mapping is guaranteed to converge (under the
conditions in Theorem 1) ifi satisfies O< pu < 2/{1—C,(a,an)}. The choice oft = 2 is valid in particular
whenC,(a, é,) > 0 (as is the case in Fig. 1). Far=2, |Cq(a, an)| < Ca(a, ay) if 1 <Cn(a,dn) < 1. This
means that accelerated convergence can be achieve@yith when the convergence wihy(a) is slow
(e.9.,Cn(a, an) ~ 1). Fig. 2 shows the trajectory of the CM estimates obtained with the modified ngappin

(1 = 2) for the same data used in Fig. 1. Accelerated convergence is evident.

C. Remarks

So far, theg in (1) are assumed to be constants. Alternativelyghean be ‘randomized’ by assuming that

they are.i.d. random variables with uniform distribution {a- 7, 7] and are independent ¢&; }. This leads

12



FREQUENCY
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Figure 2:Same as in Fig. 1 except that the modified mapgin@ ) with i = 2 is employed instead gf,(a). The

bandwidth parameters arg = 0.96 for L< m< 4,0, =0.98 for 5< m< 8, andnz = 0.99 form > 9.

to a stochastic signal model in which the sinusoids become (second-stdiohary random processes.
The randomization does not alter our results presented in the previdimsdiecause these results do not
dependent on the values @f. This can be easily justified, as demonstrated in [26], by first conditiorming o
the ¢ to obtain a probabilistic statement (e.g., an estimator exists almost surely or withbgity tending

to unity, or an estimator converges in distribution to a normal random varididsevmean and variance do
not depend on thgy) and then taking the expected value of the conditional probabilities withcetpthe

. The same remark applies to the asymptotic error rate of MP and NLS fregastimators.

Even though our discussion is focused on real-valued sinusoids, siedlalts can be obtained under
the complex-valued sinusoid-plus-noise mogek 5§, Bcexpli(wd + @)} + &. In this case, it suffices
to consider a complex AR(1) filtefl + o 8) 1, wherea := nexp(iw) andn € (0,1). For this filter, the
(ensemble) lag-one autocorrelation coefficient of the filtered (whitegnsisqual tax. Therefore, the filter
satisfies the “fundamental property” required by the CM method [22]. diluiperty implies thatwhep=1

the lag-one autocorrelation coefficient of the filtefggl} forms a contractive mapping whose unique fixed-

13



point is equal ton exp(iw;). Therefore, as in the real-valued case, frequency estimators cébntdiaen
from the sample lag-one autocorrelation of the filtered observations. Nadtththparameteq controls the

bandwidth of the AR(1) filter in the same way as it does the AR(2) filter.

IV. PROOF OF THETHEOREMS

The theorems in Sec. Il are proved in this section on the basis of some pmaljnpropositions. The proof
of these propositions are outlined in Appendix | (see [29] for a completefpr

First, we introduce some useful notation. L&t be the set ofA € (0, 1) determined by (3) with
o € Ap C A. Sincen — 1 and hencel — (—1,1) asn — o, it follows thatay becomes an interior point of
A for largen. Furthermore, since the length df decreases with the increasemthe intervalAy, there
exists a closed subintervdl,, which is independent af, such thatd C Ay for largen. As a result, there
is a closed subinterval, C (0, 1), which is independent af, such that\n C A for largen. Therefore,
anyA € Ak can be uniformly bounded away from 0 andor largen.

Moreover, according to (2) and (3), we can write

V(@) +nyi—2(a) = v+ (1+n?) ayi_1(a).

Therefore, withA € (0, i) defined by (3), the mapping,(a) in (4) can be expressed as

pn(a) = a+(1+n?) ~tsinA $:8\;, 7)

where
n)\::'nz)\n_ , nA::'/\nH, . 8
Wn(A) :=si t;ytz (@), @n(A) :=sin tZlyy 1(a) (8)

Equation (7) shows that the behavior@f(a) in a neighborhood oér, is determined by the behavior of
Wh(A) and®y(A) in a neighborhood ol € (0, 1), whereAy is defined by

14+n?
2n

COSAk = Ok. (9)

14



The propositions in the following describe the behavioMyfA) and ®,(A) and are prerequisite to the
proof of the theorems.
A. Preliminary Propositions

The first two propositions describe some asymptotic characteristieg(@f) and®,(A ).

Proposition 1 Let Wy(A) be defined by(8) with A € Ay, a € An, ande € (1, g). Asn — oo, assume that

d—0,n(1-56)"=0(1),andA"15 — 0. Then,

Wn(A) = 2B2N 267 2n+0(8*n) + OB 26 n) + O(A 26 Y/?ny/logn)
+0(87%) +0(6~%2ny/logn) + (3 *nlogn)
+ (A=A {O(AF™H +0(A4572) + O(A262n) + O (8 *n)

+0(67%2ny/logn) + O (3 2nlogn)} (10)
almost surely and uniformly ia € Ay for sufficiently largen. Under the same assumptions,

Wh(A) = Wh(A) = (A =AN{O(A88 ) +0(A4572) + O (A 26 2n) + O (55 *n)

+ 0(37%?ny/logn) + O(3 2nlogn)} (11)
almost surely and uniformly ia, A’ € An.
Proposition 2 Let ®,(A) be defined by8). If the conditions in Proposition 1 are satisfied, then

Pr(A) = N EAH OB +0(A 25 +0(A*6%n)
+0(872n\/logn) + O(3~ty/nlogn) + 0(5%/2,/Togn)
+(A = A {ZB23 2N+ 0(8 )+ O(8, %5 72) +0(873) + 0(5°n)

+0(5¥%ny/logn) + O(572y/nlogn) + 0(5-%2,/logn)} (12)

15



almost surely and uniformly in € A for sufficiently largen, where
Sk i= é;kﬁgz{cot(%%) +cot(3g) -
Under the same assumptions,

Py(A) ~Pn(A') = (A —A) {325 2+ OB ") + 08,25 2) +0(5%) +0(5°°n)

+0(8%?ny/logn) + 0(3~?/nlogn) +0(8~*/?/logn ) } (13)

almost surely and uniformly ia, A’ € An.

The next result is presented without proof because it can be easiipethtimom Propositions 1 and 2

together with the fact that — Ax = O(6%) for anyA € An.

Corollary 1 Let the conditions in Proposition 1 be satisfied. If, in additiéf,% logn — 0 andAlzZé -0

asn — oo, then

Wn(A) = LB2n2672n{1+0(828) +0(8 Y+ (8% /Togn) + O(6%*2)},
Wn(A) = §B2N 28 n{1+0(8%8)+0(8 In™h) + (8" /logn)},
W M) Wh(A) = &BIn 40 {1+ 0(8:28) + 0(3 ) + 0(8Y2/logn) + O (8% 2)},
Wh(A) = Wn(A') = (A =2A"){O(825%n) +0(8° *n)},
Dn(A) = O35 +0(85 2n),
On(A) = O(832571)+0(8Y2ny/logn),

®Pp(A) = DPp(A) = (A =A")3B252n{1+O(A43?) + O(6 0 1) +0(8%2/logn) + O(35 1)},

almost surely and uniformly in, A’ € Ay for sufficiently largen.

The next two propositions play an important role in establishing the asymptaticatity of the CM

frequency estimator. One of them is cited from the literature without proof.
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Proposition 3 Under the conditions in Proposition 1,

Pn(Ak) = Whi +Wha +nn1E&+ Op(A*) + 0p(A 207 )

+ Op(B, *5%n) + Op(A 2n/?),

where
n
Wht == 3 Bcd9(Ak — ) let ("' —n'"1) sin(tax + @), (14)
t=
nt-1 1
W = NI~ sin(jAg) & & j, (15)
AP PX i

andg(A) := (1—2ncosA +n?)~1,
Proposition 4 [2] LetWh andWy, be defined by(14) and(15), respectively. Then, under the conditions
in Proposition 15%2Why = N(0, 18202) and&Y/2n~Y/2Wg, = N(0, 1) asn — oo,

The final proposition, cited without proof, describes some useful restietweerd anda.

Proposition 5 [27] LetAq be defined in Theorem 1 withy, = cosw ande > 0. 1fn —1(d=1-n —0)

asn — oo, then the following assertions are valid.
(a) LetAy be defined by9), then
Ae—ax = — 3071820 (1— ad) Y2 +0(5%).
Moreover, there exist constardg> 0 andng > 0 such thatA, — ax| < cd? for n > ny.
(b) LetA, A’ € A be determined by, a’ € A according to(3), then

A=A =

1 14n? , EsinA’  1+n? ,
~sinA’ 2n (a_a){1+2(1—52)3/2 2n (a—a)

whereé € (—1,1) depends on\ andA’ and there exist constants<Oc < 1 andng > 0 such that

E2<cforall A, A’ € Ay and forn > ng.

Equipped with these propositions, let us now prove the theorems.
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B. Proof of Theorem 1

It suffices to show thabs(a) is a contractive mapping iAq. This can be done by proving that the following

inequalities hold almost surely for sufficiently largée.g., [31], p. 251, Theorem 5.2.3):
|on(@) = pn(a”)] < cla —a| (16)
forall a,a’ € Ay, wherec € (0,1) is a constant, and
|on (k) — ol < (1—c)ad”, 17

wherec is given in (16) and is given in Theorem 1. Let us now prove these inequalities.

Proof of (16). It follows from (7) that
pn(a) —pn(@’) =a —a +Ry, (18)
where
Ry = (J1+d2+38) {(14n%) Wa(A) Wn(A)}
J = {Wh(A) —Wnh(A)} Pn(A)sinA,
B = {®Pn(A) = DPp(A)}Wh(A)sinA,
J3 = (SinA —sinA") Dp(A) Wh(A).
Note thatA—25°~¢ = O(1) impliesA~=26 — 0. Therefore, by Corollary 1,
o= (A=2A){0(A*5 %) + O(8, 265 °n) + O(A 25 *n®) + 0(8%®n®)},
B = (A=A)sind $B{n 25 n*{1+0(8,25) +0(5 'n") +0(5Y2y/Togn) +0(5° 1)},
B = (A=A {0428 3%n) +0(65n?)} .
Since sinmt can be bounded away from zero uniformly for &lE Ay, it follows that
h+d+ds = (A—A")sinA 5807267 n? {1+ 0 (1, 25)
+ 03 1Y) + 0(6Y?/Togn) + O(35 1.
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This, combined with the expression fé%(A ) Wh(A') in Corollary 1, leads to

Ra = (A —A")sinA 2n%(14n?) {1+ 0 (5, 20)

+ 0(67 Y + 0(8Y2/logn) + O(5571)}.

Furthermore, since — a’ = 0(4%), it follows from Proposition 5(b) that

A=A =—(2nsinA) Y (14n?) (a —a’) {14+ 0(5%)}.
Substituting this expression in the foregoing equation yields

Ri=—n(a—a){1+0(8:23)+ 0(5 1) +0(8Y2/Togn) + O(5571)}.
Therefore, (18) can be rewritten as
pn(a) —pn(a’) =Cn(a,a’) (a —a’), (19)

whereC,(a,a’) :={pn(a) —pn(a’)}/(a — a’) can be expressed as

Cn(a,a') = 1-n{1+0(5:23)+0(3 ) +0(8Y2/logn) +0O(551)}
= 3+0(020)+0(3 Ity +0(6Y2/logn) + O(557Y). (20)
The proof is complete upon noting tH@t(a, a’) 23 0 uniformly ina, a’ € Ap.

Proof of (17). It follows from (7) thatpn(ak) — ak = SinAc®n(Ax) {(1+ n?) Wa(Ak)} L, where)y is

defined by (9). According to Corollary 1,

= 0(A2n™ 1) +0(8%2,/Togn).

Sinced® % logn — 0, one can writé) (5%2,/Togn) = 0(6¢). Sincedn — o andA~25%¢ = 9(1), one can

write A 2616~ — 0 and hencé, 25n~! = o(5¢). Combining these results yields
Pn(ak) — ax = 0(8%)
almost surely for larga. The proof is thus complete.

19



C. Proof of Theorem 2
Let &, be the fixed-point op(a) in Ank. Then, it follows from (19) that
On — ax = Crk (an — ak) + pn(ak) — ak,

whereC := C,(an, k). This equation can be rewritten as

an — o = (1 Cr)~H{on(an) — a},

which, combined with (7), leads to

Pn(Ax)
Wh(Ak)”

6 — o = {(1+0%) (1—Cag)} *sinAy (21)

Moreover, by Corollary 1,62n~1W,(Ax) — 32 and ®,(A) = O(A2671) + O(6-Y2ny/logn) almost
surely asn — . Combining these results with the fact ti@k — 0 givesan — ax = O(8%n~ 1D (X)) =
0(A25n~Y) + 0(8%2/logn). Finally. sinced®2¢logn — 0, &n — oo, andA~=26%¢ = O(1), it follows
that

for anyd < €. The proof is complete upon noting (6) and the fact tat arccogay).

D. Proof of Theorem 3

If pn(0r) is contractive (ind), i.e., if it satisfies (16) and (17), the“xﬁ,m) — @p asm— oo for any&,ﬁo) € Ank-

This implies that

. A (m) A

PLim, & = én)
> P{pn(a) is contractive andi\” ¢ Ank}
= P{pn(a) is contractivé

— P{pn(a) is contractive andi\” ¢ Ank}

> P{pn(a) is contractivé — P{G\" ¢ An}.
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By Theorem 1,P{pn(a) is contractivé = 1 for largen. By assumptionP{argo) € A} — 1 asn — oo,

m)

Combining these results leadsRglim .. alm™ = an} — 1 asn — . The second part of the assertion

follows from a similar argument coupled with Theorem 2.

E. Proof of Theorem 4

a.s.

Consider (21), and observe that 3t sina by Proposition 5(a)3?n~1Wn(A¢) 2 182 by Corollary 1,
andC 23 0 by (20). Therefore, by Slutsky’s theorem (e.g., [32], p. 337 0Fém 1.4),5-3/2n%/2 (&, — ay)

has the same asymptotic distribution as
Zn1 := 4B 2sinay 8Y 2012, (Ay). (22)

Note that®,(Ax) has the expression in Proposition 3 whetg = Op(6~%/2) by Proposition 4. Therefore,
under the assumption thafn — o, 3°°2'n = (1), andA~*8" — 0, it follows from Proposition 3 that
&Y2n=Y2{d,(Ax) — nn~1&} has the same asymptotic distribution &$?n~Y2W,,, which, by Proposi-

tion 4, isN(0, 307). Therefore,
Zny — 8Y2n2n71E; 2 N(O, y 2 sirf ),
whereé| ;= 4B|;26ksinoq<. Combining these results yields
532012 (G — ax— 8% 71E) 2> N(O, y 2sir? a).
Sinceé;, = b;lsinoq(, the proof is complete upon noting that — wy has the same asymptotic distribution
as(an— ak)/ sinax by the delta method (e.g., [32], p. 337, Theorem 1.5).
F. Proof of Theorem 5

By an argument similar to the proof of Theorem 4, it can be shown fromtt2t5-1/?n(a, — ay) has the

same asymptotic distribution as
Znp := 4B 2 sinax 5%/ 2dn(Ay),
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where®y(Ay) has the expression in Proposition 3 ahig = Op(5-Y/2n1/2) by Proposition 4. Therefore,
under the assumption th&tn — 0 andA—*5 — 0, it follows from Proposition 3 thai®/2{®p(A¢) —nn L&}

has the same asymptotic distribution&g?W,, namelyN (O, %Bkzosz) by Proposition 4. This implies that
Znz — 8%%nn 1L 2 N(0, v L sir? a),
and hence
57 Y2n(Gn — ax— 320 71E)) > N(0, % tsirP ax).

An application of the delta method leadsdo/?n (&n — wx — 620 ~1b ) = N(0, % 1). Furthermore, if, in
addition,5%2n — 0, thend~/?n (éx — wx) has the same asymptotic distributiit0, y; *) becaus®*/2n x

5%n~bt — 0. The proof is complete.

APPENDIX I

PROOF OFPROPOSITIONS1-3

It is important to note thay (o), which is defined by (2) and (3), can be written explicitly as
1L
_ I=laein(i .
yi(a) = S ;n SIN(JA) Yi—j41. (23)
J_

This expression can be verified simply by substituting (23) into the left-higledo$ (2) and confirming that
the substitution results in, which is the right-hand side of (2). Finally, it is alway assumed in the deque
thatA € Ancande € (1,3).

A. Proof of Proposition 1

Let ck(t) := Bccos et + gk) andz(t) := ¥, Ci(t). In estimating théth frequencyz(t) can be regarded

as the interference from the other sinusoids. By replagimg (23) with its definition given by (1), we can
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write

1() = {0+ ) WO}, (24
where

t—1

A) = S i tsin(A) et =),
U (A) ,;) in(jA)c(t - j)
t—1
A) = S ni7tsin(jA) &,
V(M) J;) iN(jA) &-
t—-1

W) = 3 s adt - )

J:

Note thatw (A) andw(A) represent the contributions of théh sinusoid and the noise, respectively; these

terms remain the same as in the case of single sinusoid. The thiravtéimis the contribution of the other

sinusoids; it is the extra term in the case of multiple sinusoids.

To prove (10) and (11) witi,(A ) defined by (8), we first note that from (24),

1 2
a) = A)FVE(A) +2u(A) w(A
Foala) = o {FA) + () +2u(A)w(A)
+WE(A) 42U (A ) We(A) + 2% (A) W (A} (25)
As can be seen, the first three terms in (25) are the same as in the casglebsinsoid. The remaining

terms involve the contribution of the other sinusoids. It suffices to showlikat terms are asymptotically

negligible. The main effort in the proof is to evaluate the contributipf? ) of the interfering sinusoids.

The proof of Proposition 1 is outline as follows.

Proof of (10). By substituting (25) in the expression¥f,(A) in (8), we can write

Wa(A) = Vo) + i{w?m+2ut<A>wt<A>+2vt<A>wt<A>}
t=

= Vn(/\>—|-T1(/\) +T2()\) —|—T3()\),

whereVh(A) := S {u?(A) + 2w (A)w(A) +V2(A)}. SinceVy(A) is the same as in the case of single sinusoid,

by Proposition 1 in [2]Vy(A) has the asymptotic expression in the right-hand side of (10) Ayth= 1.
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Therefore, it suffices to show that the following expressions hold alswsly and uniformly il € Ap

for largen:
Ti(A) = O(A*N) + (A — A {0(8,267%n) + 0(8°*n)},
To(A) = OB )+ (A —A) {00 H +0(A4572)
+ O(A2572n) + 0 (65 *n)},

Ta(A) = 0257 Y2ny/Togn) + (A — A) O(6~%2ny/logn).

A proof of these expressions is given in [29]. Note that the Taylor sex@ansion (TSE) technique plays
an important role in the proof.

Proof of (11). Let W,(A) :=Ti(A) +T2(A) 4+ T3(A). Then,Wh(A) =Vn(A)+WL(A). According to
Proposition 1 in [2]Vh(A) —Vh(A') has the same asymptotic expression as in the right-hand side of (11)

with Ay := 1. Furthermore, the TSE &#,,(A) atA’ can be written as
Wh(A) —Wh(A) = (A =A) {Ta(A") + T2(A%) + To(A ")},
whereA* lies betweem andA’. It can be shown [29] that

Tl()‘*) = O(Alzzé_zn)+(9(5f—4n)’
T2(A7) = 088 1) +0(8y*57%) +0(8°5n) +0(8°“n),

T3(A*) = O(5 %?ny/logn).
Combining these results leads to

WiA) = W) = (A =AN{0(°5 )+, %57

+ 00237 %n) +O(85n) + 0(6-%?ny/logn) }.

The proof is complete.
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B. Proof of Proposition 2

It is easy to show from (1), (8), and (23) that

n t-1

. 5
Pn(A) =t;;jn'*1sin<mytyt4 =Un(/\)+iZ\S()\), (26)

where

n t-—1

Un(A) 1= 3 3 i) (o) + & {adt— )+ &)

n t-1

SO) = 33 0 s A e )

S() = t_ijini-lsinuA)zk(t—j)st,

S0 = tijini—lsinummt—j)ck<t>,

S = t_ijini—lsin(jA)zk(t)su,
o

_: j—l . . o
S(A) : t;;)n sin(jA) z(t) z(t — j).

In these expressions; 1S;(A) is the sample covariance between ke filtered sinusoid and the interfer-
ence;n"1S(A) is the sample covariance between the noise and the filtered interferert@(A ) is the
sample covariance between tkta unfiltered sinusoid and the filtered interferenge!S,(A) is the sample
covariance between the filtered noise and the unfiltered interferenda)aBs(A) is the covariance be-
tween the unfiltered and the filtered interferences. With this notation, thé gr&ooposition 2 is outlined

as follows.
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Proof of (12). By Proposition 2 in [2]Un(A) has the same asymptotic expression as in the right-hand

side of (12) withAx := 1. Therefore, (12) is a direct consequence of the following:
Si(A) = 0B +0B2e
+ (A=A {0(BA 7Y + 08 2572) +O(853n)}, (27)

S(A) = 0(8~ty/mlegn)+0(8~%2,/logn)

+ (A =) {0(672y/nlogn) + O(5~%2,/logn)}, (28)
S3(A) = same as the right-hand side of (27) (29)
S(A) = same as the right-hand side of (28) (30)

S(A) = &+ 0(8,45%n) + 0826 7Y)

+ (A=A {O(A 2572 +O(A*n) +O(853n)}. (31)

whereé is defined in Proposition 2. A proof of these expressions is given in [28{e that one only needs
to prove (27), (28), and (31) because (29) and (30) can be easilyed from these results by observing the
symmetry in their definitions.

Proof of (13). Let®,(A) := 2 ;S(A), so thatdp(A) = Up(A) +P,(A). The TSE ofd,(A) atA’ can
be expressed ab),(A) — D, (A’) = (A —A') T2, S(A*), whereA* is betweem andA’. It can be shown

[29] that
SIAY) = O(AAS ) +0(A32572) +0(85 3n),
S(AY) = 0(62/nlogn)+0(5-%2,/logn),

SAY) = 083257+ 0L *n) +0(553n).

Moreover,S(A*) has the same expression®$A*) andSy(A*) has the same expression®$A*). The
proof is complete upon noting thdh (A ) —Un (A7), by Proposition 2 in [2], has the same asymptotic expres-

sion as in the right-hand side of (13) wity := 1.
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C. Proof of Proposition 3

Consider (26). According to Proposition 3 in [2],
Un(Ak) = Wha +Whz + Op(8%n) 4+ Op(nY2) + 0p(571).

This, combined with (26) implies that it suffices to show that

/

Op(A*) +0p(L 2071 if i =1,3,

S(A) =4 0p(82nY/2) + 0p(B, 257 12) if i = 2,4,

NN ~1&+ Op(8,*3%n) + Op(82571) ifi=5.

A proof of these expressions is given in [29].

APPENDIXII

SOME USEFUL EXPRESSIONS

Let c(t) == Becosad + ¢), s(t) := Besin(ad + @), fre(A) == i) *sin(jA) cosjax), ge(A) =

Si—oni~*sin(jA) sin(jay). Then, the following assertions are true (see [29] for proofs).

Lemma 1 Forr =0,1,2 and/ # k, if A, — 0 asn — o, both ft(;)(cq() andgt(?(cq() can be expressed as

OB + 510 0(8,2" 1 Ptint), which holds uniformly irt andn.
Lemma 2 Assume that — 0,n(1— )" = O(1), andA~15 — 0 asn — oo.
(@) Forr=0,1,2, f)(A)=0(5"1), ¢l(A)=0(5""1) uniformlyint, A, andn.

(b) Forr =0,1,2, if A —cx = O(39) for someq > 0, thenf” (A) = £ (ca) + ©(897-2) andg{}) (A) =

gf?(w«) +O(897-2) uniformly int, , andA.

(c) Forl#kandA € A, if A6 — 0 asn — oo, thenfy(A) andgy,(A) can be expressed éZ{A;kZ) +

0(55‘2), which holds uniformly irt, n, andA.
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Lemma 3 Assume thad — 0,n(1—9)" = 0(1), andAlzlé — 0 asn — o, Then, for¢’ # k, the following

expressions are true.

(@)

ng/ (t) Cg(t) ftg()\k) =

t

icg«t)sz(t)wk) -

t

NN~ &+ O(A,43%n) + O(A,25°Y) if ¢/ =04k,

min{O(A,;2Nn), O(8 20,1} + 08,287 if ¢/ #£ L #K,

OB, +0(57Y) if ¢ £0=Kk,
0(8,287Y) if ¢/ =0#K,
same as in (32) it £ 0 #£K,

O +0(8,207Y) if 0 £0=k

where&y := B2{cot(3cy,) + cot Fcy)}. In addition,

(b)

n

t=

_l’_

ck(t) fx(A) = 0(8°n) + 0(871).

Zlcel(t) Ci(t) fre(A) = O(5~n)

0D ) +0(L8,2672) if £ £K,

OB Y +0(8,2672) if £=K,

Cor(t) se(t) Ge(Ax) = O(6 )

OB ) +0(8,2072) if & =0 +#K,
same as in (33) it £ 0K,

0(67?) if ¢/ #£0=Kk
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(©)

iw(t) () fu (M) () = O(B50)
t=

OBy RAL2N) + O(B,2052572) + O(B,28 M) i £ #K,
+
0Ly Y +0(8,2572) +0(5 ) if £ =Kk,
n .
leé(t) Co (1) G (k) fror (Ak) = O (D)
t=

0(8,267 1) +0(8,2672) +0(8,267 ) if ¢/ =0#K,

+ { same asin (34) if' £ 0 #K,

OB,28 Y+ 08,0872 +0(8,2673)+0(3 %) if £ £L=Kk
ORICLTREREN

same asin (35) i =/ #Kk,

sameasin(34) i #¢#korl #0=Kk,
t;Sz(t)Sz' (t) Qe (Ak) Grer (Ak)

same asin (34) if £k,

same asin (35) if =k.

The next lemma is also instrumental.

Lemma 4 [27] Asn — o, the following expressions are true.

(@) max,| I t'ntgexpitw)| = O(5Y/2,/logn) almost surely for any integer> 0.

(34)

(35)

(b) |1, aexplitw) ¥y j"nlexpijo)| = 0(6"1y/nlogn) + O(&~"3/2,/logn) almost surely and

uniformly in w andw’ forr =0,1,2.

(©) Ti_s&exp(itw) = Op(nY/2) and max<i<n| ¥'_; j'n’gjsin(jw)| = Op(5"~*2) for any givenw and

any integer > 0.
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