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Abstract

The exponentially weighted recursive least-squares (RLS)has a long history as an algorithm to track time-

varying parameters in signal processing and time series analysis. By reviewing the optimality conditions

of RLS under a regression framework, possible sources of suboptimality of RLS for tracking time-varying

parameters, especially when the parameters satisfy a state-space model, are identified. A straightforward

relationship between the RLS variables and the Kalman filtering variables is established under the state-

space model assumption. This relationship enables a unifieddevelopment of several simple algorithms

that generalize and extend the traditional RLS. Numerical examples are given to demonstrate the improved

tracking performance of theses algorithms.



I. INTRODUCTION

The method of exponentially weighted recursive least-squares, or simply RLS, has long been employed as

a simple alternative to Kalman filtering (KF) for tracking time-varying parameters (e.g., [1]–[6]). KF as

an estimator is well known to be optimal under the state-space model (SSM) assumption ([7], [8]). One

of the shortcomings of KF is the requirement of complete prior knowledge of the SSM and its parameters.

Although under certain conditions the SSM parameters can beestimated from a set of observations via, for

example, the Gaussian maximum likelihood approach, the problem of identifiability and numerical com-

putation is not very easy to solve in general ([9, Sec. 3.4], [10, Chap. 13]). It is also not always easy to

validate the SSM assumption based solely on the observations. RLS on the other hand does not require

a dynamic model for the time-varying parameters except for aforgetting factor. This, coupled with lower

computational costs, makes RLS an attractive alternative to KF.

The trade-off is, of course, in the performance of estimation. Being optimal, KF produces the most

statistically efficient estimates of time-varying parameters under the SSM assumption. RLS on the other

hand only produces suboptimal estimates in general, due to its simplified assumptions. It is therefore not

surprising that KF often outperforms RLS in situations where a suitable state-space model is available for

the time-varying parameters. In some standard literature of signal processing (e.g., [2]–[6], [11]), most of

the performance analyses of RLS are focused either on the convergence and the steady-state behavior for

constant rather than time-varying parameters, or on the computation of the error covariance matrix and its

upper bounds in tracking time-varying parameters under theSSM assumption.

In this article, it is intended to highlight the compromise of RLS as an estimator of time-varying param-

eters under the SSM assumption when compared to the optimal KF solution. The relationship between RLS

and KF was a focus in the earlier literature. For example, RLSwas compared with KF in [1, pp. 93–95]

for the special case of ordinary (nonweighted) least squares; a KF-like recursive algorithm was derived in

[7, pp. 205–207 and 308–309] for the problem of exponentially weighted constrained least squares. The

most recent work on this subject seems to be [12] and [13] (seealso [11, Sec. 13.8]), where the variables

of RLS algorithms are explicitly mapped to the variables of KF algorithms under a special unforced SSM

formulation in which the state variable is exponentially time-varying. Although it may be necessary in uni-

fying some KF algorithms that require a constant noise variance, this formulation has the possibility of being
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misunderstood as implying that RLS is optimal in estimatingtime-varying state variables, especially when

reference to other possible formulations is lacking.

By revisiting the earlier literature, it is pointed out in this article that a more straightforward formulation

for establishing the RLS-KF correspondence begins with a reference signal that comprises a linear function

of the explanatory signal withconstant coefficientplus a measurement error process that hasexponentially

time-varying variance. It is under this condition that RLS achieves its optimalityaccording to the statistical

estimation theory as well as its most natural correspondence with KF. This correspondence highlights the

fact that the tracking capability of RLS for (slowly) time-varying parameters, as experienced in practice, can

be properly explained only if the parameter-induced variability of the observed reference signal is treated

as the time-varying ‘measurement error’ which, in general,is not white noise with exponential variance but

becomes such exactly or approximately under suitable conditions. The correspondence also makes it easier

to understand the necessity of rescaling the variables whenemploying some KF algorithms for time-invariant

systems (such as the square-root algorithms [8, pp. 147–152]) to compute the RLS estimator.

Based on the RLS-KF correspondence, it is straightforward to obtain simple generalizations of RLS

that preserve the exponential weighting but allow additional SSM structures to be incorporated possibly as

extra tuning parameters. One such generalization is the so-called extended forgetting factor RLS (EFRLS)

algorithm recently proposed in [14]. Another generalization equips RLS with an additional parameter to

accommodate rapid random fluctuations of the time-varying parameters. Improved tracking performance of

these algorithms are confirmed in two numerical examples that arise in mobile communications.

II. REVIEW OF RECURSIVE LEAST SQUARES

Let fytg be the reference signal andfxtg be the explanatory (vector) signal. Given the observationsfxt ;ytgn
t=0 that are available at timen, it is well known (e.g., [7, pp. 151-152]) that the exponentially

weighted RLS algorithm, with initial valuesµµµ and Q0, produces the best linear functional,θθθn: xt 7! yt(t = 0;1; : : : ;n), that minimizes the exponentially weighted least-squarescost function

Jn(θθθ ) := n

∑
t=0

λ n�t jyt �θθθ �xt j2+λ n+1(θθθ �µµµ)�Q�1
0 (θθθ �µµµ); (1)
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whereλ 2 (0;1℄ is the forgetting factor and the asterisk stands for Hermitian transpose. The optimal coeffi-

cientθθθ n := argminθθθ Jn(θθθ ) is a linear function ofyt and solves the normal equation

ΦΦΦnθθθ n =ψψψn or θθθ n =ΦΦΦ�1
n ψψψn; (2)

whereΦΦΦn := ∑n
t=0λ n�t xt x�t +λ n+1Q�1

0 andψψψn := ∑n
t=0 λ n�t xt y�t +λ n+1Q�1

0 µµµ .

Minimization of Jn(θθθ ) is intuitively appealing from the viewpoint of predictingyt from xt because it

produces the ‘best’ predictor among all linear functions ofxt . The discounting mechanism, achieved viaλ ,

is often justified in practice as a way of giving greater emphasis to the newer data and thereby providing the

potential of tracking time-varying systems.

In order explain the optimality or suboptimality ofθθθn for estimating time-varying parameters, especially

under the SSM assumption, let us first consider the followingregression problem.

For fixedn> 0, letyt andxt satisfy

yt = βββ �
nxt +et (t = 0;1; : : : ;n); (3)

whereβββ n is an unknown vector andfetgn
t=0 is a random process with zero mean, possibly time-varying

varianceσ2
t , and, in general, nondiagonal covariance matrixV. In the following,fetg will be referred to

as themeasurement errorin the regression model. Moreover, all probability distributions and expectations

should be understood as being conditioned onfxtgn
t=0 for whichΦΦΦn is nonsingular.

Suppose thatfetg is a serially uncorrelated process andσ2
t = cλ t for somec := σ2

0 > 0, i.e.,

et �WN(0;cλ t ) (t = 0;1; : : : ;n): (4)

Under this assumption,θθθ n is known to be the best (i.e., minimum variance) linear unbiased estimator

(BLUE) of βββ n (e.g., [15, p. 301]). If, in addition,fetg is Gaussian, andβββ n is also Gaussian with the prior

distributionβββ n�N(µµµ ;P0), whereP0 := cλ�1Q0, then the posterior distribution ofβββ n givenYn := fytgn
t=0 is

N(ΦΦΦ�1
n ψψψn;σ2

n ΦΦΦ�1
n ), which givesθθθ n = E(βββ njYn), soθθθ n is the minimum mean-square error (MMSE) estima-

tor and the maximuma posterioriprobability (MAP) estimator ofβββ n. If no prior distribution is imposed on

βββ n, which is equivalent to assumingQ�1
0 = 0, thenθθθn becomes the maximum likelihood estimator (MLE)

of βββ n which has minimum variance among all unbiased estimators ofβββ n (e.g., [1, pp. 33–34], [15, p. 319]),

where the unbiasedness ofθθθ n is due to the fact thatE(et) = 0 and the minimum variance property ofθθθ n

depends crucially on two assumptions: theet must be uncorrelated (i.e.,V must be diagonal) andσ2
t must
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be an exponential function oft determined byλ via (4). Generally, ifσ2
t is nonexponential and/or ifV

is nondiagonal,θθθ n remains unbiased for estimatingβββ n in the case ofQ�1
0 = 0 becauseE(et) = 0, but the

statistical efficiency ofθθθ n is not as good as MLE, or BLUE, that minimizes the generalizedleast-squares

cost function∑n
s=0∑n

t=0 λst (ys�θθθ�xs)� (yt �θθθ�xt), whereλst is the(s; t) entry ofV�1.

The most important feature in (3)–(4) is that the variance ofet grows exponentially ast goes always from

n into the past whereas the coefficientβββ n remains constant for allt = 0;1; : : : ;n. These are the minimum

requirements for RLS to be optimal. However, to achieve the optimality, the forgetting factor must match

the growth rate of the measurement error variance, as specified by (4).

III. SSM FOR TIME-VARYING PARAMETERS

Now assume that the linear relationship betweenyt andxt is time-varying, i.e.,yt =βββ �
t xt +zt (t = 0;1; : : : ;n),

wherefztg is a zero-mean random process which is independent offβββ tg andfxtg. The question is: under

what conditions is the RLS solutionθθθ n optimal as an estimator ofβββ n? This question is investigated in the

following under the SSM assumption.

Thanks to KF for providing an efficient way of estimating the hidden state variable, SSM is widely

used to model time-varying systems, not only in physical sciences and engineering (e.g., [8]) but also in

observational sciences such as econometrics (e.g., [9]). Apopular SSM is of the form

βββ t+1 = Ftβββ t + vt ;
yt = βββ �

t xt +zt ; (5)

where the transition matricesFt are nonsingular, the system noisevt and the observation noise1 zt are mutu-

ally uncorrelated and satisfy

vt �WN(0;ΣΣΣt); zt �WN(0;ς2
t ): (6)

Note that unlike the regression model (3), the relationshipbetweenyt andxt in (5) is characterized by a

time-varying, rather than constant, coefficientβββ t .

1The processfztg is referred to as observation noise instead of measurement error because the latter is reserved for the regression

model (3). The distinction will become apparent in Sec. IV-C.
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If the model parameters in (5)–(6), which includeFt , ΣΣΣt , andς2
t , are completely knowna priori as

functions oft, and if the computational power is sufficient, then the KF algorithm, given in Table I, should

be used to estimate theβββ t (as did in [16] for the special case whereF � I, ΣΣΣt � ΣΣΣ0, andς2
t � ς2

0 ), because

KF provides the optimal solution under the SSM assumption [8]. However, if the model parameters are not

completely known and are too difficult to estimate, which is true in many applications, then RLS provides

a simple alternative for trackingβββ t . In order to understand the performance of RLS in such cases,it is

necessary to reconcile the difference between (3)–(4) and (5)–(6) and to identify the compromise of RLS in

achieving its computational simplicity.

A. RLS and KF Correspondence

The estimation problems of RLS and KF have the following correspondence.

Proposition 1 Assume that yt , xt andβββ t satisfy the SSM(5)–(6), whereFt � I, ΣΣΣt � 0, andς2
t = cλ t for

some c:= ς2
0 > 0. Then, the RLS solutionθθθ n defined by(2) coincides with the KF estimator ofβββ n, i.e.,

θθθ n = βββ njn = βββ n+1jn, and the correspondence between RLS and KF variables are given in Table I.

Proof. Recall that the KF equations for the ‘filtering’ problem under (5)–(6) are given in the first column

of Table I (e.g., [8, p. 44], [17, p. 478]). The key to establishing the RLS-KF correspondence is to introduce

the new variables

Qtjt := Ptjt=ς2
t ; Qt+1jt := Pt+1jt=ς2

t : (7)

If ς2
t = cλ t , thenς2

t =ς2
t�1 = λ . Under the additional assumption thatFt � I andΣΣΣt � 0, the KF equations in

the second column of Table I become those in the second column, which are readily recognized as forming

the RLS algorithm (e.g., [11, p. 569]). Note that the initialvalues of KF att = 0 areβββ 0j�1 = µµµ andP0j�1 =
P0, whereµµµ := E(βββ 0) andP0 := Cov(βββ 0). Since (2) givesθθθ 0 = ΦΦΦ�1

0 ψψψ0 = µµµ +Q0x0 (x�0Q0x0+λ )�1(y0�
µµµ�x0)�, the initial values of RLS must beβββ 0j�1 = µµµ andQ0j�1 = Q0. On the other hand, the new notation

in (7) requiresQ0j�1 = P0j�1=ς2�1 = c�1λP0. Combining these expressions givesQ0 = c�1λP0. Under this

condition,θθθ n = βββ njn = βββ n+1jn for all n. Q.E.D.

Remark 1.Unlike the SSM in [11]–[13], the SSM (5)–(6) under the conditions of Proposition 1 high-

lights the underlying estimation problem of RLS, namely, the estimation of atime-invariant coefficientβββ t
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TABLE I

SUMMARY OF ALGORITHMS

KF RLS EFRLS

Assumptions:Ft , ΣΣΣt , ς2
t known Ft � I, ΣΣΣt � 0, ς2

t = cλ t Ft known,ΣΣΣt � 0, ς2
t = cλ t

gt = Ptjt�1xt (x�t Ptjt�1xt + ς2
t )�1 gt = Qtjt�1xt(x�t Qtjt�1xt +λ )�1 gt = Qtjt�1xt(x�t Qtjt�1xt +λ )�1

Ptjt = Ptjt�1�gtx�t Ptjt�1 Qtjt = λ�1Qtjt�1�λ�1gtx�t Qtjt�1 Qtjt = λ�1Qtjt�1�λ�1gtx�t Qtjt�1

Pt+1jt = FtPtjtF�
t +ΣΣΣt Qt+1jt = Qtjt Qt+1jt = FtQtjtF�

t

βββ tjt = βββ tjt�1+gt (yt �βββ �
tjt�1xt)� βββ tjt = βββ tjt�1+gt(yt �βββ �

tjt�1xt)� βββ tjt = βββ tjt�1+gt(yt �βββ �
tjt�1xt)�

βββ t+1jt = Ftβββ tjt βββ t+1jt = βββ tjt βββ t+1jt = Ftβββ tjt
Initial values areβββ 0j�1 = µµµ := E(βββ 0), P0j�1 = P0 := Cov(βββ 0), andQ0j�1 = Q0 := c�1λP0.

based on observations in which the noise has anexponentially time-varying variance. This is consistent with

the regression model (3)–(4) under which RLS is proven optimal.

Remark 2.The RLS-KF correspondence given in Proposition 1 does not require any transformation of

the original variablesyt or βββ t — the SSM (5)–(6) is directly for the original variables. Moreover, no KF

variables, exceptPtjt andPt+1jt , need to be transformed to become RLS variables. The new RLS variables

Qtjt andQt+1jt , defined in (7), can be interpreted, from the KF viewpoint, asthestandardizedprediction and

estimation error covariance matrices, respectively — standardized by the variance of the observation noise.

This transformation was also suggested in [8, p. 136].

It is important to note that the initial valueQ0 in RLS is different from the initial valueP0 in KF.

Therefore, one cannot interpretQ0 as the covariance matrix ofβββ 0. In fact, Table I shows thatQ0 is a

scaled version ofP0 — scaled by the product of the forgetting factor and the reciprocal of the observation

noise variance att = 0. In practice, the latter can be treated as a tuning parameter which, together with the

forgetting factor, controls the performance of RLS.

For computational reasons, one may want to obtain the RLS solution by employing some alternative

KF algorithms that are applicable only to time-invariant systems. In this case, one just need to realize that

the only time-varying parameter in (5)–(6) under the assumptions in Proposition 1 is the variance of the

observation noisezt , which is proportional toλ t . Givenλ , a simple standardization transform, withzt 7!
z̃t := ztλ�t=2, yt 7! ỹy := ytλ�t=2, andβββ t 7! β̃ββ t :=βββ tλ�t=2, will convert the time-varying system into a time-

invariant one:β̃ββ t+1 = λ�1=2β̃ββ t , ỹt = β̃ββ
�
t xt + z̃t , which is just the formulation in [11]–[13]. This formulation

should only be regarded as a computational device, rather than the underlying estimation problem.
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TABLE II

SUMMARY OF ALGORITHMS – II

EFRLS-2 RLS-2 RLS-3

Ft known,ΣΣΣt = ρ ς2
t I, ς2

t = cλ t Ft � I, ΣΣΣt = ρ ς2
t I, ς2

t = cλ t Ft = αI, ΣΣΣt = ρ ς2
t I, ς2

t = cλ t

gt = Qtjt�1xt(x�t Qtjt�1xt +λ )�1 gt = Qtjt�1xt(x�t Qtjt�1xt +λ )�1 gt = Qtjt�1xt(x�t Qtjt�1xt +λ )�1

Qtjt = λ�1Qtjt�1�λ�1gtx�t Qtjt�1 Qtjt = λ�1Qtjt�1�λ�1gtx�t Qtjt�1 Qtjt = λ�1Qtjt�1�λ�1gtx�t Qtjt�1

Qt+1jt = FtQtjtF�
t +ρI Qt+1jt = Qtjt +ρI Qt+1jt = jαj2Qtjt +ρI

βββ tjt = βββ tjt�1+gt(yt �βββ �
tjt�1xt)� βββ tjt = βββ tjt�1+gt(yt �βββ �

tjt�1xt)� βββ tjt = βββ tjt�1+gt(yt �βββ �
tjt�1xt)�

βββ t+1jt = Ftβββ tjt βββ t+1jt = βββ tjt βββ t+1jt = α βββ tjt
B. Simple Generalizations of RLS

Based on the RLS-KF correspondence, it is straightforward to generalize RLS by considering other simple

settings of the SSM (5)–(6). The generalizations are guaranteed to be optimal under the assumed conditions

because of their equivalence to the KF estimator.

For example, ifFt is known, then, under the assumption thatΣΣΣt � 0 andς2
t = cλ t , the KF recursions

become those in the third column of Table I. These equations constitute the extended forgetting factor RLS,

or EFRLS, proposed in [14], that incorporates the known coupling-effect among the components ofβββ t , as

described byFt . This algorithm can eliminate the bias in RLS, as will be further discussed in Sec. IV-C.

As another example, suppose thatFt is known and thatΣΣΣt = ρ ς2
t I and ς2

t = cλ t . In this case, the

third equation in KF (the first column in Table I) can be rewritten asQt+1jt = FtQtjtF�
t + ρI. Combining

this equation with the others leads to a generalization of EFRLS shown in the first column of Table II.

This algorithm, which may be called EFRLS-2, has an additional parameterρ > 0 that can be interpreted

as the ratio of the system noise variance to the observation noise variance. In the special case ofFt � I,

EFRLS-2 reduces to a two-parameter RLS algorithm, or RLS-2,given in the second column of Table II (the

special case withλ = 1 was also suggested in [1, pp. 94–95]). This algorithm does not depend on any prior

knowledge of the SSM whenλ andρ are regarded as tuning parameters.

Finally, as shown in the last column of Table II, a three-parameter RLS, or RLS-3, can be obtained by

assumingFt = αI in EFRLS-2. Under this assumption, the components ofβββ t are uncoupled autoregressive

(AR) processes of order 1 with a common AR coefficientα . As with ρ andλ in RLS-2, α can also be

regarded as a tuning parameter.
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Note thatβββ t is treated by RLS inherently as a time-invariant parameter (which explains why RLS is

successful mainly in tracking slowly time-varying parameters) and by EFRLS as a deterministic function of

t which is known completely once the initial value is given. Incontrast,βββ t is treated by EFRLS-2, RLS-2,

and RLS-3 as a random process, where the randomness comes from the system noise and is handled by the

parameterρ . One can see from Table II that the presence of the system noise inβββ t is manifested as an extra

additive termρI in the prediction error covariance matrixQt+1jt . In calculating the gain vectorgt , this extra

term effectively boosts the influence of the most recent dataand curtains the influence of the estimation

error assessment from the past. It also increases the estimation error covariance matrixQtjt , which is to

be used in the next round of estimation. Overall, by incorporating the system noise via the parameterρ ,

these algorithms are prevented from being overly optimistic about their success in the past and thus overly

conservative in adjusting themselves to the new data. This gives rise to the potential for the algorithms in

Table II to have better tracking performance than RLS for rapidly time-varying parameters.

Of course, in the most general case under (5)–(6), the KF recursions provide the optimal solution. The

so-called extended RLS (ERLS) algorithm, proposed recently in [13] (see also [11, p. 727]), is nothing

but KF for the one-step predictorβββ n+1jn. Note that KF in the most general case does not necessarily have

the exponential weighting, which RLS has, in its underlyingcost function. This special feature of RLS is

preserved by EFRLS proposed in [14] and by EFRLS-2 (and its variations in Table II) described in this

section. The key lies in their common assumption thatς2
t is an exponential function oft. Both EFRLS and

EFRLS-2 are special cases of a modified KF algorithm described in [8, Sec. 6.2] in which exponential data

weighting is employed as an additional feature in the KF costfunction.

C. Sources of Suboptimality of RLS Under SSM

Since RLS is better understood from the regression point of view, another approach to interpreting RLS

under the SSM assumption is to reformulate (5)–(6) as a regression model similar to (3)–(4). To that end,

let us fixn and use (5) to propagateβββ t backwards fromn to t � n. This leads to

βββ t = Hntβββ n� n�1

∑
s=t

Gstvs; (8)
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and therefore, fort = 0;1; : : : ;n,

yt = βββ �
nH�

ntxt +et ; (9)

et := zt � n�1

∑
s=t

v�s G�
st xt ; (10)

whereGst := (Fs: : :Ft)�1 andHnt := Gn�1;t . Note that the measurement erroret in (10) depends not only

on the observation noisezt but also on the explanatory signalxt as well as the current and future values of

the system noisefvt ; : : : ;vn�1g.
With the help of (9)–(10), it is easy to see that there are at least three ways in which the optimality

conditions of RLS can be violated under the SSM assumption:� Failure to incorporate nontrivial transition matrices into the functional relationship betweenyt andxt :

the actual functional isβββ �
nH�

ntxt rather thanβββ �
nxt ;� Failure to incorporate nonexponentially time-varying measurement error variance:σ2

t is not neces-

sarily an exponential function oft;� Failure to incorporate the serial correlation of the measurement error process: theet are in general

serially correlated.

The first offense results in biased estimation whenFt 6= I (i.e., when the components ofβββ t are scaled and/or

coupled as they evolve over time). The bias can be eliminatedwith the knowledge ofFt by replacingxt with

H�
ntxt in (1). It is from this modified cost function that EFRLS was originally derived in [14]. The second

and third offenses are responsible for the lack of estimation accuracy required for rapid tracking, which can

be improved in general situations only if RLS is replaced with KF or the algorithms in Table II.

More specifically, the following results can be obtained (see Appendix for a proof).

Proposition 2 Under the SSM(5)–(6), the RLS solutionθθθ n is, in general, a biased estimator ofβββ n, and

the bias, defined bybn := E(θθθn)�µµµn, with µµµn := E(βββn), can be expressed as

bn =ΦΦΦ�1
n

� n

∑
t=0

λ n�txt x�t (Hnt� I)µµµn+ λ nP�1
0 (µµµ �µµµn)�;

which vanishes ifFt � I andµµµ = µµµn, or if µµµ = µµµn = 0. The measurement errorfetg defined by(10) has

mean zero and autocovariance function

Ct+τ ;t := E(ese�t ) = ς2
t δτ + n�1

∑
s=t+τ

x�t G�
stΣΣΣsGs;t+τ xt+τ (τ = 0;1; : : : );
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whereδ0 := 1 andδτ := 0 for all τ 6= 0. Moreover, the et are uncorrelated ifΣΣΣt � 0, or if Ft � I and(ΣΣΣt + � � �+ΣΣΣn�1)xt = 0 (t = 0;1; : : : ;n�1): (11)

WhenFt � I, the variance of et is equal to cλ t if and only if

ς2
t +x�t (ΣΣΣt + � � �+ΣΣΣn�1)xt = cλ t (t = 0;1; : : : ;n�1) (12)

for some c> 0.

Remark 3.The conditions (11) and (12) are satisfied by the assumptionsin Proposition 1. This explains,

from a different standpoint, why RLS coincides with KF underthese assumptions.

Remark 4.WhenΣΣΣt 6= 0, theet can still satisfy (4) if (11) is true and ifς2
t = cλ t . Under these assumptions

RLS is also optimal. This result is not easily seen by comparing the RLS and KF recursions.

As a simple example, consider a random-walk SSM whereFt � I, ΣΣΣt � ρς2
0I, ς2

t � ς2
0 , andx�t xt � 1.

In this model, the variance of observation noise is constant, as commonly assumed in many applications,

rather than exponential. Therefore, the necessity of nonconstant weighting in (1) can only be justified from

the time-varying property of the functional relationship betweenyt andxt as a result of the random-walk

coefficient. Is the exponential weighting in (1) optimal or nearly optimal?

This question can be answered with the help of Proposition 2,which asserts, for the given model, that

σ2
t = ς2

0 +(n� t)ρς2
0 . Clearly, σ2

t is a linear, rather than exponential, function oft, which rules out the

possibility for RLS to be optimal. However, ifλ is near unity so thatλ t�n � 1+(n� t)(1� λ ), and if

ρ = 1� λ , thenσ2
t can be approximated by the exponential functioncλ t with c := ς2

0λ�n. Moreover,λ

being close to unity impliesρ = 1�λ is near zero. Therefore, forτ > 0, the correlation coefficient

Ct+τ ;t
σt+τσt

= (n� t� τ)ρ x�t xt+τp(1+(n� t� τ)ρ)(1+(n� t)ρ) = O(ρ)
is small, meaning that theet are nearly uncorrelated. In summary, for the random-walk model, if the system-

to-observation noise ratioρ is small (henceβββ t is nearly constant), then, by taking the forgetting factor to be

λ = 1�ρ (which is near unity), the resultinget satisfy (4) approximately, and therefore the corresponding

RLS estimator is nearly optimal.

10



V. NUMERICAL EXPERIMENTS

To demonstrate the potential of the generalized RLS algorithms in Table II, let us consider a numerical

experiment, where

yt = βt +zt

represents the noisy observation of a time-varying signalβt which is a real-valued AR process of order 1

satisfying

βt = aβt�1+vt (13)

for somea2 (0;1). The observation noisefztg and the system noisefvtg are independent Gaussian white

noise processes with mean zero and variancesς2 and σ2, respectively. In the experiment,ς2 = 10�0:1
and σ2 = 1� a2, so that Var(βt) = 1 and hence the SNR, defined as Var(βt)=ς2, is equal to 1 dB. This

model, taken from [18], simulates the baseband form of the received (stationary) narrowband signal in a

communications environment. It was also employed in [19] ina comparative study of adaptive algorithms.

The problem is to estimateβt (regarded as a time-varying parameter) on the basis offyt ;yt�1; : : : ;y0g.
Fig. 1 shows a portion of a random realization of the signal and its estimates by different methods

(all recursions begin withµµµ = 0, P0 = 1, andQ0 = 1). Sincefytg and fβtg are Gaussian and satisfy

the SSM (5)–(6), withxt � 1, Ft = a, ΣΣΣt � σ2, andς2
t � ς2, the KF estimatesβtjt are optimal. In this

one-dimensional case, KF coincides with RLS-3 that employsthe true parametersλ = 1, ρ = σ2=ς2, and

α = a; RLS is simply the exponentially weighted moving average (EWMA) of fytg, i.e., c�1
t ∑t

s=0λ t�sys,

wherect := ∑t
s=0λ t�s+λ t+1. As can be seen from Fig. 1, both RLS-2 and RLS-3 provide better tracking

performance than RLS, as measured by the root mean-square error (RMSE) calculated over the entire data

record of length 100. RLS, as expected, is only able to followthe slow trend in the data rather than the

more rapid fluctuations. Of course, RLS-2 and RLS-3 are stillsuboptimal and inferior to KF because they

do not use the complete information of the true SSM. Note thatthe tracking performance of RLS is notably

improved by the introduction ofρ , but it is not further improved by the additional parameterα in this

particular example, even thoughα takes the true valuea of the SSM (as does KF).

A more comprehensive comparison of the methods is shown in Table III, where the RMSE is calculated

on the basis of 5,000 independent runs offytg, each being of length 100. Different values ofa are employed

to investigate the tracking performance under different rates of fluctuation of the signalβt (smalla for rapid

11
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TRUE

Figure 1:Comparison of tracking performance for the lowpass signal in (13): solid line, RLS (λ = 0:9); dashed line,

RLS-2 (λ = 0:9, ρ = 0:1); long-dashed line, RLS-3 (λ = 0:9, ρ = 0:1, α = a= 0:5); dot-dashed line, KF (same as

RLS-3 withλ = 1, ρ = σ2=ς2 = 0:94, α = a= 0:5). The dotted line is the actual signal, and the dots represent the

noisy observations. The SNR is equal to 1 dB.

fluctuation and largea for slow fluctuation). In all cases, the tuning parameters are: λ = 0:9 for RLS;

λ = 0:9 andρ = 0:1 for RLS-2;λ = 1 andρ = 0:1 for RLS-2b;λ = 0:9, ρ = 0:1, andα = a for RLS-3;

λ = 1, ρ = 0:1, andα = a for RLS-3b.

As can be seen, the RLS estimates in this experiment only achieves 50% efficiency of the KF estimates,

as measured by the RMSE ratioη(RLS) := RMSE(KF)/RMSE(RLS)� 100%. With the additional pa-

rameters, especially withρ , the RLS-2 and RLS-3 estimates are more efficient: fora = 0:2, 0.5, and 0.8,

η(RLS-2) = 65%, 72%, 84%, respectively, andη(RLS-3) = 54%, 58%, 75%, respectively. Note that in

all these cases the tuning parameters of RLS-2 and RLS-3 are chosen rather arbitrarily just to demonstrate

the potential benefit of these parameters in improving the tracking performance of RLS. Fine tuning these

parameter may result in further improvement.

Moreover, by comparing the RMSE of RLS-2 and RLS-3 with the RMSE of RLS-2b and RLS-3b,

12



TABLE III

RMSEFOR LOWPASSSIGNAL (13)

a RLS RLS-2 RLS-2b RLS-3 RLS-3b KF

0.2 0.86 0.66 0.70 0.80 0.82 0.43

0.5 0.80 0.57 0.60 0.71 0.74 0.41

0.8 0.63 0.39 0.42 0.44 0.48 0.33

respectively, we find that although KF requiresλ = 1, the exponential weighting withλ < 1 in the gener-

alized RLS algorithms is necessary when the complete information about the SSM is not available for the

application of KF. This result justifies the algorithms in Table II as worthy alternatives to KF for estimat-

ing time-varying parameters, even if the SSM assumption is satisfied and the observation noise variance is

nonexponential.

Finally, let us consider a nonlinear problem of tracking theamplitude and phase of a sinusoid in noise.

This is a more general model than that discussed in [13] for simulating a mobile communications environ-

ment that suffers from not only the Doppler shift (due to the relative motion between the transmitter and the

receiver) but also random channel fading. In this example,

yt = (A+at)sinφt +zt ; (14)

whereat is the amplitude fluctuation around the average value ofA andφt is the time-varying phase of the

sinusoid. Assume thatfatg is a Gaussian AR(1) process with AR coefficienta 2 (0;1) and input noise

varianceσ2
1 . Assume further thatfφtg satisfies the second-order difference equation

φt �2φt�1+φt�2 = εt ;
wherefεtg � WN(0;σ2

2 ) is Gaussian and independent offatg. Note that ifφt is a pure quadratic function

φt = φ0+ωct+ 1
2ψt2, thenφt�2φt�1+φt�2 = ψ for all t. Therefore, the signal in (14) is a randomly chirped

sinusoid with time-varying amplitudeA+at and instantaneous chirp rateεt . The problem is to estimate the

time-varying parametersat and φt on the basis offyt ;yt�1; : : : ;y0g. Note that the ERLS-2 algorithm in

[13] is not directly applicable to this problem because it assumes zero amplitude fluctuation and purely

deterministic quadratic phase.

An equivalent (nonlinear) SSM for this problem is

βββ t+1 = Ft βββ t + vt ; yt = h(βββ t ;xt )+zt ;
13



TABLE IV

RMSEFOR CHIRPED SINUSOID (14)

Amplitude Estimation Phase Estimation

Method Min Q1 Median Mean Q3 Max Min Q1 Median Mean Q3 Max

RLS 0.63 3.08 4.19 3.99 5.09 7.57 0.09 0.71 1.00 0.97 1.28 1.76

RLS-2 0.57 0.93 1.13 1.18 1.37 2.72 0.05 0.19 0.41 0.46 0.71 1.27

RLS-3 0.56 0.81 0.90 0.93 1.03 1.56 0.10 0.21 0.36 0.44 0.63 1.22

KF 0.42 0.65 0.76 0.79 0.89 1.60 0.09 0.16 0.22 0.26 0.31 1.06

whereβββ t := [at ;φt ;φt�1℄T ,

Ft � F := 266664 a 0 0

0 2 �1

0 1 0

377775 ;
ΣΣΣt � ΣΣΣ := diag(σ2

1 ;σ2
2 ;0), h(βββ t ;xt) := (A+at)sinφt , andxt � 1. Because of the nonlinearity, one has to

employ the so-calledextendedKalman filter (e.g., [8, p. 195]), which takes the same form asthe ordinary

KF in Table I, except thatxt in the first two equations should be replaced by

ht := ∂h(βββ ;x)
∂βββ

����(βββ ;x)=(βββ tjt�1;xt )
and thatβββ �

tjt�1xt in the fourth equation should be replaced byh(βββ tjt�1;xt). For the problem in (14),

ht = [sinφtjt�1;(A+atjt�1)cosφtjt�1;0℄T :
Owing to the RLS-KF correspondence, the same method can be easily applied to the other algorithms in

Tables I and II to obtain extended RLS algorithms for the nonlinear problem.

Fig. 2 and Table IV contain the results from a simulation study of these algorithms. Given each algo-

rithm, RMSE is calculated for each of 1,000 realizations offytg in (14), each realization being of length

100. (To avoid ambiguity, realizations withφt =2 (�π;π) for somet are rejected and excluded from the

total count.) The RMSEs for trackingat andφt are shown separately. The parameters employed to gen-

eratefytg are: A = 4, a = 0:85, σ2
1 = 1�a2 (so σ2

0 := Var(at ) = 1), σ2
2 = 4�10�6, φ�1 � N(ξ ;σ2

2) and

φ�2 � N(2ξ ;σ2
2 ) with ξ = �0:022, ς2 = 0:07225 so the SNR, defined as1

2(A2+σ2
0)=ς2, is equal to 15

dB. The tuning parameters of the algorithms are:λ = 0:99 for (extended) RLS;λ = 0:99 andρ = 0:1
14
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Figure 2: Comparison of tracking performance for the chirped sinusoid in (14). (a) Boxplot of RMSE for tracking

the amplitude fluctuation. (b) Boxplot of RMSE for tracking the phase. Results are based on 1,000 independent

realizations of length 100. In a boxplot, the box contains the middle 50% of the sorted data with the middle bar

representing the median; the whiskers extend to the most extreme data point which is no more than 1.5 times the

interquartile range (i.e., the length of the box) from the box.

for (extended) RLS-2;λ = 0:99, ρ = 0:3, andα = 0:8 for (extended) RLS-3. The (extended) KF em-

ploys the exact model parametersF, ΣΣΣ, andς2. The initial values for all recursions areµµµ = [0;0;ξ ℄T and

P0 = diag(0;6σ2
2 ;σ2

2 ). Note that unlike the previous example, RLS-3 (and certainly RLS-2) does not be-

come KF for this problem with any choice of the tuning parameters because of the inherent simplifications

in RLS-3 (e.g., RLS-3 assumesF = αI but the actualF employed in KF does not have this form for any

choice ofα).

As can be seen, both RLS-2 and RLS-3 achieve a better trackingperformance than RLS, thanks to the

additional tuning parametersρ and α . RLS fails completely in this case, giving essentially zerophase

estimates and exploded amplitude estimates, as shown in Fig. 3, which cannot be improved by varyingλ .

As in the previous example, the parameters in RLS-2 and RLS-3are not fine tuned to achieve the best

performance, but the results are sufficient to demonstrate the main point: the generalized (and extended)

RLS algorithms such as those in Table II should be consideredas useful alternatives to KF in situations
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where KF is not optimal or not implementable because of incomplete knowledge of the SSM parameters.

VI. CONCLUDING REMARKS

In this article, a straightforward correspondence betweenRLS and KF has been identified that offers a unified

development of several algorithms which generalize and extend the ordinary RLS. Since RLS inherently

assumes a time-invariant functional relationship betweenthe reference and explanatory signals observed

with an measurement error that has exponentially time-varying variance, the tracking capability, or the lack

of it, of RLS for time-varying parameters can only be explained by regarding the variability of the parameters

as the time-varying measurement error which is not necessarily white noise with exponential variance but

can become such exactly or approximately under suitable conditions.

Two numerical examples have demonstrated that with a few additional tuning parameters the general-

ized/extended RLS, easily derived from the RLS-KF correspondence, can achieve better tracking results

than the ordinary RLS, but require less prior information than KF about the underlying system that governs

the dynamics of the parameters under estimation.

Although the KF theory can be translated into the RLS language by the RLS-KF correspondence under

the SSM assumption, the numerical and tracking properties of the generalized RLS algorithms such those

in Table II need to be better understood analytically under more general assumptions about the time-varying

parameters in order to further justify them as stand-alone adaptive algorithms for tracking these parameters.

This subject seems worthwhile for future research.

APPENDIX: PROOF OFPROPOSITION2

It is easy to see from (10) thatE(et) = E(zt)�∑n�1
s=t E(v�s)G�

st xt = 0, which, combined with (9), leads to

E(y�t ) = x�t Hntµµµn. Therefore, it follows from (2) and (8) that

E(θθθn) =ΦΦΦ�1
n

� n

∑
t=0

λ n�txt x�t Hntµµµn+λ nP�1
0 µµµ

�:
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Clearly, E(θθθ n) 6= µµµn in general, butE(θθθn) = µµµn if Hnt � I andµµµ = µµµn, or if µµµ = µµµn = 0. Moreover, it

follows from (10) that for anyτ � 0,Ct+τ ;t can be expressed as

ς2
t δτ + n�1

∑
s=t+τ ;s0=t

E(v�s Gs;t+τ xt+τ x�t G�
s;t vs0) =

ς2
t δτ + n�1

∑
s=t+τ ;s0=t

tr[Gs;t+τ xt+τ x�t G�
s0;t E(vs0v�s)℄:

The first part of the assertion follows from the fact thatE(vs0v�s) = δs�s0ΣΣΣs. The proof is complete upon

noting that withFt � I we haveCt+τ ;t = ς2
t δτ +x�t (ΣΣΣt+τ + � � �+ΣΣΣn�1)xt+τ .
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Figure 3:Comparison of tracking performance for (a) the phaseφt and (b) the amplitudeat of a 100-point realization

of the chirped sinusoid in (14). Parameters are the same as those for Fig. 2 and Table IV.
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