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Abstract

Reasoning in descriptive logic (DL) ontologies is
known to be intractable in the worst-case. This
poses a serious problem for the use of DL-based
ontologies such as OWL, because in practice,
most ontologies have numerous assertions about
individuals in the Abox. We propose a technique
to make reasoning scalable for very large Aboxes
in secondary storage. The technique operates
by producing a dramatically reduced summary
Abox for the original Abox. Reasoning on the
original Abox is reduced in most cases to reason-
ing on this reduced summary Abox. We show that
our techniques scale to consistency detection on
ontologies with 6.5 million role assertions.

Keywords: Semantic web ontologies

1 Introduction

Description Logic (DL) provides the theoretical foun-
dation for semantic web ontologies (OWL). A DL ontol-
ogy can be divided conceptually into three components: the
Tbox, the Rbox and the Abox. The Tbox contains assertions
about concepts such as subsumption (Man ⊑ Person)
and equivalence (Man ≡ MaleHuman). The Rbox con-
tains assertions about roles and role hierarchies (hasSon ⊑
hasChild). The Abox contains role assertions between in-
dividuals (hasChild(John,Mary)) and membership as-
sertions (John :Man).

All common reasoning tasks in expressive DL ontolo-
gies, such as query answering [11], reduce to consistency
detection. As an example, a standard approach to testing if
John is a member of the conceptMan requires testing if the
addition of the assertion (John : ¬Man) makes the Abox

inconsistent using the tableau algorithm [1]. A challenge is
that consistency detection in expressive DL is well known
to be intractable in the worst-case [3]. Given that the size of
an Abox may be in the order of millions of assertions, this
complexity poses a serious problem for the practical use of
DL ontologies. Furthermore, large Aboxes often reside in
transactional databases, and are prone to frequent changes.
Although highly optimized tableau algorithms exist for con-
sistency detection in DL, they cannot be easily adapted to
large Aboxes in secondary storage, especially for frequently
changing Aboxes. One approach that has been applied to
reasoning on Aboxes in secondary storage is to convert DL
to disjunctive datalog, and use deductive databases to rea-
son over the Abox [16].

We propose an alternative technique that operates on
Aboxes stored in traditional relational database systems.
Our technique exploits a key observation about real world
Aboxes, namely, similar individuals are related to other in-
dividuals in similar ways (e.g. fathers and mothers are re-
lated to each other by thehasSpouse role, and are related
to their children by thehasChild role). Specifically, our
technique builds a summary AboxA′ of the original Abox
A, by aggregating similar individuals and assertions. The
advantages of our summary AboxA′ are: (a)A′ is dra-
matically smaller thanA; (b) Reasoning onA′ isolates a
small relevant portion ofA needed to obtain the correct an-
swer; (c)A′ can be computed efficiently using straightfor-
ward relational database queries; (d)A′ can be maintained
as changes occur toA, and is thus resilient to change; (e)
A′ only needs to be computed once, and can be reused for
answering subsequent queries.

To isolate relevant portions ofA for a specific reasoning
task, we introduce efficient filtering techniques that oper-
ate onA′. In this paper, we demonstrate the utility of such
filtering techniques for the task of Abox consistency detec-
tion, although the approach can be generalized to query an-
swering. Our filtering techniques are based on the conser-
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vative assumption that any individual in the Abox may be
inferred to be a member of any concept in the closure of
the Abox, i.e., thecomplete reachability assumption. Infor-
mally, the closure of the Abox is the set of concepts, and
their sub-expressions that may be present in the Abox. (To
generalize this to query answering, the closure would in-
clude the negated concept in the query.) With this assump-
tion, we show that in practice, we can filter a large num-
ber of role assertions in the summary Abox, because they
are in effectirrelevant for consistency detection. The ef-
fect of such filtering is to produce multiple partitions in the
summary Abox, where most partitions consist of a single
individual in practice. Consistency check for these parti-
tions reduces to a concept satisfiability test, which can be
performed using any existing reasoner. For partitions ofA′

with multiple individuals, we perform a consistency check
of the partition. If the partition is consistent, then the im-
age inA that corresponds to the partition is also consis-
tent, which means that the consistency check for the original
Abox is reduced to a check on the summary. If the partition
is inconsistent, this inconsistency could arise either dueto
the summarization technique, or due a real inconsistency in
the original Abox. We retrieve the image inA of the incon-
sistent partition, and compute a consistency check on this
image.

Our techniques proved very effective on the 4 large
Aboxes that we studied: a vast majority of partitions (95%)
had just one individual, and were therefore reduced to con-
cept satisfiability checks. Only one of the 4 ontologies we
studied required us to check the image of the the partition in
the original Abox. Even in this case, our consistency check
had to be performed on 4045 individuals and 2942 role as-
sertions instead of the 1,106,858 individuals and 6,494,950
assertions in the entire Abox.

Our key contributions in this paper are as follows: (a)
We present a technique to summarize an Abox in secondary
storage into a smallerA′. (b) We describe the use of filter-
ing techniques to construct a dramatically reduced version
of A′. This filtering produces many partitions, which are
then exploited in scaling the consistency check. The filter-
ing techniques we describe works for SHIN Aboxes (SHIN
is a DL language that is described in the Background). (c)
We show the application of these techniques to 4 ontologies
(the largest of which had 6.5 million assertions), where we
show dramatic reductions in space and time requirements
for consistency checking.

1.1 Background

The techniques we apply in this paper assume ontologies
of SHIN expressiveness. In this section, we briefly intro-
duce the semantics of SHIN, which is equivalent to OWL-
DL (http://www.w3.org/2001/sw/WebOnt) minus nominals

Table 1. SHIN Description Logic
Definitions Semantics
C ⊓ D CI ∩ DI

C ⊔ D CI ∪ DI

¬C ∆I\CI

∃R.C {x|∃y. < x, y >∈ RI , y ∈ CI}

∀R.C {x|∀y. < x, y >∈ RI ⇒ y ∈ CI}

≤ nR {x| |{< x, y >∈ RI}| ≤ n}

≥ nR {x| |{< x, y >∈ RI}| ≥ n}

R− {< x, y > | < y, x >∈ RI}

Axioms Satisfiability conditions
Trans(R) (RI)+ = RI

R ⊑ P < x, y >∈ RI ⇒< x, y >∈ P I

C ⊑ D CI ⊆ DI

a : C aI ∈ CI

R(a, b) < aI , bI >∈ RI

a ˙6=b aI 6= bI

and datatype reasoning, as shown in Table 1 (We assume
the reader is familiar with Description Logics). In the defi-
nition of the semantics of SHIN,I= (∆I , .I) refers to an
interpretation where∆I is a non-empty set (the domain of
the interpretation), and.I , the interpretation function, maps
every atomic conceptC to a setCI ⊆ ∆I , every atomic
role R to a binary relationRI ⊆ ∆IX∆I , and every indi-
viduala toaI ∈ ∆I . Trans(R) in the table refers to a transi-
tive role R. An RBoxR is a finite set of transitivity axioms
of the form Trans(R) and role inclusion axioms of the form
R ⊑ P whereR andP are roles.⊑∗ denotes the reflexive
transitive closure of the⊑ relation on roles. A TboxT is a
set of concept inclusion axioms of the formC ⊑ D where
C andD are concept expressions. Finally, an AboxA is a
set of axioms of the forma : C (a is a member of the con-
ceptC), R(a, b) (there is aR relationship betweena andb)
anda ˙6=b (a is different fromb).

An interpretationI is a model of an AboxA w.r.t. a
TboxT and a RboxR iff it satisfies all the axioms inA, R,
andT (The necessary and sufficient conditions for satisfia-
bility of axioms are given in Table 1). An AboxA is said
to be consistent w.r.t. a TboxT and a RboxR iff there is a
model ofA w.r.t. T andR. If there is no ambiguity from
the context, we simply say thatA is consistent.

A standard technique for checking the consistency of a
SHIN AboxA is to use a tableau algorithm [10], which ex-
ecutes a set of non-deterministic expansion rules to satisfy
constraints inA until either no rule is applicable or an ob-
vious inconsistency, a clash, is detected. These expansion
rules are discussed in a later section.



2 Summary Abox

Intuitively, the Abox contains many redundant assertions
from the point of view of consistency checking that can be
collapsed to create a reducedsummary Abox. The summary
Abox captures this redundancy by collapsing across indi-
viduals that are members of the same concepts as shown in
Figures 1 and 2 below. As shown in Figure 2, a single node
a representsa1 anda2 because they are both members of
A, and they are not explicitly asserted to be different from
each other (similarly forb andd). Any explicit assertions
that two individuals are different from each other (c1 and
c2) are maintained in the summary Abox. Reasoning over
such a summary corresponds to reasoning over the original
Abox, as shown formally below.

Figure 1. Original Abox

Figure 2. Canonical Summary Abox

Definition 1: A summary Abox is an AboxA′ that is gen-
erated from any SHIN AboxA using a mapping functionf
that satisfies the following constraints:

(1) if a :C ∈ A thenf(a) :C ∈ A′

(2) if R(a, b) ∈ A thenR(f(a), f(b)) ∈ A′

(3) if a ˙6=b ∈ A thenf(a) ˙6=f(b) ∈ A′

Theorem 2: If the summary AboxA′ obtained by applying
the mapping functionf to A is consistent w.r.t. a TboxT
and a RboxR, thenA is consistent w.r.t.T andR.
However, the converse of Theorem 2 does not hold.
Proof: Let us assume thatA′ is consistent w.r.t.T andR.
Therefore there is a modelI ′ = (∆I′

, .I
′

) of A′ w.r.t. T

andR. A model ofA can easily be built fromI ′ by in-
terpreting an individuala in A in the same way asf(a) is
interpreted byI ′. Formally, letI = (∆I , .I) be the in-
terpretation of theA w.r.t. T andR defined as follows:
∆I = ∆I′

; for a conceptC ∈ T , CI = CI′

; for a roleR

in R, RI = RI′

; for an individuala in A, aI = f(a)
I′

.
I is a model ofA w.r.t. T andR as a direct consequence

of the fact thatI ′ is a model ofA′ andA′ satisfies the 3
conditions stated in definition 1. The first 3 types of axioms
in Table 1 are obviously satisfied byI because there are
satisfied byI ′. Now, let us assume thata : C ∈ A, then,
by definition ofA′, f(a) : C ∈ A′. SinceI ′ is a model

of A′, f(a)
I′

∈ CI′

, which, by definition ofI, implies
that aI ∈ CI . This establishes that axioms of the forms
a : C ∈ A are satisfied byI. Likewise,I satisfies the last
two types of axioms presented in Table 1.

LetL be a mapping from each individual inA to a set of
concepts, such thata : C ∈ A iff C ∈ L(a). We callL(a)
theconcept set of a. In practice, we use acanonical func-
tion f to create a summary Abox, which maps non-distinct
individuals that have identical concept sets to the same indi-
vidual inA′. More formally, the canonical summary Abox
has the following additional properties:

(4) if f(a) :C ∈ A′ thena :C ∈ A

(5) if R(a′, b′) ∈ A′ then there area andb in A such that
a′ = f(a), b′ = f(b) andR(a, b) ∈ A.

(6) if for any individualx ∈ A, a ˙6=x /∈ A, b ˙6=x /∈ A, and
L(a) = L(b), thenf(a) = f(b).

(7) if f(a) ˙6=f(b) ∈ A′ thena ˙6=b ∈ A, anda is the only
individual inA mapped tof (a) (similarly forb).

If a summary AboxA′ is not consistent, either there is
a real inconsistency inA or the process of collapsing indi-
viduals to createA′ caused an artificial inconsistency. In
section 3.4, we explain how filtering and partitioning tech-
niques applied to the summary can provide a scalable con-
sistency check of the original Abox even when its summary
is not consistent. Note that the summary graph can be com-
puted efficiently from a relational database. Furthermore,it
only needs to be computed once, since it can be maintained
incrementally with changes to the Abox.

3 Abox Filtering

We perform filtering on the canonical summary Abox de-
scribed in Section 2, but for the purpose of exposition, we
describe filtering techniques on the original Abox first1. Our
filtering technique assumes that the TboxT is transformed,

1If the goal is solely to check consistency, then we could apply filtering
directly to the original Abox.



through splitting and absorption [12], into two disjoint sets
Tu andTg such thatTu, the unfoldable part ofT , only con-
tains axioms of the formA ⊑ D and¬A ⊑ D, whereA is
an atomic concept.Tg contains general concept inclusions
(GCIs) of the formC ⊑ D that could not be absorbed inTu

(where C is a complex concept).
We assume that for an AboxA, an RboxR, and a Tbox

T = Tu ∪ Tg, all concepts appearing inT andA are in
the negation normal form (NNF). For a concept expression
C in NNF, clos(C, T ,R) is the smallest setX containing
C, closed under concept sub-expression, such that, for an
atomic conceptA, (1) if A ∈ X andA ⊑ D ∈ Tu, then
D ∈ X, (2) if ¬A ∈ X and¬A ⊑ D ∈ Tu, thenD ∈ X,
and (3) if∀P.C ∈ X and there is a roleR with R ⊑∗ P
and Trans(R), then ∀R.C ∈ X. Formally, we define
the closure ofA w.r.t. T andR, denotedclos(A, T ,R),
as

⋃

a:C∈A clos(C, T ,R) ∪
⋃

C⊑D∈Tg
clos(NNF (¬C) ⊔

D, T ,R). When there is no ambiguity, we useclos(A) in-
stead ofclos(A, T ,R).

3.1 Motivation

To provide an intuition for our criteria for filtering role
assertions, we first describe a set of tableau expansion rules,
which correspond to a subset of expansion rules defined in
[10]. These rules are simplified for explication purposes
(e.g. blocking is not considered and the details of merging
are not provided).

We assume thata andb are named individuals inA, x is
an unnamed individual,C is a concept inclos(A), andR
is a role. Named individuals are inA before applying any
expansion rules, while unnamed individuals are introduced
as a result of expansion rules. An individualb is defined to
be anR-neighbor ofa iff there is an assertionQ(a, b) or
Q−(b, a) in A whereQ ⊑∗ R.

∀-rule: a : (∀R.C) ∈ A, b is anR-neighbor ofa, andb :C /∈ A⇒
addb :C toA.

≤-rule: a : (≤ nR) ∈ A and, for1 ≤ i ≤ m, m > n, bi is an
R-neighbor ofa, and for two of thesebk andbj the assertion
bk

˙6=bj is not inA⇒

(i) Merge (identify)bj with bk (the precise rules to deter-
mine which ofbj or bk is selected is detailed in [10].)

(ii) add the assertions inL(bj) toL(bk)

(iii) for every role assertion withbj , replacebj with bk. In
effect, this step adds new role assertions to theA.

∃-rule: a : (∃R.C) ∈ A and for allR-neighborsb of a, b :C /∈ A⇒
addR(a, x) andx :C toA.

≥-rule: a : (≥ nR) ∈ A anda does not haven distinctR-neighbors
⇒ add R(a, xi) to A, 1 ≤ i ≤ n where thexi are new
distinct unnamed individuals.

∀+-rule: a :∀R.C ∈ A, P ⊑∗ R is transitive,b is aP -neighbor ofa,
andb : (∀P.C) /∈ A ⇒ addb : (∀P.C) toA.

We make the key observation that role assertions of the
form R(a, b) may affect the outcome of an execution of the
tableau algorithm only if one of the following two condi-
tions holds:

1. They can be used to trigger the application of tableau
rules that alter the Abox. As an example of such al-
teration, a role assertion can be used to add new mem-
bership assertions about named individuals (e.g., a new
conceptC can be propagated tob’s concept set through
a role assertionR(a, b) by the application of the∀ rule
ona if a : (∀R.C) ∈ A, andb is anR-neighbor ofa).

2. They can be involved in clash detection due to a vi-
olation of a maximum cardinality restriction. As an
example, ifa : (≤ nR) is in the Abox andb is one of
n + 1 mutually distinct R-neighbors ofa, thenR(a, b)
is important for clash detection.

These conditions canonly be brought about by either the
application of the∀, ≤, and∀+-rules or the presence of a
maximum cardinality constraint. In contrast, the∃-rule and
≥-rule do not use existing role assertionsR(a, b); instead,
they result in the creation of new role assertions and new
unnamed individuals for satisfying the∃R.C and≥ nR
constraints.

3.2 Criteria for Filtering Role Assertions

Our filtering criteria guarantee that the absence of a role
assertion will not affect the outcome of any execution of the
non-deterministic tableau algorithm. Our goal is to define
criteria which are efficient to evaluate using simple queries
against relational databases, while balancing the tradeoff
between filtering precision and cost. For instance, by as-
suming any concept in theclos(A) can reach the concept
set of any node in the Abox during any execution of the
tableau algorithm, we avoid tableau operations which are
expensive in relational databases. We will say that a roleR
is part of a universal restriction ∀P.C iff R ⊑∗ P . (Simi-
larly for maximum cardinality restriction).

To filter a role assertionR(a, b), A must satisfy either 1)
or both 2) and 3):
1) Absence of universal and maximum cardinality re-
strictions: We make the simple observation that if a role
R and its inverseR− are not part of any universal or maxi-
mum cardinality restrictions, thenR(a, b) can never be used
to alter the Abox or detect a clash, so it can be ignored.
2) Absence of universal rules triggering:Even ifR is part
of a universal restriction, it may never trigger the applica-
tion of the universal rules (∀+,∀). We define the conditions
under which we can guarantee that the universal rules will
never be triggered as follows. IfR (resp. R−) is part of a



universal restriction∀P.C in clos(A), thenR(a, b) is irrel-
evant with respect to ∀P.C if b : C ∈ A (resp.a : C ∈ A)
andR (resp.R−) has no transitive superroles.

To satisfy the filtering condition,R(a, b) must be ir-
relevant with respect to all universal restrictions∀P.C in
clos(A), whereR or R− is part of∀P.C.
3) Absence of maximum cardinality restrictions trigger-
ing: For the≤-rule to be triggered, there needs to be a
violation of a maximum cardinality constrainta :≤ nP ,
where the individuala has more thann P -neighbors, which
then causes a merger between individuals. We introduce
a technique to conservatively estimate an upper bound on
P -neighbors, such that at any step of any possible execu-
tion of tableau algorithm, the number ofP -neighbors ofa
is less than or equal to this upper bound. IfR (resp.R−) is
part of a maximum cardinality restriction≤ nP in clos(A),
thenR(a, b) is irrelevant with respect to ≤ nP if the upper
bound on the number ofP -neighbors ofa (resp. b) is less
thann. Note that this also guarantees that no clash can oc-
cur from the presence of the role assertion.

To satisfy the filtering condition,R(a, b) must be irrel-
evant with respect to all maximum cardinality restrictions
≤ nP in clos(A), whereR or R− is part of≤ nP .
Upper bound on the number of P -neighbors. Unfortu-
nately, in expressive logics such as SHIN, computing an
upper bound does not simply involve counting the number
of explicit P -neighbors ofa that are present in theA. Fig-
ure 3 shows examples of the three ways that an individual
a can acquire a newP -neighbor during the execution of the
tableau algorithm:

3(A) Individual a acquires a newP -neighborx, wherex is
an unnamed individual, to satisfy∃P.C in a’s concept
set.

3(B) Individuala is merged with a named individuald and
acquires a newP -neighbor in order to satisfy a maxi-
mum cardinality restrictionc :≤ nQ.

3(C) Individuala is merged with an unnamed individualx
and acquires a newP -neighborc, wherec is either a
named or unnamed individual. This occurs in this ex-
ample because of two conditions: (i) there is a roleS−

that isattracted to P− because a common super role
Q is part of a maximum cardinality restriction and (ii)
a role generator of the form∃T.B or ≥ mT is in the
concept set ofc, whereT ⊑∗ P−.

Accounting forP -neighbors acquired through situations
like 3(B) and 3(C) is not obvious. Therefore we define suffi-
cient conditions under which these situations cannot occur,
so that an upper bound ofa′s P -neighbors can be computed
safely and efficiently. If any of these conditions are violated,
then a merger ofa may result in an increase of its number
of P -neighbors, and hence we do not filterR(a, b):

Figure 3. Acquisition of P -neighbors

(C1) P is safe in A.

Intuitively, the notion of safety ensures that a merger of
a named individuala with an unnamed individualx that
would increase the number ofP -neighbors ofa, as il-
lustrated in 3(C), cannot occur. IfP is safe, then either
condition (i) or (ii) in 3(C) must be false. More gener-
ally, for a given roleP , we say thatT belongs to the set
attractant(P ) iff there is a roleQ such thatP ⊑∗ Q,
T ⊑∗ Q, and≤ nQ ∈ clos(A). A role P is safe if one
of the two conditions hold: (a)attractant(P ) ⊆ {P} and
attractant(P−) ⊆ {P−} (b) For all subrolesQ of P or
P− there are noQ-generators (i.e.≥ mQ or ∃Q.C) in
clos(A).

(C2) For any roleQ, if a is a Q-neighbor of some named
individual c then there is no concept of the form(≤
nQ) in clos(A).

(C3) For any roleS, if some named individualc is a S-
neighbor ofa and≤ nS is in clos(A), thenS is safe
in A.

Conditions (C2) and (C3) ensure that a merger ofa and a
named individual as illustrated in 3(B) is impossible. (C2)
by itself is not sufficient because, even ifQ is not part of a
maximum cardinality restriction,Q− may have an attractant
T−, where∃T−B is in the concept set ofa. As described in
3(C), these conditions can cause a merger betweenc and an
unnamed individualx, so thata becomes aT -neighbor of
c. If T is part of a maximum cardinality restriction,a itself
may become mergable. Condition (C3) prevents mergers
betweenc and unnamed individuals, thus preventinga from
becoming mergable.

If a andP satisfy (C1), (C2) and (C3), an upper bound
on the number ofP -neighbors can be computed using the
following formula:

|P (a)| + |Some(P, a)| +
∑

≥mP∈Min(P,a)

m

where before the application of any tableau rules,



• |P (a)| denotes the number ofP -neighbors ofa

• Some(P, a) = {∃P.C ∈ clos(A) | there is noP -
neighbord of a such thatd : C ∈ A }

• Min(P, a) = {≥ mP ∈ clos(A) | there are no individ-
ualsdi such that, for1 ≤ i ≤ m , di is aP -neighbors
of a, and ifj 6= k, thendk

˙6=dj ∈ A }

Intuitively, the upper bound is the sum of the explicitP -
neighbors ofa before the application of tableau rules, plus
the maximum number of unnamed individuals that can be
generated by the application of the∃- and≥- rules, exclud-
ing any existential or minimum cardinality restrictions that
are already satisfied prior to the application of tableau rules.

3.3 Correctness of filtering criteria

Since some of the notions introduced in the previous
section are defined in the context of the tableau algorithm,
we first briefly present some important concepts related to
this algorithm that are used throughout this section. As
described in [10], the tableau algorithm operates on com-
pletion forestF = (G,L, ˙6=, =̇) where G is graph;L is a
mapping from a nodex in F to a set of concepts,L(x), in
clos(A), and from an edge< x, y > in F to a set of roles,
L(< x, y >), in R; =̇ is an equivalence relation on nodes
of G; and ˙6= is the binary relationdistinct from on nodes of
G. To check the consistency of an ABoxA, the completion
forest is initialized as follows. There is a nodea in G iff
there is an individuala in A. < x, y > is an edge inG with
R ∈ L(< x, y >) iff R(x, y) ∈ A. Forx andy in G, x ˙6=y
iff x ˙6=y ∈ A. Initially, there are nox andy in G such that
x=̇y. A root nodea is a node present in the initial comple-
tion forest (it corresponds to the named individual with the
same name inA).

Next, we show that conditions (C1), (C2) and (C3) in
Section 3.2 are sufficient to rule out mergers which can in-
crease the number ofP -neighbors as shown in Figure 3(B)
and (C). Lemma 3 below is an important step towards this
goal.
Lemma 3: Let P be a role that is safe inA. At any step of
any execution of the tableau algorithm onA, the following
holds: if there is an unnamed nodex such thatP or P−

is in theL(< parent(x), x >), then|L(< parent(x), x >
)| = 1, whereparent(x) denotes the parent node ofx in the
completion forest (Note that in a SHIN completion forest,
unnamed nodes are always in a tree rooted at a root node).
Proof of Lemma 3: We prove the following property by
induction: at any step k of an execution of the tableau algo-
rithm on an AboxA, if there is a unnamed nodex and a safe
roleP in A such that{P, P−} ∩Lk(< parent(x), x >) 6=
∅, then|Lk(< parent(x), x >)| = 1.

At step k = 0 (before the start of the execution), the
property is trivially satisfied since there are no unnamed

nodes. We assume that at a stepk of the execution the prop-
erty holds, and we show that it also hold at the next step
k + 1.

• Let us assume that, in order to satisfy the constraint
∃R.C ∈ L(y) on a nodey, the∃-rule is applied at step
k + 1. By definition of the∃-rule, a unnamed nodex
is created such thatL(< parent(x), x >) = {R} and
L(x) = {C}. The property is trivially satisfied at step
k + 1 because|L(< parent(x), x >)| = |{R}| = 1

• We show as we did for∃-rule, that if the≥-rule is ap-
plied at stepk + 1, the property is still satisfied.

• Let assume that, in order to satisfy the constraint≤
nR ∈ L(y) on a nodey, the≤-rule is applied, at step
k + 1, and it merges the unnamed nodez into the node
x ( x could be a root or a unnamed node andz is not an
ancestor ofy). At stepk, bothx andz areR-neighbors
of y. One of the following must have been true :

– case 1:x is not an ancestor ofy.

In this caseparent(x) = parent(z) = y. By
definition of the≤-rule,

Lk+1(< y, x >) = Lk(< y, x >)∪Lk(< y, z >
) and

Lk+1(< y, z >) = ∅.

We assume thatx is a unnamed node (otherwise,
the property is trivially satisfied at stepk + 1).

We also assume that there is a safe roleP such
that, after the merger,{P, P−}∩Lk+1(< y, x >
) 6= ∅. P cannot satisfy the following condition:
for all rolesS such that eitherS or S− is a sub
role of P , there are noS-generators inclos(A)
(Otherwise,x could never have been generated
in the first place).

So, since P is a safe role inA, it must
be such that theattractant(P ) ⊆ {P} and
attractant(P−) ⊆ {P−}.

Lk+1(< y, x >) = Lk(< y, x >) ∪ Lk(<
y, z >) implies that one of the following must
be true: (a){P, P−} ∩ Lk(< y, x >) 6= ∅, or (b)
{P, P−} ∩ Lk(< y, z >) 6= ∅

If (b) is true, by induction hypothesis, we must
have |Lk(< y, z >)| = 1, which means that
eitherLk(< y, z >) = {P} or Lk(< y, z >
) = {P−}. If Lk(< y, z >) = {P} (resp.Lk(<
y, z >) = {P−}), thenP is a sub role ofR(resp.
P− is a sub-roleR) (because, at stepk, z is aR-
neighbor ofy). By definition ofattractant(P )
and the fact that≤ nR ∈ clos(A), it follows
that{P,R} ⊆ attractant(P ) (resp.{P−, R} ⊆
attractant(P−)). Sinceattractant(P ) ⊆ {P}



and attractant(P−) ⊆ {P−}, we must have
R = P (resp.R = P−).

Therefore, at stepk, x is a P -neighbor (resp.
a P−-neighbor) ofy, which implies that there
is a a subroleQ of P (resp. P−) such that
there Q ∈ Lk(< y, x >). As explained in
the previous paragraph,Q is a subrole ofP ,
≤ nR ∈ clos(A) and attractant(P ) ⊆ {P}
(resp. attractant(P−) ⊆ {P−}) imply that
Q = P (resp. Q = P−). By induction hy-
pothesis, we must haveLk(< y, x >) = {P}
(resp. Lk(< y, x >) = {P−}). It follows that
|Lk+1(< y, x >)| = 1, which establishes the in-
duction property at stepk +1. The same result is
obtained assuming that (a) is true.

– case 2: x is an ancestor ofy. In this case,
parent(y) = x andparent(z) = y. By defin-
ition of the≤-rule,

Lk+1(< x, y >) = Lk(< x, y >) ∪ Inv(Lk(<
y, z >)) and

Lk+1(< y, z >) = ∅.

We assume thaty is a unnamed node (otherwise,
the property is trivially satisfied at stepk + 1).

We also assume that there is a safe roleP such
that, after the merger,{P, P−}∩Lk+1(< x, y >
) 6= ∅. P cannot satisfy the following condition:
for all rolesS such that eitherS or S− is a sub-
role of P , there are noS-generators inclos(A)
(otherwise,y could never have been generated in
the first place). .

So, since P is a safe role inA, it must
be such that theattractant(P ) ⊆ {P} and
attractant(P−) ⊆ {P−}. The remainder of the
proof proceeds in a similar way as case 1.

• All other rule applications do not changeL(<
parent(x), x >) for an unnamed node x.

The fact that the safety condition (C1) is sufficient to
rule out mergers illustrated in Figure 3(C) is a direct conse-
quence of Lemma 3 and the definition of safety. Obviously,
if condition (b) of the definition of safety (i.e no generators
for subroles and their inverses) holds, mergers illustrated in
Figure 3(C) are not possible. If (b) does not hold, then (a)
imposesattractant(P ) ⊆ {P} and attractant(P−) ⊆
{P−}. Assume that at a stepk + 1 of an execution of the
tableau algorithm,a is merged with an unnamed nodex to
satisfy the constraint≤ nP− ∈ L(c) where, at stepk, a
andx areP−-neighbors ofc, andparent(x) = c. Since
≤ nP− ∈ clos(A), by definition ofattractant(P−), P−

and any of its sub-roles are inattractant(P−). Because of
the constraintattractant(P−) ⊆ {P−}, it follows that the
only sub-role ofP− is itself. Therefore,P ∈ L(< a, c >)

and P− ∈ L(< c, x >), which, by Lemma 3, implies
L(< c, x >) = {P−}. Thus, after the merger,L(< a, c >)
remains unchanged. This means that a merger betweena
and an unnamed node cannot increase of the number ofP -
neighbors ofa if P is safe.

Now, we need to prove that if (C2) and (C3) are satisfied
for a named individuala, a cannot be merged with another
named individual. First, we formally define the notion of
mergeability with a named individual.
Definition 4: A named individuala in A is mergable with
named individuals in A iff there is at least one execution of
the tableau algorithm onA such that, at some step, the root
nodea is merged with another root nodeb. When there is
no ambiguity, we simply say thata is mergeable.
Theorem 5: If a named individuala in A satisfies con-
ditions (C2) and (C3), thena is not mergable with named
individuals in A.
Proof of Theorem 5: We assume thata in A satisfies the
two conditions of the theorem. We show by induction the
following using Lemma 3: at any stepk of an execution
of the tableau algorithm, (a) there is no root nodeb such
that the root nodea is P -neighbor ofb where(≤ nP ) ∈
clos(A); and (b) if there is a root nodeb that is aP -neighbor
of a where(≤ nP ) ∈ clos(A), thenP is safe inA; and (c)
the root nodea has not been merged with another root node.

Before the start of the execution, (a), (b), and (c) are ob-
viously satisfied ((a) and (b) are satisfied because (C2) and
(C3) hold). Next, we assume that (a), (b) and (c) hold at a
stepk, and we prove that they still hold at stepk + 1.

If, at stepk + 1, (c) does not hold, then at this stepa
must have been merged with a root nodec (through the ap-
plication of≤r-rule, i.e., the rule responsible for mergers
between named individuals). Therefore, by definition of the
≤r-rule, there must be a root nodeb s.t., at stepk, a andc
wereP -neighbors ofb andb : ≤ nP . This contradicts the
induction hypothesis (a), so (c) must still hold at stepk +1.

The only rules that can invalidate (a) and (b) are≤r and
≤ rules (the other rules cannot add new edges or change
labels of edges relatinga to another root node).

A ≤r-rule application at stepk + 1 that would mergea
and another root node has already been ruled out.

Because, by the induction hypothesis, (a) and (b) are sat-
isfied at stepk, an application of the≤r-rule at stepk + 1
that merges two root nodes neighbors ofa to satisfy a max-
imum cardinality constraint ina cannot make (a) or (b) un-
satisfied.

Assume that, in order to satisfy the constraint≤ nP ∈
L(b) on a root nodeb, the≤-rule is applied, at stepk + 1,
and mergesa with an unnamed nodex s.tx anda are neigh-
bors ofb. By definition of≤-rule, at stepk, x anda must
be P -neighborsb. This directly contradicts the induction
hypothesis (a).

Assume that, in order to satisfy the constraint≤ nP ∈



L(a), the≤-rule is applied, at stepk + 1, and merges a root
nodeb and an unnamed nodex both neighbors ofa . There-
fore, at stepk, b andx must beP -neighbors ofa. Since
the root nodeb is aP -neighbora and≤ nP ∈ clos(A), by
induction hypothesis (b),P is safe inA.

Since the unnamed nodex is a P -neighbor ofa, the
condition (b) of the definition of safety (i.e. no genera-
tors for sub-rolesP or their inverses) cannot be satisfied for
P . The only way forP to be safe inA is then to satisfy:
attractant(P ) ⊆ {P} and attractant(P−) ⊆ {P−}.
Since P ∈ attractant(P ) (because of the existence of
the constrainta :≤ nP ), it follows attractant(P ) =
{P}, which, as a direct consequence of the definition of
attractant(P ), implies that the only subrole ofP is P .
So, x is a P -neighbor ofa implies that, at stepk + 1,
P ∈ L(< parent(x), x >) with parent(x) = a. By
Lemma 3,L(< a, x >) = {P}. Therefore, the merger be-
tweenb andx has not changed the set of rolesQ such that
b is aQ-neighbor ofa. Thus, (a) and (b) must still hold.

No other application of≤ and≤r rules can invalidate (a)
or (b) because they do not add new edges or change labels
of edges relatinga to another root node.

Finally, the correctness of our filtering criteria relies on
the following theorem:
Theorem 6: A role assertionR(a, b) can safely be ignored
in an AboxA if it is irrelevant with respect to universal
restrictions and irrelevant with respect to maximum cardi-
nality restrictions, as defined in section 3.2.
Proof of Theorem 6: Let R(a, b) be a role assertion ir-
relevant w.r.t. maximum cardinality and universal restric-
tions in an AboxA. Let A′ be the Abox defined asA′ =
A − {R(a, b), R−(b, a)}. If A is consistent,A′ is obvi-
ously consistent. We show that ifA′ is consistent,A is also
consistent.

It would be more elegant to provide a direct model-
theoretic proof. Unfortunately, because of the presence
of maximum cardinalities with values greater than 1 and
generator concepts, we cannot easily extend any arbitrary
model ofA′ into a model ofA. For example, consider the
following knowledge base (A, R, T ),

R = {R ⊑ S}, T = ∅, andA = {R(a, b), R(c, d), a :
(≤ 2R), a : ∃R.¬A, a : ∃S.A, b : A, c : ⊤, d : A, d :
∀S−.(∃R.¬A)},

According to our criteria,R(a, b) is irrelevant w.r.t. uni-
versal restrictions and maximum cardinality restrictions.

Let I ′ = (∆I′

, .I
′

) be an interpretation ofA′ w.r.t. R
andT defined as follows:∆I′

= {s, t, u, x1}, aI′

= cI
′

=
s, bI

′

= t, dI
′

= u, RI′

= SI′

= {< s, x1 >,< s, u >},

R−I′

= S−I′

= {< x1, s >,< u, s >}, andAI′

=
{t, u}. I ′ is obviously a model ofA′ w.r.t. T andR, but
it cannot easily be extended to create a model ofA: adding
< s, t > in RI′

would result in a violation of the maximum
cardinality constrainta :≤ 2R; removing< s, x1 > from

RI′

would result in the violation of the existential restric-
tion a : ∃R.¬A; removing< s, u > from RI′

would not
result in a model ofA because< cI

′

, dI
′

> would not be in
RI′

. So it is not obvious to extendI ′ into a model ofA. In
this example, the fundamental problem is thata andc have
unnecessarily been ”merged” inI ′, which makes it harder
to satisfy existential, minimum and maximum cardinality
restrictions in an extended model ofA.

Instead of trying to extend any arbitrary model ofA′ into
a model ofA, we show that ifA′ is consistent, a model ofA
can be constructed by applying the tableau algorithm rules
in a particular way.

First, for a root nodec in the completion forestF , the
root nodeα(c) is defined as follows (informally,α(c) corre-
sponds to the node in whichc has been directly or indirectly
merged):

α(c) =







c if L(c) 6= ∅
d if L(c) = ∅, d is the unique root node inF

with L(d) 6= ∅ andd=̇c

SinceA′ is consistent, we can apply the tableau expan-
sion rules onA′ without creating a clash in such a way that:

• ∃-rule is never triggered to satisfy a constraint∃P.C ∈
L(α(a)) (resp.L(α(b))) where≤ nP ∈ clos(A), R
(resp. R−) is part of≤ nP , andb : C ∈ A (resp.
a : C ∈ A), and

• ≥-rule is never triggered to satisfy a constraint≥
nP ∈ L(α(a)) (resp. L(α(b))) where≤ nP ∈
clos(A), R (resp. R−) is part of≤ nP , and, in the
AboxA, b (resp.a) is one ofn P -neighbors ofa (resp.
P -neighbors ofb) explicitly asserted to be distinct.

Such a rule application yields a clash-free completion forest
F , and the only nodes on which expansion rules may be
applicable areα(a) andα(b) ( the only applicable rules are
∃-rule and≥-rule).

Next, we modifyF to create a completion forestF ′ by
adding toF the edge< α(a), α(b) > if it was not already
in F , and by addingR to L(< α(a), α(b) >), if it was not
already there. We show thatF ′ is complete (i.e. no rules
are applicable) and clash-free.

The fact that, inF ′, R ∈ L(< α(a), α(b) >) ensures
that the∃ and≥ rules, which may have been applicable on
α(a) or α(b) in F , are not applicable onα(a) andα(b) in
F ′. However, the same fact may now make the∀, ∀+, ≤,
and≤r rules applicable onα(a) or α(b) in F ′. We show
that this cannot be the case.

The definition of irrelevance w.r.t. universal restrictions
given in section 3.2 obviously ensures that∀ and∀+ rules
are not applicable onα(a) or α(b) in F ′. ≤, and≤r rules
are not applicable onα(a) or α(b) in F ′ as a direct conse-
quence of the following claim :



Claim: if R(a, b) is irrelevant w.r.t≤ nP ∈ clos(A) andR
(resp.R−) is part≤ nP , then the number ofP -neighbors
of a (resp. P -neighbors ofb) in F is less than or equal to
n. Furthermore, if it is equal ton, then, inF , α(b) is a
P -neighbor ofα(a) (resp.α(a) is aP -neighbor ofα(b)).

The proof of this claim is a direct consequence of Lemma
3, Theorem 5 and the fact that the upper-bound (defined in
section 3.2) ofP -neighbors ofa is less than or equal ton
(the proof of this claims is given at the end of the proof of
Theorem 6).

The addition ofR ∈ L(< α(a), α(b) >) to F cannot
create a clash of the form{C,¬C} in F ′, and the previous
claim implies that a clash inF ′ due to a violation of a max-
imum cardinality constraint onα(a) or α(b) is not possible.

Thus,F ′ is a complete clash-free completion forest such
that R ∈ L(< α(a), α(b) >). Therefore, a tableau forA
can be built fromF ′ as in [10], which establishes thatA has
a model.

To formally established Claim A, we first introduce the
following notation:
Notation: For an unnamed nodex in a completion forest,
g(x) denotes the role generator concept∃Q.C or≥ nQ that
triggered the application of the∃-rule or≥-rule resulting in
the creation ofx. For a root nodea, g(a) is not defined.

Claim A stated in the proof of theorem 6 follows imme-
diately from the following Lemma 7 (3) and (4):
Lemma 7 Let R(a, b) be a role assertion irrelevant
w.r.t. maximum cardinality and universal restrictions in
an Abox A. Let A′ the Abox defined asA′ = A −
{R(a, b), R−(b, a)}. Let P be a role such that≤ nP ∈
clos(A) andR is part of≤ nP . Let F denote the comple-
tion forest obtained from the first step of the application of
tableau rules onA′ as described in the proof of Theorem 6
(i.e. without applying some∃-rule and≥-rule onα(a) and
α(b)). Let P (a) denote the set ofP -neighbors ofa in F ,
the following hold:

• 1. α(a) = a

• 2. P (a) = X ∪ A ∪ B andA,B, andX are mutually
disjoint sets defined as follows:

A = {x ∈ F |x is aP -neighbor ofa andg(x) = ∃P.C
s.t. b : C /∈ A}, and

B = {x ∈ F |x is aP -neighbor ofa andg(x) =≥ mP
s.t., inA, b is not one ofm P -neighbors ofa explicitly
asserted to be mutually distinct}

X = {c ∈ F |c in A′ andc is P -neighbor ofa}

• 3. if attractant(P ) = {P}, then|P (a)| ≤ n − 1

• 4. if attractant(P ) 6= {P}, then|P (a)| ≤ n, |A| =
|B| = 0 and (|P (a)| = n impliesb is aP -neighbor of
a in A′).

Informally, elements ofA are unnanmed nodesP -
neighbors ofa created through an application of an∃-rule;
elements ofB are unnanmed nodesP -neighbors ofa cre-
ated through an application of an≥-rule ; and elements of
X are root nodesP -neighbors ofa.
Proof of Lemma 7 Consequence of the definition of role
assertion irrelevant w.r.t. maximum cardinality and univer-
sal restrictions in an Abox, lemma 3 and theorem 5.

(1)R(a, b) irrelevant inA implies thata is not mergeable
in A andA′ (direct consequence of the fact that conditions
(C2) and (C3) must be satified and theorem 5). Therefore
L(a) 6= ∅, which implies thatα(a) = a.

(2) SinceR(a, b) is irrelevant with w.r.t.≤ nP , by defi-
nition, P must be safe inA. By definition of safety, one of
the following must be true

• case 1: for all rolesS such that eitherS or S− is a
sub-role ofP , there are noS-generators inclos(A).
There cannot be any unnamed nodex such thatx is a
P -neighbor ofa, soP (a) = X andA = B = ∅

• case 2: The attractant(P ) ⊆ {P} and
attractant(P−) ⊆ {P−}. As we have already
established, in this case, the only subroles ofP
is P . Therefore, Lemma 3 ensures that the only
unnamed nodesx P -neighbors ofa must be such that
g(x) = ∃P.C or g(x) =≥ mP . Furthermore, due to
the specific way tableau rules are applied to construct
F , we have the following: (a) all unnamed nodesx
P -neighbors ofa with g(x) = ∃P.C are such that
b : C /∈ A, and (b) all unnamed nodesx P -neighbors
of a with g(x) =≥ mP are such thatb is not one of
m P -neighbors ofa explicitly asserted to be distinct.
So all unnamed nodesP -neighbors ofa are inA ∪ B,
andA andB are obviously disjoint. All root nodes are
obviously inX. By definition of A, B andX, they
contain onlyP -neighbors ofa.

(3) If attractant(P ) = {P}, then, as already estab-
lished, the only subrole ofP is P . SinceR is part of≤ nP ,
R must be a subrole ofP . SoR = P .

By definition ofA, an elementx of A with g(x) = ∃P.C
must be such that there is no named individualc in A′ P -
neighbor ofa before the start of the execution of tableau
rules and such thatc : C ∈ A′ (otherwise,x would not
have been generated in the first place). Furthermore, by de-
finition of A, b : C /∈ A. Therefore,|A| ≤ |SomeA(P, a)|
with SomeA(P, a) = {∃P.C ∈ clos(A)| there is no named
individual c P -neighbor ofa (before the start of the tableau
algorithm) such thatc : C ∈ A}.

By definition of B, an elementx of B with g(x) =≥
mP must be such that there are nom named individu-
als in A′ P -neighbors ofa before the start of the execu-
tion of tableau rules and all asserted to be mutually dis-
tinct (otherwise,x would not have been generated in the



first place). Furthermore, by definition ofB, b cannot be
one of m distinct P -neighbors ofa explicitly asserted to
be mutually distint inA before the start of the application
of tableau rules. This implies that ifx is an element ofB
with g(x) =≥ mP , then, inA, there are no mP -neighbors
of a explicitly asserted to be mutually distinct. There-
fore |B| ≤

∑

≥mP∈MinA(P,a) m with MinA(P, a) = {≥

mP ∈ clos(A)| in A, before the start of the execution
of tableau rules, there are no individualsdi such that, for
1 ≤ i ≤ m , di is aP -neighbors ofa, and if j 6= k, then
dk

˙6=dj ∈ A}
R(a, b) is irrelevant w.r.t≥ nP in A implies a is not

mergeable inA andA′ andP is safe in bothA andA′.
From the non-mergeability ofa, the safety ofP and Lemma
3, it follows that|X| ≤ |P0| where|P0| denotes the number
of R-neighbors ofa in A′ before the start of the tableau
algorithm onA′. BecauseP has no subrole besides itself,
the number ofP -neighbors ofa in A is |P0| + 1. Since the
definition of irrelevant w.r.t. to≤ nP requires(|P0|+ 1) +
|SomeA(P, a)|+

∑

≥mP∈MinA(P,a) m ≤ n. It follows that
|A| + |B| + |X| ≤ n − 1

(4) Let us assume thatattractant(P ) 6= {P}. Since
R(a, b) is irrelevant w.r.t. ≤ nP , P must be safe inA.
Sinceattractant(P ) 6= {P} and attractant(P ) 6= ∅ (
becauseR is part of≤ nP ∈ clos(A) implies {R,P} ∈
attractant(P )), P can be safe only if itself, its inverse, its
subroles and their inverses have no generators inclos(A).
Therefore,|A| = |B| = 0. As in the proof of (3), from
the non-mergeability ofa, the safety ofP and Lemma 3,
it follows that |X| ≤ |P0| where|P0| denotes the number
of P -neighbors ofa in A′ before the start of the tableau
algorithm onA′. The fact thatR(a, b) is irrelevant w.r.t. to
≤ nP implies |P0| ≤ n, which establishes|X| ≤ n. If
|X| = n, then|P0| = n. This means thatb is aP -neighbor
of a in A′ (otherwise, the number ofP -neighbors ofa in
A would ben + 1, which is an obvious violation of the
definition of the irrelevance ofR(a, b) w.r.t. ≤ nP ).

3.4 Summary Abox Filtering

We now discuss how to apply the filtering techniques de-
scribed in Section 3.2 to the summary AboxA′. Although
filtering can be applied to the original AboxA before ap-
plying the tableau algorithm, we do not filterA directly.
Rather, we first build a canonical summary AboxA′. Next
we apply filtering toA′, and then run the tableau algorithm.
For correctness with respect to cardinality restrictions,we
need to augment the summary Abox with role assertion sta-
tistics, since role assertions are merged by the summary
Abox transformation. For each roleR that is part of a cardi-
nality restriction, we associated withR the maximum num-
ber ofR-neighbors that any individuala has inA. With this
augmentation, it is clear that the proofs in Section 3.3 apply

to the canonical summary Abox.
Typically, filteringA′ creates distinct partitions, and we

apply the tableau algorithm to each partition separately. If
all of the partitions are consistent, then we are done. Other-
wise, we need to checkA. However, even whenA′ itself is
inconsistent, some of its partitions may be consistent, and
we only have to check portions ofA which correspond to
the filtered inconsistent partitions ofA′. Thus, partitioning
a summary Abox is an effective way of isolating a potential
inconsistency inA. Furthermore, filteringA′ is very effi-
cient sinceA′ is relatively small. For partitions consisting
of a single individual, checking consistency is just checking
concept satisfiability.

More precisely, letA′
p be a partition of individuals and

assertions inA′. The image of A′
p in A is defined to be

the maximum subset of the individuals and assertions inA
which map toA′

p via the summary Abox functionf. If a
role assertionR(a, b) is irrelevant inA′, then all role as-
sertions in its image inA are also irrelevant. By theorem
2, if a partitionA′

p is consistent, then its entire image in
A can be ignored. Finally, retrieving the image inA of an
inconsistent partitionA′

p is a simple database operation.
For example, consider the summary AboxA′ in Figure

2, and suppose that we filter allR-role assertions. The re-
sulting summary Abox shown in Figure 4 consists of three
partitions: X, Y, and Z. We run the consistency check on
each partition (partition Z is a singleton, so we only need
to check concept satisfiability). Assuming only partition X
is inconsistent, we need to check only the consistency of its
image inA, shown in Figure 5, which isd1, d2 : D; b1−b6 :
B;T (d1, b1) andP (d2, b4). Sinceb2, b3, b5 andb6 are iso-
lated individuals, checking the consistency is handled by a
concept satisfiability test. We run a consistency check on
the remaining elements of the image of X.

Figure 4. Filtered summary Abox

4 Computational Experience

We tested our approach on the four ontologies shown in
Table 2. Their expressiveness is given in the first column
(Exp) of Table 2. The number of concepts (C) and roles
(R) reported in the table reflect concepts and roles actu-
ally used in the Abox rather than the Tbox. In the tables,
R.A. stands for role assertions, and I for individuals. In all



Figure 5. Filtered Abox image

the experiments reported here, the Aboxes for the ontolo-
gies were stored in a relational database (DB2) on a 64 bit
AMD 997 Mhz dual processor machine with 8 G RAM.
Our program ran as a client to the database server, connect-
ing through JDBC to compute and filter the summary. We
tested our program both on a 32 bit single 1.8 Ghz processor
machine with 1.5 G RAM, and on the 64 bit database server
described above. Running times on the 32 bit machine were
about 2 times slower than the times reported in the tables,
but the program ran with minimal space requirements on
both machines (default heap size was 512 M).

Biopax is an ontology that describes bio-
chemical pathways. The Aboxes for Biopax
(http://www.biopax.org/Documents.html) consist of
pathway data for 11 organisms publicly available from
the Biocyc website (http://biocyc.org). LUBM [5] is a
benchmark ontology of universities, and it can be scaled to
different numbers of universities to test the performance of
OWL reasoners. We used a version of the Lehigh University
Benchmark which was augmented to include the expres-
siveness of OWL-DL [13], but with nominals removed. The
next two ontologies were internally developed. The NIMD
ontology expresses relationships between persons, places
and events (http://ksl.stanford.edu/projects/NIMD/Kani-
dl-v1.owl). Its Abox was generated from text analysis
programs run over a large number of unstructured docu-
ments. The semantic traceability (ST) ontology specifies
the relationships among software artifacts. Its Abox was
generated from a program that extracted relationships be-
tween software artifacts of a large middleware application.
The sizes of the last 4 Aboxes shown in Table 2 are beyond
the capabilities of in-memory reasoners such as Pellet and
KAON2, when tested on a 64-bit machine with a 4G heap
size.

Table 3 shows the size of the corresponding summary
Aboxes prior to any filtering. As noted in earlier sections,
the summary Abox can be computed once, and maintained
with changes to the Abox. Times to compute the summary
Abox is given in seconds.

Table 4 shows the effectiveness of filtering the summary

Table 2. Experimental Aboxes.
Ontology Exp C R I R.A.
Biopax ALCHF 31 40 261,149 582,655
LUBM-1 SHIN 91 27 42,585 214,177
LUBM-5 SHIN 91 27 179,871 927,854
LUBM-10 SHIN 91 27 351,422 1,816,153
LUBM-30 SHIN 91 27 1,106,858 6,494,950
NIMD SHIF 19 27 1,278,540 1,999,787
ST SHI 16 11 874,319 3,595,132

Table 3. Summary Aboxes prior to filtering.
Ontology C R I R.A Time
Biopax 31 40 81 583 46
LUBM-1 91 27 410 16,233 12
LUBM-5 91 27 598 35,375 60
LUBM-10 91 27 673 49,176 128
LUBM-30 91 27 765 79,845 485
NIMD 19 27 19 55 77
ST 16 11 21 183 197

ABox for the consistency detection test. Note that the fil-
tering step is dynamic, i.e., it must be computed on the
summary box for each incoming query. The filtering step
filters irrelevant role assertions, and as a result, can create
partitions. In Table 4, the first number in the first column
(Sin.+Mult) indicates the number of partitions with single
individuals, and the second number indicates the number of
partitions with multiple individuals. The rest of the columns
show the size of the Abox that is left after removing all par-
titions with single individuals. Time to perform the filtering
is presented in seconds.

Table 5 shows the size of the Abox on which we had to
perform the consistency check. All times for the consis-
tency check were measured using the Pellet OWL reasoner.
For those Aboxes where the filtered summary Abox in Ta-
ble 4 was consistent, the size of the ABox was simply that
in Table 4. For some ontologies, however (e.g., all LUBM
ontologies marked with an asterisk), the filtered Abox was
inconsistent because of our summarization techniques. For
these ontologies, we had to retrieve the image of the incon-
sistent partition from the original Abox. In these cases, the

Table 4. Summary Aboxes after filtering
Ontology Sin.+Mult. C R I R.A. Time
Biopax 42+1 13 1 38 98 1.6
LUBM-1 130+2 28 5 280 284 1.4
LUBM-5 172+2 28 5 426 444 2.1
LUBM-10 199+2 28 5 474 492 2.5
LUBM-30 220+2 28 5 545 574 2.8
NIMD 17+1 2 1 2 1 0.6
ST 3+1 15 2 18 50 0.3



Table 5. Abox sizes for consistency check.
Ontology I R.A. Time Consistent
Biopax 38 98 0.7 Yes
LUBM-1* 140 102 1 Yes
LUBM-5* 644 466 1.5 Yes
LUBM-10* 1283 938 2 Yes
LUBM-30* 4045 2942 3.5 Yes
NIMD 2 1 0.2 Yes
ST - - 0.1 No

size shown in Table 5 is the image of the partition in the
original Abox. Time for consistency check is provided in
seconds. This includes the time for the concept satisfiabil-
ity check for partitions with single individuals, the time for
the consistency check on the filtered summary, and the time
for retrieving and checking the image of the inconsistent
partition on the original Abox. As shown in Table 5, ST
was an inconsistent ontology, but we determined this purely
based on a concept satisfiability check for partitions with
single individuals. We also deliberately injected an incon-
sistency for one of the Biopax databases (agrocyc), to check
if we could detect an inconsistency that could not simply be
detected by a concept satisfiability check. We were able to
detect that the Abox was inconsistent using our algorithm.

5 Related Work

Consistency checking of various expressive DLs is a rich
research area [1], and there are many highly optimized rea-
soners such as Fact [9], Pellet [14], Racer [8], InstanceStore
[2], and Kaon2 [16] designed for consistency checking. All
but InstanceStore are in-memory reasoners in their current
implementations, and therefore cannot scale to very large
ABoxes, as demonstrated in our results. We focus our dis-
cussion on Kaon2 and InstanceStore, because they do apply
to Aboxes in secondary storage.

InstanceStore is limited to role-free Aboxes. In the-
ory, Instance Store can handle Aboxes with role assertions
through a technique called precompletion [15]. Precomple-
tion applies a set of non-deterministic rules to make ex-
plicit all consequences of role assertions, so that the role
assertions can subsequently be removed from the resulting
Aboxes. For large Aboxes stored in databases, the precom-
pletion approach may not be practical, since it can generate
an exponential number of precompleted Aboxes. Further-
more, to the best of our knowledge, precompletion has only
been demonstrated for SHF description logic (i.e no inverse
roles and only maximum cardinality restrictions of 1). As
acknowledged in [15], its extension to SHIN is not obvious.

Kaon2 reduces a SHIQ(D) ontology to a disjunctive
datalog program, which makes it naturally applicable to

Aboxes stored in deductive databases. Our approach is an
alternative to this approach, and works with Aboxes stored
in traditional relational databases.

Our techniques of summarization and filtering can be
contrasted with tableau algorithm optimization techniques
such as model caching and Abox contraction. Model
caching [7][3] is one of the most effective optimization
techniques used in tableau reasoners. However, it may not
work effectively in the presence of role assertions. Abox
contraction [6] aims at improving the efficiency of model
caching in the presence of role assertions by replacing
acyclic, tree-like role paths between individuals by the ap-
propriate existential restrictions. Although these are effec-
tive optimization techniques for Aboxes that fit in memory,
it is unclear how such techniques can be applied to Aboxes
in databases. In our approach, we accrue the same benefits
as model caching by summarization and filtering of irrele-
vant role assertions.

Abox partitioning plays a key role in our approach since
we discover partitions in the original Abox by filtering role
assertions in the summary. Other partitioning techniques
have been proposed for OWL ontologies [4] but again, these
techniques apply efficiently only to Aboxes that fit in mem-
ory, not to Aboxes in databases.

6 Conclusion

We have demonstrated a technique to scale consistency
detection to large Aboxes in secondary storage by extracting
a representative summary Abox. Further, we have shown
that, in practice, this technique works efficiently on four
large ontologies. In all cases, the time and space require-
ments for the consistency check was on the order of sec-
onds or minutes, even for Aboxes of 6 million assertions.
Our plan is to extend this approach to more expressive lan-
guages, and refine these techniques for more efficient query
processing.

References

[1] F. Baader, D. Calvanese, D. McGuinness, D. Nardi, and
P. Patel-Schneider.The Description Logic Handbook. Cam-
bridge University Press, 2003.

[2] S. Bechhofer, I. Horrocks, and D. Turi. The owl instance
store: System description.Proc. of 20th Int.Conf. on Auto-
mated Deduction, pages 177–181, 2005.

[3] F. Donini. Complexity of reasoning. In F. Baader, D. Cal-
vanese, D. McGuinness, D. Nardi, and P. Patel-Schneider,
editors,Description Logic Handbook, pages 101–141. Cam-
bridge University Press, 2002.

[4] B. C. Grau, B. Parsia, E. Sirin, and A. Kalyanpur. Auto-
matic partitioning of owl ontologies using e-connections. In
Description Logics, 2005.



[5] Y. Guo, Z. Pan, and J. Heflin. An evaluation of knowledge
base systems for large owl datasets.Third International Se-
mantic Web Conference, pages 274–288, 2004.

[6] V. Haarslev and R. Moller. An empirical evaluation of opti-
mization strategies for abox reasoning in expressive descrip-
tion logics.Proc. of the International Workshop on Descrip-
tion Logics, pages 115–199, 1999.

[7] V. Haarslev and R. M̈oller. Consistency testing: The race
experience. InTABLEAUX, pages 57–61, 2000.

[8] V. Haarslev and R. Moller. Racer system description.Conf.
on Automated Reasoning (IJCAR 2001), pages 701–705,
2001.

[9] I. Horrocks. Using an expressive descriptive logic:fact or
fiction? Proceedings of the 6th Int. Conf. on principles of
Knowledge Representation and Reasoning (KR’98), pages
636–647, 1998.

[10] I. Horrocks, U. Sattler, and S. Tobies. Reasoning with in-
dividuals for the description logic SHIQ∗. Proc. of 17th
Int.Conf. on Automated Deduction, pages 482–496, 2000.

[11] I. Horrocks and S. Tessaris. Querying the semantic web:
a formal approach. In I. Horrocks and J. Hendler, editors,
Proc. of the 13th Int. Semantic Web Conf. (ISWC 2002),
number 2342 in Lecture Notes in Computer Science, pages
177–191. Springer-Verlag, 2002.

[12] I. Horrocks and S. Tobies. Reasoning with axioms: Theory
and practice. InKR, pages 285–296, 2000.

[13] L. Ma, Y. Yang, Z. Qiu, G. Xie, and Y. Pan. Towards a
complete owl ontology benchmark. InProc. of the third Eu-
ropean Semantic Web Conf.(ESWC 2006), 2006.

[14] E. Sirin and B. Parsia. Pellet: An owl dl reasoner. InDe-
scription Logics, 2004.

[15] S. Tessaris and I. Horrocks. Abox satisfiability reduced to
terminological reasoning in expressive description logics. In
LPAR, pages 435–449, 2002.

[16] U.Hustadt, B. Motik, and U. Sattler. Reducing shiq de-
scription logic to disjunctive datalog programs.Proc. of
9th Intl. Conf. on Knowledge Representation and Reasoning
(KR2004), pages 152–162.


