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Abstract

This paper presentsa verification technique for func-
tional comparisonof large combinationalcircuits using a
novel combinationof knownappmoacdes.Theideais based
on a tight integration of a structural satisfiability (SAT)
solver BDD sweeping and randomsimulation; all three
working on a shaed graph representationof the circuit.
TheBDD sweepingand SAT solverare appliedin aninter-
twined mannerboth controlled by resouce limits that are
successivelincreasedduring ead iteration. In this coop-
erativesettingtheBDD sweepingncrementallyreduceghe
searh spacefor the SAT solveruntil the problemis solved
or the resouce limits are exhausted. This approach im-
proveson previouswork in several ways: Theintegral ap-
plicationofthe SAT solversignificantlyenhanceshecapac-
ity and efficiencyof BDD sweepingand extendsts suitabil-
ity for miscomparinglesigns.Further, the randomsimula-
tion algorithm workson the compessectircuit graph and
thus runs more efficiently.  Our experimentsdemonstate
that the outlined appmad is effectivefor a large classof
equivalencecheding instanceshy automaticallyadapting
to thedifficulty of the problem.

1 Introduction

Functionalequivalencecheckingis ubiquitousin most
contemporandesignverification methodologies.Because
of the computationalcomplexity of formal equialence
checkingthe designmethodologytypically adoptsspecific
rulesto make the problemtractablefor large designs.For
example,matchingstateencodingof the specificationand
implementationreducesthe generalequivalencechecking
problemto the combinationatlomainfor whichmary prac-
tical algorithmsexist. In practice the specificatiorandim-
plementatiorhave oftenalarge degreeof structuralsimilar
ity in termsof internalnetsthat oftenimplementthe same
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function. Advancedequialencecheckingalgorithmsex-
ploit this similarity to partitionthe probleminto a seriesof
smallerproblemd1, 2, 3, 4, 5].

There are three basic approachedo functional equi-
alencechecking. Structuralmethodsare basedon SAT
solverswhich searctor acountergampleto proveinequiv-
alenceof the two functions. Similarly, randomsimulation
is usedto find a countergampleby randomsearch.Func-
tional methodsare basedon canonicalfunction represen-
tationsfor which structuralequivalenceimplies functional
equialence.

Oneof thefirst practicalprogramsusingafunctionalap-
proachto verifying logic designswas SAS (Static Analy-
sis System)[6]. SAS is basedon the DBA (Differential
BooleanAnalyzer) and ESP (Equivalent Setsof Partials)
algorithms, which are similar to unorderedBDDs [7] in
their unreducedand reducedforms, respectiely. Because
of their efficiency, ReducedOrderedBDDs (ROBDD) [8]
becamewidely acceptedor functionalequivalencecheck-
ing. Theadvantageof purefunctionalmethodss theirinde-
pendencef structuralsimilarities. However, in mary cases
they suffer from exponentialmemoryusage.For example,
it hasbeenour experiencethat roughly 20% of the circuit
outputsof atypical high-endmicroprocessocannotpracti-
cally beverifiedwith pureBDDs.

Internal equivalencepoints or cutpointscan be usedto
decomposehe equivalencecheckingprobleminto smaller
pieces. The original approacH1] treatscutpointsasinde-
pendentinputs which, in effect, dramaticallyreducesthe
overall sizeof theBDD representationsf all pieces.How-
ever, sincethe possiblefunctional correlationof thesecut-
pointsis disregardedfalsenegativeverificationresultsmay
be introduced. Therearea numberof methodq9, 10, 11,
4, 5] to eliminatefalsenegative verificationresults.Specif-
ically, in [5] atight integrationof a SAT solver, BDDs and
randomsimulationis suggested.In contrastto our work,
the collaborationof thosealgorithmsis limited to theiden-
tification of cutpointsandthe eliminationof falsenegatives
in aniteratve manner

The conceptof a “Miter” [2] portraysthe combination



of thetwo circuit conesto be comparedvith an XOR gate.
Using this structurethe actualequivalencecheckingprob-
lem is recastas a synthesisproblem. If the Miter canbe
transformednto a constant'0”, functionalequivalenceis
proven. In [2] thisis doneby meming the two conesstart-
ing from the inputstowardsthe outputsby applyinga se-
ries of SAT queriesfor justifying the merging of internal
nets. The drawback of this methodis that the underlying
SAT routinecanonly testwhethertwo candidatenetscanbe
merged. This requiresadditionaleffort to guesscandidates
which, in practice,is quite inefficient. Similarly, in [3] re-
cursie learningis appliedto prove functionalequivalence
usingresynthesis.

A constructve methodto find functionallyidenticalnets
in a Miter-basedequivalencechecking approachis pre-
sentedn [4]. A techniquecalled“BDD sweeping’builds
BDDs for the Miter nodesfrom theinputstowardsthe out-
putsin a robust manner By keepingcrossreferencese-
tweenthecorrespondingiodesof theBDD andMiter, func-
tionally equivalentMiter nodescanbe identifiedon the fly
andmemedimmediately This BDD sweepingechniquds
appliedin severallayers,startingfrom multiple internalcut
frontiers. Further arobusttechniqueo eliminatefalseneg-
ativesis described.The maindravbackof this approachs
thatBDD sweepings notcapableof proving inequivalence.
Further for hardprobleminstancesthesweepinglgorithm
might run out of memorybeforeit canprove equivalence.

In this paperwe addresghe abose mentionedproblems
in two ways. First, the BDD sweepingis supplemented
with a structuralSAT solver working on the samecircuit
graphdatastructure BDD sweepingandSAT searchackle
the verification problemfrom a different angle with dis-
tinct strengths. BDD sweepingmergesthe two conesof
the Miter structurefrom the inputstoward the outputs. For
difficult instancest might berequiredto build large BDDs
duringsweepingoeforethe two outputsto becomparedtan
be memed. In contrast,the SAT solver attemptsto prove
equivalenceor inequivalenceby a structurakearctfromthe
outputstowardtheinputs.If only asmallfractionof thetwo
conesis shared,the searchmight requiretoo mary back-
tracksand may not finish. However, ary structuralcone
sharing producedby BDD sweepingreducesthe search
spacdor the SAT solverdramaticallyandthusincreaseshe
chance®f its successWe proposedanintertwinedapplica-
tion of BDD sweepingand SAT searchwith iteratively in-
creasedesourcdimits for bothalgorithms.Thisinterlaced
schemas ableto dynamicallyadjustthe effort neededby
BDD sweepingo helpmake the SAT solver successful.

A secondsupplemento the BDD sweepingalgorithmis
a randomsimulatorwhich works on the samegraphrepre-
sentatiomandattemptso demonstratéunctionalinequiva-
lenceof thetwo circuits. Empiricalevidencehasshowvn that
alargenumberof miscomparesanbefoundby simulating

thenetwork with arelatively smallnumberof patterng12].
Similar to the SAT solwer, the randomsimulatorgetsin-
vokedaftereachBDD sweepingstep.

2 Equivalence Checking Algorithm
2.1 BDD Sweeping

In this sectionwe briefly summarizethe BDD sweep-
ing algorithm presentedn [4] which is the basisfor the
methoddescribechere. The purposeof the BDD sweeping
algorithmis to prove functional equivalenceof two cones
by transformingthe output of the Miter into a constant
“0”. Whenthe Miter structureis built from the circuits,
all Booleanoperationsarecorvertedinto a graphrepresen-
tation usingtwo-input AND verticesandedgeswith anop-
tional INVERTER attribute. Similar to efficient BDD im-
plementation$13], eachvertex is enterednto a hashtable
usingtheidentifierof thetwo predecessarerticesandtheir
edgeattributesaskey. This hashtableis utilized during
graphconstructiorto identify isomorphicsubnetvorksand
toimmediatelymergethemonthefly. After theMiter graph
representatiors built, BDD sweepings appliedto further
compresst. The pseudo-codéor the basicBDD sweeping
algorithmis outlinedin Figure 1. The depictedalgorithm
omits the specificsof multiple sweepindayersfrom inter-
mediatecut frontiers and also the handlingof falsenega-
tives.Detailscanbefoundin [4].

The overall ideaof the sweepingalgorithmis to meige
thesubgraphsf thetwo outputconesusingBDDs to prove
functionalequivalenceof intermediatevertices. The BDD
propagationis controlledby a sortedheap. For eachpri-
mary input a BDD variableis createdandenteredonto the
heap(seeFigure?). Thenaniterative procesgemovesthe
smallestBDD from the heap,processethe Booleanopera-
tion for theimmediatefanoutsof the correspondingircuit
graphvertex, andreentersheresultingBDDs ontotheheap.
Thisprocesss continueduntil eitherall BDDsupto agiven
sizelimit areprocessedyr the heapbecomegmpty

Procedureput_on_heap storesa BDD on the heaponly
if its sizeis smallerthanthegivenlimit, otherwiseheBDD
nodeis freed. Functionallyequivalentverticesfoundduring
BDD constructionareimmediatelymeigedandthe subse-
guentpartsof the circuit grapharerehashedy the routine
mer ge_vertices. Therehashings appliedin depth-firstor-
derstartingfrom thememgedvertex towardthe primary out-
putsandstopsif no furtherrecorvergenceis found. Proce-
duresget_bdd_from_vertex andget_vertex_from_bdd pro-
vide cross-referenceBetweenBDD nodesand the corre-
spondingecircuit graphvertices.lnvertededgeattributesare
handlednternallyin thoseroutines.

Similar to [4] the uppersizelimit for theBDD handling
ensuresa robust applicationof the algorithm and avoids



Algorithm bdd_sweep( heap, v, bdd_lower_size_limit,
bdd_upper_sizelimit) {
/* check if there are any BDDs on heap with
si ze(bdd) < bdd.-lower_size limit */
while (!isheap_empty( heap, bdd_lower_size limit)) do {
bdd get_smallest_bdd( heap) ;
v get_vertex_from_bdd( bdd) ;

/* check if previously encountered */
if (get_bdd_from_vertex(wv)) continue;
store_bdd_at_vertex( v, bdd) ;

for all fanout_vertices vout Of v do {

bddicp; = get-bdd_from_vertex( get-left_child( vout) ) ;
bdd,;gn: = get_bdd_from_vertex( get_right_child( vout) ) ;
bddyes = bdd—and( bddleft ) bddright) )

Vres = get_vertex_from_bdd( bdd,es) ;

if (vres) {

merge_verticey vres , Vout) ;
/* return if Mter solved */
if (v == const.0) return;
eseif (v == const_1) returnl;

} dse {
store_vertex_at_bdd( bddyes, Vres) ;

}
put_on_heap( heap, bdd,es, bdd_upper_size_limit) ;

}

return —1;

}

Figurel: BDD sweepingalgorithm.

memoryblow-ups. To allow reinvocationof BDD sweep-
ing in an iteratve manney a lower size limit is addedto

theheaphandling.Thesuccessie invocationof bdd_sweep

with increasedowerlimits essentiallyhides” biggerBDDs

from thecurrentrunandautomaticallyrestartghesweeping
whentheseBDDs “reappear’in the next iteration.

2.2 SAT Solver

TheintegratedSAT solveris basednthe Davis-Putnam
procedure[14] and is implementedto operateon the
AND/INVERTER circuit graph.Thealgorithmstartsby as-
sertingtheoutputof theMiter to “1”. It thensuccessiely it-
erateghroughaseriesof implicationandcasesplitting steps
until a solutionis found. If a conflict occurs,the algorithm
backtrackgo the previoussplitting level andcontinueswith
the next choice. If all choicesare exhaustedthe algorithm
provesnon-satisfiabilityof the Miter output,which implies
equivalenceof thetwo conesbeingcomparedOn the other
hand,if asolutionis found,it demonstrateson-equvalence
by providing acountergample.

The searchheuristicsof the given implementationare
similar to [15]. The resourcesf the algorithm are con-
trolled by a given backtrackinglimit. If this limit is ex-
ceededthe algorithmreturnswith anundecidedesult. A
particularsetupof the backtrackingstackallows the search

processto restart,after it exceedsthe backtrackinglimit,

from the point it stopped. This featureis usedin the in-
tertwinedinvocationof the BDD sweepingalgorithmand
the SAT solver and avoids restartingthe SAT searchfrom
scratchfor eachiteration.

2.3 Random Simulator

Similar to the SAT solver, a bit-parallelrandomsimula-
tor is implementedn the AND/INVERTER circuit graph.
Our uniform circuit graphusingidentical vertex functions
permits an efficient implementationof the simulation al-
gorithmusingbit-paralleloperationdor the AND-function
andinversion. In caseof input constraintsthe SAT solver
is usedto generatevalid input stimuli.

In orderto save the memoryneededo storethe simu-
lation resultsat intermediatevertices, pattern-spaceirag-
ging” [12] is used. This schemeusesa referencecounting
mechanismto determinewhen the simulationpatternat a
vertex hasbeenpropagatedo all destinations.Whenthe
last destinationqueriesthe patternof a vertex, the pattern
spacecan be “dragged” to the destinationvertex by per
forming the simulationoperationin-place.

Algorithm check_equivalence( v1, v2) {
v = XOR(wvl,v2);
if (v == const0) return equal,
if (v == const_1) return not_equal;

for all primary.inputs I do {
bdd = create-bdd_variable() ;
put_on_heap( heap, bdd, o0) ;

while (!isheap_empty( heap,o0)) do {
bres = bdd_sweep( heap, v, bdd_lower_size_limit,
bdd_upper_size_limit) ;
if (bres == 1) return not_equal;
elseif (bres == 0) returnequal;

sres = sim_equal( vl,v2);
if (sres == 1) return not_equal;
eseif (sres == 0) returnequal;

jres = satjustify( v, 1, sat_backtrack_limat) ;
if (jres == 1) return not_equal;
elseif (jres == 0) return equal;

bdd_lower _size limit += delta_bdd_limit,
sat_backtrack_limit += delta_sat_limit,

}

jres = satjustify( v, 1, max_sat_backtrack_limit) ;
if (jres == 1) return not_equal,
eseif (jres == 0) returnequal;

return undecided;

Figure2: Algorithm for equivalencechecking.



BDD BDD Sweeping SAT Search Total (BDD + SAT)
Size Memory[kB] / # Backtrackd Memory[kB] /
Limit Time[sec] Time[sec] Time[sec]
20 342/0.00 2407939/ 347.17 342/ 347.17
21 347/ 0.64 115/7.40 347/8.04
22 349/ 0.60 115/ 7.47 349/ 8.07
24 358/ 0.66 87/6.93 358/7.59
26 372/0.78 43/6.88 372/ 7.66
28 396/1.18 43/7.03 396/8.21
210 791/ 1.67 43/6.57 791/8.24
212 2212/ 4.22 43/6.30 2212/10.52
214 2219/ 6.98 43/6.15 2219/13.13
216 8381/12.14 2715.27 8381/17.41
217 8540/ 19.16 0/0.00 8540/19.16

Tablel: Performancef BDD sweepingandSAT searcHor
variousBDD sizelimits.

24 Overall Algorithm

For eachpair of conesto be comparedfirst the Miter
structureis built usingthe AND/INVERTER graphstruc-
ture. During constructionthis structures locally optimized
using a multi-input hashingschemeg/16]. Next, the algo-
rithm outlinedin Figure?2 is invoked. It first checksif the
structuralhashingalgorithmcould prove equivalenceof the
two cones.Note thatfor alarge numberof practicalappli-
cations,this structuraltestis successful.For example,in
atypical ASIC methodologyequivalencecheckingis used
to comparethe logic beforeand after insertionof the test
logic. Sincenologic transformationsave actuallychanged
thecircuit, asimplestructuralchecksufiicesto prove equiv-
alence.

Next BDD sweepingrandomsimulation,andthe SAT
solver areinvokedin anintertwinedmanner During each
iteration, the size limit for BDD sweepingand the back-
tracklimit for the SAT solver areincreasedilt is important
to note that in the given setting, thesealgorithmsdo not
justindependenthattemptto solve the equivalencecheck-
ing problem. EachBDD sweepingiterationincrementally
compressethe Miter structurefrom theinputstowardsthe
outputs,which effectively reduceghe searchspacefor the
SAT solver. This interleaved schemedynamically deter
minesthe minimum effort neededby the sweepingalgo-
rithm to make the SAT searchsuccessful.

25 Example

In thefollowing we demonstrat¢he cooperatie integra-
tion of the BDD sweepingalgorithmand SAT search,us-
ing a circuit examplefrom a high-performancemicropro-
cessordesign. We selectedan output pair which had 97
inputs, 1322 gatesfor the specificationand 2782 gatesfor
theimplementationThecomparisorwasdoneunderasim-
ple input constraintwhich is handledequallywell by BDD
sweepingandSAT search.

In a seriesof experimentshe BDD sweepingalgorithm
was appliedto the original Miter circuit with varying lim-
its for the BDD size. After sweepingthe SAT solver was
invoked on the compressedMiter structureand run until
equivalencewas proven. Table 1 givesthe resultsfor dif-
ferentlimits on the BDD size. As shawn, thereis a clear
tradeof betweertheeffort spentiin BDD sweepingandSAT
search.The optimal performances achiezed with a BDD
sizelimit of 2¢. Theapplicationof BDD sweepingandSAT
searchin thedescribedncrementabhndintertwinedmanner
heuristically adjuststhe effort spenton eachalgorithmto
thedifficulty of the problem.

Figure 3 shows the actualMiter structuredor threese-
lectedruns. In the drawing, all inputsare positionedat the
bottom. The placemenbf the AND verticesis donebased
on their connectvity to the two outputswhich arelocated
atthetop. AND verticesthatfeedonly oneof the two out-
puts are alignedon the left and right side of the picture.
Verticesthat are sharedbetweenboth conesare placedin
themiddle. Further filled circlesandopencirclesareused
to distinguishbetweenverticeswith andwithout BDDs, re-
spectvely. Filled dotsontheedgessymbolizeinverters.

Part (a) of thepictureillustratestheinitial Miter structure
without performingarny BDD sweeping As shovn, anum-
ber of verticesare sharedasa resultof structuralhashing
(includingthe schemedescribedn [16]). In orderto prove
equivalenceat this stage the SAT solver would needabout
2.5million backtracks.Figure3(b) showns the Miter struc-
tureafterperformingamodesBDD sweepwith asizelimit
of 16 BDD nodes. It is clearthat mary more verticesare
sharedat this point. The SAT solvercannow prove equiva-
lenceusingonly 87 backtracks.Thelastpartof the picture
displaysthe Miter structurewhenit is completelymeiged
by BDD sweeping. As shown, the equivalenceproof re-
quiredbuilding BDDs for all Miter vertices.

3 Experimental Results

We implementedhe presentedilgorithmsin the equiv-
alencecheckingtool Verity [17]. In orderto evaluateits
effectivenesswe applied the new algorithmto checkthe
equivalenceof 132 circuits randomlyselectedrom a cur-
rently developedhigh-performancemicroprocessor The
circuits rangein size from a few 100 to 100K gates,the
sizedistribution is shovn in Figure4. The numberof out-
put comparisonger circuit rangesrom afew 100to more
than10000.All designsveredevelopedin acustomdesign
methodologyfor which the RTL specificationis often sig-
nificantly differentthanthetransistodevel implementation.
The experimentswvereperformedon a RS/6000model270
with a 64-bit, two-way Pawver3 processorunning at 375
MHz and8 GBytesof mainmemory

For eachcircuit we first run the default settingof Verity
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Figure 3: ExampleMiter structureat different stagesof

BDD sweeping:(a) No sweepingperformed(b) sweeping
resultwith BDD sizelimit of 24, (c) sweepingresultwith

BDD sizelimit of 217.

Distribution of circuit sizes

Number of circuits

X 2 . . X 5 . 6
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Number of gates

Figure4: Distribution of circuit sizesfor the experiment.

whichinvokesasstandardenginethe original BDD sweep-
ing algorithmpresentedn [4]. Note,thatthe performance
of thestandardsettingcanoftenbeimprovedby selectinga
circuit-specificoption. We chosethe standardsettingfor all
circuitsto avoid skewing the comparison.Further one of
the criteriawe would like to measuren this experimentis
therobustnes®f thenew approacHor variouscircuits. The
secondVerity run useda newly developedenginebasedon
thealgorithmdescribedn this paper

Overall, the new algorithmperformssignificantlybetter
thanthe original versionof the BDD sweepingtechnique.
Figures5 (a) and (b) display a comparisorof the runtime
andmemory respectiely. Eachmarkerrepresenta circuit,
with the runtime/memonpof theoriginal BDD sweepingal-
gorithm on the x-axis andthe runtime/memoryof the new
algorithmon they-axis. As shown, the majority of circuits
couldbecomparedisingsignificantlylesstime, sometimes
by two ordersof magnitudefaster The memoryconsump-
tion remainedaboutthe same,mostly using lessmemory
than before. The performancdor a particularly function-
ally comple circuit is markedin both diagrams. This de-
signscontains92,043gates,97 primaryinputs,65 outputs,
and4,642latches.Theverificationrunincluded4,707com-
parisonsand 166,194consisteng checksand could be ac-
complishedn 364 versuss,435secondaising64 versus/7
MBytesfor thenew andold engine respectiely.

4 Conclusions

This paperpresentsa new approachto functionalcom-
parisonof large combinationatircuitsusinga combination
of BDD sweepingstructuralSAT searchandrandomsim-
ulation. All threetechniquesare implementedon a uni-
form AND/INVERTER circuit graphthat helpsto maxi-
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Figure5: Comparisorof the original BDD sweepingalgo-
rithm with the new algorithm: (a) Runtimecomparison(b)
Memorycomparison.

mizetheoverall performancendallows auniquecombina-
tion of theirindividual strengthsIn particular by applying
thealgorithmsin anintertwinedmanneyeachBDD sweep-
ing stepincrementallyreducegheproblemsizefor the SAT
solver until it canbe solved. This schemdeadsto a robust
verificationalgorithmthatcansolve alarge classof equiva-
lencecheckingproblemswith reducecoverall effort.
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