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Abstract

This paper presentsa verification technique for func-
tional comparisonof large combinationalcircuits usinga
novelcombinationof knownapproaches.Theideais based
on a tight integration of a structural satisfiability (SAT)
solver, BDD sweeping, and randomsimulation; all three
working on a shared graph representationof the circuit.
TheBDD sweepingandSAT solverare appliedin an inter-
twinedmannerboth controlled by resource limits that are
successivelyincreasedduring each iteration. In this coop-
erativesettingtheBDD sweepingincrementallyreducesthe
search spacefor theSAT solveruntil theproblemis solved
or the resource limits are exhausted. This approach im-
proveson previouswork in several ways: Theintegral ap-
plicationof theSATsolversignificantlyenhancesthecapac-
ity andefficiencyof BDD sweepingandextendsits suitabil-
ity for miscomparingdesigns.Further, therandomsimula-
tion algorithm workson the compressedcircuit graphand
thus runs more efficiently. Our experimentsdemonstrate
that the outlinedapproach is effectivefor a large classof
equivalencechecking instancesby automaticallyadapting
to thedifficultyof theproblem.

1 Introduction

Functionalequivalencecheckingis ubiquitousin most
contemporarydesignverificationmethodologies.Because
of the computationalcomplexity of formal equivalence
checkingthedesignmethodologytypically adoptsspecific
rulesto make the problemtractablefor large designs.For
example,matchingstateencodingof the specificationand
implementationreducesthe generalequivalencechecking
problemto thecombinationaldomainfor whichmany prac-
tical algorithmsexist. In practice,thespecificationandim-
plementationhaveoftenalargedegreeof structuralsimilar-
ity in termsof internalnetsthatoften implementthe same
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function. Advancedequivalencecheckingalgorithmsex-
ploit this similarity to partitiontheprobleminto a seriesof
smallerproblems[1, 2, 3, 4, 5].

There are three basic approachesto functional equiv-
alencechecking. Structuralmethodsare basedon SAT
solverswhichsearchfor acounterexampleto proveinequiv-
alenceof the two functions. Similarly, randomsimulation
is usedto find a counterexampleby randomsearch.Func-
tional methodsare basedon canonicalfunction represen-
tationsfor which structuralequivalenceimplies functional
equivalence.

Oneof thefirst practicalprogramsusingafunctionalap-
proachto verifying logic designswasSAS (StaticAnaly-
sis System)[6]. SAS is basedon the DBA (Dif ferential
BooleanAnalyzer) and ESP(Equivalent Setsof Partials)
algorithms,which are similar to unorderedBDDs [7] in
their unreducedandreducedforms, respectively. Because
of their efficiency, ReducedOrderedBDDs (ROBDD) [8]
becamewidely acceptedfor functionalequivalencecheck-
ing. Theadvantageof purefunctionalmethodsis their inde-
pendenceof structuralsimilarities.However, in many cases
they suffer from exponentialmemoryusage.For example,
it hasbeenour experiencethat roughly 20% of the circuit
outputsof a typical high-endmicroprocessorcannotpracti-
cally beverifiedwith pureBDDs.

Internalequivalencepointsor cutpointscanbe usedto
decomposetheequivalencecheckingprobleminto smaller
pieces.The original approach[1] treatscutpointsasinde-
pendentinputs which, in effect, dramaticallyreducesthe
overall sizeof theBDD representationsof all pieces.How-
ever, sincethepossiblefunctionalcorrelationof thesecut-
pointsis disregarded,falsenegativeverificationresultsmay
be introduced.Therearea numberof methods[9, 10, 11,
4, 5] to eliminatefalsenegativeverificationresults.Specif-
ically, in [5] a tight integrationof a SAT solver, BDDs and
randomsimulationis suggested.In contrastto our work,
thecollaborationof thosealgorithmsis limited to theiden-
tificationof cutpointsandtheeliminationof falsenegatives
in aniterativemanner.

The conceptof a “Miter” [2] portraysthe combination
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of thetwo circuit conesto becomparedwith anXOR gate.
Using this structurethe actualequivalencecheckingprob-
lem is recastasa synthesisproblem. If the Miter canbe
transformedinto a constant“0”, functionalequivalenceis
proven. In [2] this is doneby merging thetwo conesstart-
ing from the inputs towardsthe outputsby applyinga se-
ries of SAT queriesfor justifying the merging of internal
nets. The drawbackof this methodis that the underlying
SAT routinecanonly testwhethertwo candidatenetscanbe
merged.This requiresadditionaleffort to guesscandidates
which, in practice,is quite inefficient. Similarly, in [3] re-
cursive learningis appliedto prove functionalequivalence
usingresynthesis.

A constructivemethodto find functionallyidenticalnets
in a Miter-basedequivalencechecking approachis pre-
sentedin [4]. A techniquecalled“BDD sweeping”builds
BDDs for theMiter nodesfrom theinputstowardstheout-
puts in a robust manner. By keepingcrossreferencesbe-
tweenthecorrespondingnodesof theBDD andMiter, func-
tionally equivalentMiter nodescanbe identifiedon thefly
andmergedimmediately. This BDD sweepingtechniqueis
appliedin severallayers,startingfrom multiple internalcut
frontiers.Further, a robusttechniqueto eliminatefalseneg-
ativesis described.Themaindrawbackof this approachis
thatBDD sweepingis notcapableof proving inequivalence.
Further, for hardprobleminstances,thesweepingalgorithm
might run outof memorybeforeit canproveequivalence.

In this paperwe addresstheabove mentionedproblems
in two ways. First, the BDD sweepingis supplemented
with a structuralSAT solver working on the samecircuit
graphdatastructure.BDD sweepingandSAT searchtackle
the verification problem from a different angle with dis-
tinct strengths. BDD sweepingmergesthe two conesof
theMiter structurefrom the inputstowardtheoutputs.For
difficult instancesit might berequiredto build largeBDDs
duringsweepingbeforethetwo outputsto becomparedcan
be merged. In contrast,the SAT solver attemptsto prove
equivalenceor inequivalenceby astructuralsearchfrom the
outputstowardtheinputs.If only asmallfractionof thetwo
conesis shared,the searchmight requiretoo many back-
tracksand may not finish. However, any structuralcone
sharing producedby BDD sweepingreducesthe search
spacefor theSAT solverdramaticallyandthusincreasesthe
chancesof its success.Weproposedanintertwinedapplica-
tion of BDD sweepingandSAT searchwith iteratively in-
creasedresourcelimits for bothalgorithms.This interlaced
schemeis ableto dynamicallyadjustthe effort neededby
BDD sweepingto helpmake theSAT solversuccessful.

A secondsupplementto theBDD sweepingalgorithmis
a randomsimulatorwhich workson thesamegraphrepre-
sentationandattemptsto demonstratefunctionalinequiva-
lenceof thetwo circuits.Empiricalevidencehasshown that
a largenumberof miscomparescanbefoundby simulating

thenetwork with a relatively smallnumberof patterns[12].
Similar to the SAT solver, the randomsimulatorgets in-
vokedaftereachBDD sweepingstep.

2 Equivalence Checking Algorithm

2.1 BDD Sweeping

In this sectionwe briefly summarizethe BDD sweep-
ing algorithm presentedin [4] which is the basisfor the
methoddescribedhere.Thepurposeof theBDD sweeping
algorithmis to prove functionalequivalenceof two cones
by transformingthe output of the Miter into a constant
“0”. When the Miter structureis built from the circuits,
all Booleanoperationsareconvertedinto a graphrepresen-
tationusingtwo-inputAND verticesandedgeswith anop-
tional INVERTER attribute. Similar to efficient BDD im-
plementations[13], eachvertex is enteredinto a hashtable
usingtheidentifierof thetwo predecessorverticesandtheir
edgeattributesas key. This hashtable is utilized during
graphconstructionto identify isomorphicsubnetworksand
to immediatelymergethemonthefly. After theMiter graph
representationis built, BDD sweepingis appliedto further
compressit. Thepseudo-codefor thebasicBDD sweeping
algorithmis outlinedin Figure1. The depictedalgorithm
omits the specificsof multiple sweepinglayersfrom inter-
mediatecut frontiersandalso the handlingof falsenega-
tives.Detailscanbefoundin [4].

The overall ideaof the sweepingalgorithmis to merge
thesubgraphsof thetwo outputconesusingBDDsto prove
functionalequivalenceof intermediatevertices.The BDD
propagationis controlledby a sortedheap. For eachpri-
mary input a BDD variableis createdandenteredonto the
heap(seeFigure2). Thenaniterative processremovesthe
smallestBDD from theheap,processestheBooleanopera-
tion for the immediatefanoutsof thecorrespondingcircuit
graphvertex, andreenterstheresultingBDDsontotheheap.
Thisprocessis continueduntil eitherall BDDsupto agiven
sizelimit areprocessed,or theheapbecomesempty.

Procedureput on heap storesa BDD on theheaponly
if its sizeis smallerthanthegivenlimit, otherwisetheBDD
nodeis freed.Functionallyequivalentverticesfoundduring
BDD constructionareimmediatelymergedandthe subse-
quentpartsof thecircuit grapharerehashedby theroutine
merge vertices. Therehashingis appliedin depth-firstor-
derstartingfrom themergedvertex towardtheprimaryout-
putsandstopsif no furtherreconvergenceis found. Proce-
duresget bdd from vertex andget vertex from bdd pro-
vide cross-referencesbetweenBDD nodesand the corre-
spondingcircuit graphvertices.Invertededgeattributesare
handledinternallyin thoseroutines.

Similar to [4] theuppersizelimit for theBDD handling
ensuresa robust applicationof the algorithm and avoids
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Algorithm bdd sweep(
�������	��


, ��
�
 ����� ��� ������� � ������ 
,

��
�
 ! ���"��� ������� � �#�$�� 
) %

/* check if there are any BDDs on heap with
size( ��
�
 ) &'��
�
 ����� ��� ������� � ������ 

*/
while (!is heap empty(

�������
, ��
�
 �(��� ��� ������� � ������ 

)) do %
��
�
 = get smallest bdd(

�������
);


= get vertex from bdd( ��
�
 );
/* check if previously encountered */
if (get bdd from vertex(



)) continue;

store bdd at vertex(

)� ��
�
 );

for all fanout vertices

+*�,.-

of



do %
��
�
�/10�2 - = get bdd from vertex(get left child(


 *�,.-
));

��
�
�3�465+7 - = get bdd from vertex(get right child(

 *�,�-

));
��
�
 3�098 = bdd and( ��
�
 /10�2 - � ��
�
 3�4�5�7 - );
 3�098 = get vertex from bdd( ��
�
 3�098 );
if (


 3�098 ) %
merge vertices(


 3�098 ��
 *�,.- );
/* return if Miter solved */
if (



== :���; �� < ) return

<
;

else if (


== :���; �� = ) return

=
;>

else %
store vertex at bdd( ��
�
 3�098 ��
 3�098 );>

put on heap(
�������?� ��
�
 3�0@8 � ��
�
 ! ������� ������� � ���$�# 

);>
>
return A = ;>

Figure1: BDD sweepingalgorithm.

memoryblow-ups. To allow reinvocationof BDD sweep-
ing in an iterative manner, a lower size limit is addedto
theheaphandling.Thesuccessiveinvocationof bdd sweep
with increasedlowerlimits essentially“hides”biggerBDDs
from thecurrentrunandautomaticallyrestartsthesweeping
whentheseBDDs“reappear”in thenext iteration.

2.2 SAT Solver

TheintegratedSAT solver is basedon theDavis-Putnam
procedure[14] and is implementedto operate on the
AND/INVERTERcircuit graph.Thealgorithmstartsby as-
sertingtheoutputof theMiter to “1”. It thensuccessively it-
eratesthroughaseriesof implicationandcasesplittingsteps
until a solutionis found. If a conflict occurs,thealgorithm
backtracksto theprevioussplitting level andcontinueswith
thenext choice. If all choicesareexhausted,thealgorithm
provesnon-satisfiabilityof theMiter output,which implies
equivalenceof thetwo conesbeingcompared.On theother
hand,if asolutionis found,it demonstratesnon-equivalence
by providing acounterexample.

The searchheuristicsof the given implementationare
similar to [15]. The resourcesof the algorithm are con-
trolled by a given backtrackinglimit. If this limit is ex-
ceeded,the algorithmreturnswith an undecidedresult. A
particularsetupof thebacktrackingstackallows thesearch

processto restart,after it exceedsthe backtrackinglimit,
from the point it stopped. This featureis usedin the in-
tertwinedinvocationof the BDD sweepingalgorithm and
the SAT solver andavoids restartingthe SAT searchfrom
scratchfor eachiteration.

2.3 Random Simulator

Similar to theSAT solver, a bit-parallelrandomsimula-
tor is implementedon theAND/INVERTER circuit graph.
Our uniform circuit graphusingidenticalvertex functions
permitsan efficient implementationof the simulational-
gorithmusingbit-paralleloperationsfor theAND-function
andinversion. In caseof input constraints,theSAT solver
is usedto generatevalid inputstimuli.

In order to save the memoryneededto storethe simu-
lation resultsat intermediatevertices,“pattern-spacedrag-
ging” [12] is used.This schemeusesa referencecounting
mechanismto determinewhen the simulationpatternat a
vertex hasbeenpropagatedto all destinations.When the
last destinationqueriesthe patternof a vertex, the pattern
spacecan be “dragged” to the destinationvertex by per-
forming thesimulationoperationin-place.

Algorithm check equivalence(

)=B��
�C

) %

= XOR(


)=B�D
�C
);

if (


== :���; �� < ) return equal;

if (


== :���; �� = ) return not equal;

for all primary inputs E do %
��
�
 = create bdd variable();
put on heap(

�������	� ��
�
 �9F );>
while (!is heap empty(

�������	��F
)) do %

� �+�+� = bdd sweep(
�������?��
)� ��
�
 ����� ��� ������� � ������ 9�

��
�
 ! ������� ������� � ������ 
);

if ( � �B�+� ==
=
) return not equal;

else if ( � �B�+� ==
<
) return equal;

���B�+�
= sim equal(


�=B�@
�C
);

if (
���B���

==
=
) return not equal;

else if (
���B���

==
<
) return equal;

G �B�+�
= sat justify(


)��=B�9���� � � :�H  ��B� :�H � �#�$�� 
);

if (
G �B���

==
=
) return not equal;

else if (
G �B���

==
<
) return equal;

��
�
 ����� ��� ������� � ������ 
+= 
 � �  I� ��
�
 � ���$�# 

;���� � � :�H  ��B� :�H � ������ 
+= 
 � �  I� ���� � ������ 

;>
G �B�+�

= sat justify(


,1,

�J��K ���� � � :�H  ��B� :�H � �#�$�� 
);

if (
G �B�+�

==
=
) return not equal;

else if (
G �B�+�

==
<
) return equal;

return undecided;>

Figure2: Algorithm for equivalencechecking.
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BDD BDD Sweeping SAT Search Total (BDD + SAT)
Size Memory[kB] / # Backtracks/ Memory[kB] /
Limit Time[sec] Time[sec] Time [sec]CBL

342 / 0.00 2407939 / 347.17 342 / 347.17CNM
347/ 0.64 115/ 7.40 347/ 8.04C�O
349/ 0.60 115/ 7.47 349/ 8.07CBP
358 / 0.66 87 / 6.93 358 / 7.59CBQ
372/ 0.78 43 / 6.88 372/ 7.66CBR
396/ 1.18 43 / 7.03 396/ 8.21CNM L
791/ 1.67 43 / 6.57 791/ 8.24CNM O
2212/ 4.22 43 / 6.30 2212/ 10.52C M P
2219/ 6.98 43 / 6.15 2219/ 13.13CNM Q
8381/ 12.14 27 / 5.27 8381/ 17.41C MDS
8540 / 19.16 0 / 0.00 8540 / 19.16

Table1: Performanceof BDD sweepingandSAT searchfor
variousBDD sizelimits.

2.4 Overall Algorithm

For eachpair of conesto be compared,first the Miter
structureis built using the AND/INVERTER graphstruc-
ture.Duringconstruction,thisstructureis locally optimized
usinga multi-input hashingscheme[16]. Next, the algo-
rithm outlinedin Figure2 is invoked. It first checksif the
structuralhashingalgorithmcouldproveequivalenceof the
two cones.Note that for a largenumberof practicalappli-
cations,this structuraltest is successful.For example,in
a typical ASIC methodology, equivalencecheckingis used
to comparethe logic beforeandafter insertionof the test
logic. Sincenologic transformationshaveactuallychanged
thecircuit, asimplestructuralchecksufficesto proveequiv-
alence.

Next BDD sweeping,randomsimulation,and the SAT
solver areinvoked in an intertwinedmanner. During each
iteration, the size limit for BDD sweepingand the back-
tracklimit for theSAT solver areincreased.It is important
to note that in the given setting, thesealgorithmsdo not
just independentlyattemptto solve the equivalencecheck-
ing problem. EachBDD sweepingiterationincrementally
compressestheMiter structurefrom theinputstowardsthe
outputs,which effectively reducesthe searchspacefor the
SAT solver. This interleaved schemedynamicallydeter-
minesthe minimum effort neededby the sweepingalgo-
rithm to maketheSAT searchsuccessful.

2.5 Example

In thefollowing wedemonstratethecooperativeintegra-
tion of the BDD sweepingalgorithmandSAT search,us-
ing a circuit examplefrom a high-performancemicropro-
cessordesign. We selectedan output pair which had 97
inputs,1322gatesfor the specificationand2782gatesfor
theimplementation.Thecomparisonwasdoneunderasim-
ple input constraintwhich is handledequallywell by BDD
sweepingandSAT search.

In a seriesof experimentstheBDD sweepingalgorithm
wasappliedto the original Miter circuit with varying lim-
its for the BDD size. After sweeping,the SAT solver was
invoked on the compressedMiter structureand run until
equivalencewasproven. Table1 givesthe resultsfor dif-
ferent limits on the BDD size. As shown, thereis a clear
tradeoff betweentheeffort spentin BDD sweepingandSAT
search.The optimal performanceis achievedwith a BDD
sizelimit of T)U . Theapplicationof BDD sweepingandSAT
searchin thedescribedincrementalandintertwinedmanner
heuristicallyadjuststhe effort spenton eachalgorithm to
thedifficulty of theproblem.

Figure3 shows the actualMiter structuresfor threese-
lectedruns. In thedrawing, all inputsarepositionedat the
bottom. Theplacementof theAND verticesis donebased
on their connectivity to the two outputswhich are located
at thetop. AND verticesthat feedonly oneof thetwo out-
puts are alignedon the left and right side of the picture.
Verticesthat aresharedbetweenboth conesareplacedin
themiddle. Further, filled circlesandopencirclesareused
to distinguishbetweenverticeswith andwithout BDDs,re-
spectively. Filled dotson theedgessymbolizeinverters.

Part(a)of thepictureillustratestheinitial Miter structure
without performingany BDD sweeping.As shown, a num-
ber of verticesaresharedasa resultof structuralhashing
(includingtheschemedescribedin [16]). In orderto prove
equivalenceat this stage,theSAT solver would needabout
2.5 million backtracks.Figure3(b) shows theMiter struc-
tureafterperformingamodestBDD sweepwith asizelimit
of 16 BDD nodes. It is clear that many moreverticesare
sharedat this point. TheSAT solvercannow proveequiva-
lenceusingonly 87 backtracks.Thelastpartof thepicture
displaysthe Miter structurewhenit is completelymerged
by BDD sweeping. As shown, the equivalenceproof re-
quiredbuilding BDDs for all Miter vertices.

3 Experimental Results

We implementedthe presentedalgorithmsin the equiv-
alencecheckingtool Verity [17]. In order to evaluateits
effectivenesswe applied the new algorithm to check the
equivalenceof 132 circuits randomlyselectedfrom a cur-
rently developedhigh-performancemicroprocessor. The
circuits rangein size from a few V.WXW to V.WXW"Y gates,the
sizedistribution is shown in Figure4. Thenumberof out-
put comparisonspercircuit rangesfrom a few 100to more
than10000.All designsweredevelopedin acustomdesign
methodology, for which theRTL specificationis oftensig-
nificantlydifferentthanthetransistor-level implementation.
Theexperimentswereperformedon a RS/6000model270
with a 64-bit, two-way Power3 processorrunning at 375
MHz and8 GBytesof mainmemory.

For eachcircuit we first run thedefault settingof Verity
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Figure 3: ExampleMiter structureat different stagesof
BDD sweeping:(a) No sweepingperformed,(b) sweeping
resultwith BDD sizelimit of T�U , (c) sweepingresultwith
BDD sizelimit of T[Z�\ .
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Figure4: Distributionof circuit sizesfor theexperiment.

which invokesasstandardenginetheoriginal BDD sweep-
ing algorithmpresentedin [4]. Note, that theperformance
of thestandardsettingcanoftenbeimprovedby selectinga
circuit-specificoption.Wechosethestandardsettingfor all
circuits to avoid skewing the comparison.Further, oneof
thecriteria we would like to measurein this experimentis
therobustnessof thenew approachfor variouscircuits.The
secondVerity run useda newly developedenginebasedon
thealgorithmdescribedin this paper.

Overall, thenew algorithmperformssignificantlybetter
thanthe original versionof the BDD sweepingtechnique.
Figures5 (a) and(b) displaya comparisonof the runtime
andmemory, respectively. Eachmarkerrepresentsacircuit,
with theruntime/memoryof theoriginalBDD sweepingal-
gorithm on the x-axisandthe runtime/memoryof the new
algorithmon they-axis. As shown, themajority of circuits
couldbecomparedusingsignificantlylesstime,sometimes
by two ordersof magnitudefaster. Thememoryconsump-
tion remainedaboutthe same,mostly using lessmemory
thanbefore. The performancefor a particularly function-
ally complex circuit is marked in both diagrams.This de-
signscontains92,043gates,97 primaryinputs,65 outputs,
and4,642latches.Theverificationrunincluded4,707com-
parisonsand166,194consistency checksandcouldbe ac-
complishedin 364versus5,435secondsusing64versus77
MBytesfor thenew andold engine,respectively.

4 Conclusions

This paperpresentsa new approachto functionalcom-
parisonof largecombinationalcircuitsusingacombination
of BDD sweeping,structuralSAT search,andrandomsim-
ulation. All three techniquesare implementedon a uni-
form AND/INVERTER circuit graph that helps to maxi-
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Figure5: Comparisonof theoriginal BDD sweepingalgo-
rithm with thenew algorithm:(a)Runtimecomparison,(b)
Memorycomparison.

mizetheoverallperformanceandallowsauniquecombina-
tion of their individual strengths.In particular, by applying
thealgorithmsin anintertwinedmanner, eachBDD sweep-
ing stepincrementallyreducestheproblemsizefor theSAT
solver until it canbesolved. This schemeleadsto a robust
verificationalgorithmthatcansolvea largeclassof equiva-
lencecheckingproblemswith reducedoveralleffort.
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