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Abstract— Many tasksin CAD, such as equivalencechecking,
property checking,logic synthesisand false paths analysisrequire
efficient Boolean reasoningfor problems derived from circuits.
Traditionally , canonicalrepresentationse.g, BDDs, or structural
SAT methods,are usedto solwve differ ent probleminstances.Each
of thesetechniquesoffer specificstrengthsthat make them efficient
for particular problem structures. However, neither structural
techniquesbasedon SAT, nor functional methodsusing BDDs of-
fer an overall robust reasoningmechanismthat works reliably for
a broad setof applications. In this paper we presenta combina-
tion of techniquesfor Booleanreasoningbasedon BDDs, struc-
tural transformations, a SAT procedure, and random simulation
natively working on a shared graph representationof the prob-
lem. The describedintertwined integration of the four techniques
resultsin a powerful summationof their orthogonal strengths.The
presentedreasoningtechnique was mainly developedfor formal
equivalencecheckingand property verification but canequally be
usedin other CAD applications. Our experimentsdemonstratethe
effectivenessof the approachfor a broad setof applications.

Index Terms— Booleanreasoning,BDD, SAT, formal verifica-
tion, equivalencechecking, property checking

|. INTRODUCTION

ANY tasksin computeraided designsuch as equia-

lenceor propertycheckinglogic synthesistiming anal-
ysis,andautomatiaest-pattermyeneratiomrequireBooleanrea-
soningon problemsderived from circuit structures.Thereare
two main approachesisedalternatiely for suchapplications.
First, by corverting the probleminto a functionally canoni-
cal form suchas Binary Decision Diagrams(BDDs), the so-
lution can be obtainedfrom the resulting diagram. Second,
structuralsatisfiability (SAT) procedureperforma systematic
searchfor a consistentassignmenbn the circuit representa-
tion. The searcheither encountersa solution or, if all cases
have beenenumeratedconcludeghatno solutionexists. Both
approachegenerallysuffer from exponentialworst-casecom-
plexity. However, they have distinct strengthsandweaknesses
which make them applicableto different classesof practical
problems. A monolithic integration of SAT and BDD-based
techniquesould combinetheir individual strengthsandresult
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in a powerful solutionfor a wider rangeof applications. Ad-
ditionally, by includingrandomsimulationits efficiency canbe
furtherimprovedfor problemswith mary satisfyingsolutions.

A largefractionof practicalproblemsderivedfrom theabove
mentionedapplicationshave a high degree of structuralre-
dundang. Therearethreemain sourcesor this redundang:
First,the primary netlistproducedrom aregistertransferievel
(RTL) specificationcontainsredundanciegieneratecby lan-
guageparsingand processing.For example,in industrial de-
signs,betweerB0and50%of generatedhetlistgatesareredun-
dant[1]. A secondsourceof structuralredundanyg is inherent
to the actualproblemformulation. For example,a miter struc-
ture[2], built for equivalencechecking,is globally redundant.
It alsocontainsmary local redundancie#n termsof identical
substructuresisedin both designsto be compared. A third
sourceof structuralredundanyg originatesfrom repeatedn-
vocationsof Booleanreasoningon similar problemsderived
from overlappingpartsof the design.For example theindivid-
ual pathschecled during falsepathsanalysisare composedf
sharedsub-pathavhich get repeatedlyincludedin subsequent
checks.Similarly, a combinationakequivalencecheckof large
designgs decomposeihto aseriesof individual checksof out-
put and next-statefunctionswhich often sharea large part of
their structure. An approachthat detectsandreusesstructural
andlocal functionalredundanciesuring problemconstruction
couldsignificantlyreducethe overheadof repeatedrocessing
of identicalstructures.Further a tight integrationwith the ac-
tual reasoningorocescanincreasets performancey provid-
ing amechanismo efficiently handlelocal decisions.

In this paperwe presentan incrementalBooleanreasoning
approachhatintegratesstructuralcircuit transformationBDD
sweepind3], acircuit-basedAT procedureandrandomsim-
ulationin oneframework. All four techniquesvork onashared
AND/INVERTER graph[3] representationf theproblem.BDD
sweepingandSAT searchareappliedin anintertwinedmanner
bothcontrolledby resourcdimits thatareincreasedluringeach
iteration[4]. BDD sweepingncrementallysimplifiesthegraph
structurewhich effectively reduceshesearctspaceof the SAT
solver until the problemcanbe solved. The setof circuit trans-
formationsget invoked whenthe sweepingcauses structural
change potentially solving the problemor further simplifying
the graphfor the SAT search Furthermorerandomsimulation
canefficiently handleproblemswith densesolutionspaces.

This paperis structuredasfollows. Sectionll summarizes
previouswork in the areaand contrastst to our contributions.
Sectionlll presentgshe AND/INVERTER graphrepresentation,
whichis sharedamongall reasoningnechanismsndoutlines
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the set of transformationghat are appliedfor its simplifica-
tion. SectionlV presentshe BDD sweepingalgorithm and
SectionV outlinesthe detailsof the circuit-basedSAT proce-
dure. Therandomsimulationalgorithmandoverall reasoning
flow aredescribedn sectionsVIl and VIIl, respectiely. The
lasttwo sectiongpresenexperimentakesultsandconclusions.

Il. PREVIOUS WORK

SAT searchhasbeenextensively researcheth multiple com-
munities. Many of the publishedapproachesrebasedon the
Davis-Putnamprocedure[5], [6], which executesa system-
atic casesplit to exhaustvely searchthe solutionspace.Over
the years,mary searchtacticsimprovementshave beenpub-
lished. The mostnotableimplementation®f CNF-basedSAT
solvers are GRASP[7] and Chaf [8]. ClassicalCNF-based
SAT solversare difficult to integratewith BDD methodsand
dynamicallyappliedcircuit transformationdbecausehey usea
clause-basedepresentatiomf the problem. In this paperwe
describeanimplementatiorof a SAT procedurghatworks di-
rectlyonan AND/INVERTER graphallowing atight interaction
with BDD sweeping,local circuit graphtransformationsand
randomsimulation. We describea modified implementation
of non-chronologicabacktrackingand conflict-basedearning
andpresentnefficient meango staticallylearnimplications.

Tradingoff compactnessf Booleanfunctionrepresentations
with canonicityfor efficientreasoningn CAD applicationshas
beenthe subjectof mary publications. BDDs [9], [10] map
Boolean functions onto canonicalgraph representationsaind
thusareoneextremeof thespectrumDecidingwhetherafunc-
tion is atautologycanbedonein constantime, atthe possible
expenseof an exponentialgraphsize. XBDDs [11] propose
to divert from the strict functional canonicityby addingfunc-
tion nodesto the graph. The nodefunction is controlled by
an attribute on the referencingarc and canrepresentan AND
or OR operation.Similar to BDDs, the functionalcomplement
is expressedoy a secondarc attribute and structuralhashing
identifiesisomorphicsubgraph®n the fly. The proposedau-
tology checkis similar to a techniquepresentedn [12] and
is basedon recursve inspectionof all cofactors. This scheme
effectively checksthe correspondind8DD branchingstructure
sequentiallyresultingin exponentialruntimefor problemsfor
which BDDs areexcessvely large.

Anotherform of a non-canonicafunction graphrepresenta-
tion are BEDs [13]. BEDs usea circuit graphwith six pos-
sible vertex operations. The innovative componentof BEDs
is the applicationof local functionalhashingwhich mapsary
four-input sub-structurento a canonicalrepresentationTau-
tology checkingis basedon convertingthe BED structureinto
aBDD by maoving thevariablesrom thebottomof thediagram
to the top. Similar to mary pure cutpoint-basedanethods this
approachs highly sensitve to the orderingin which the vari-
ablesare pushedup. In our approachwe apply an extended
functionalhashingschemedo an AND/INVERTER graphrepre-
sentation. Since our graphpreseresthe AND clustering,the
hashingcantake advantageof its commutatvity which makes
it lesssensitive to the orderin which the structureis built. If
thestructuralmethodfails, we applyBDD sweepingonthecir-
cuit graphfor checkingtautology Dueto the multiple frontier

approachdescribedater, it is significantlymorerobustthanthe
BED to BDD corversionprocess.

Thereareanumerougublicationsproposinghe application
of multiple methodsto solve difficult reasoningnstancesFor
example,in [14] and[3] the authorspresentedh randomsim-
ulation algorithm and the earlier mentionedmethodbasedon
structuralhashingandBDDs, respectiely, andsuggestedheir
applicationin a multi-enginesetting. In [15] a comprehensie
filter-basedapproachs describedhatsuccessiely appliesmul-
tiple enginesincluding structuraldecompositionBDDs, and
ATPG to solve combinationakquialencecheckingproblems.
All thesetechniquesave in commonthatthey apply multiple,
specializedechniquesn a sequentialindependeninanner In
contrast,the presentechpproachtighly intertwinesthe use of
structuralmethods BDD-basedtechniquesanda SAT search
andappliesthemon a single uniform datarepresentationThe
proposedsetting allows an automaticadaptationof the com-
binedalgorithmto matcha givenproblemstructurethatresults
in asignificantincreasdan the overall reasoningower.

Several publicationshave suggestedn integration of SAT
and BDD techniquedor Booleanreasoning. Cutpoint-based
equialencecheckingusesa spatial problem partitioning and
can be emplogyed as a baseto apply SAT and BDDs in dis-
tinct partsof the miter structure. A particularapproach[16]
first builds a partialoutputBDD startingfrom the cutsetwhere
auxiliary variablesare introduced. It thenenumerateshe on-
setcubesof this BDD andappliesa SAT searchfor justifying
thosecubesfrom the primary inputs. This methodbecomes
intractableif the BDD includesmary cubesin its onset. Fur
ther, the actualjustificationof individual cubesmay timeoutif
the cutsetis choserunwisely A modificationof this approach
suggests$o searchthroughall co-factorsof the BDD insteadof
enumeratingll cubeq17]. Anotherproposako combineBDD
andSAT is basedon partitioningthe circuit structureinto a set
of component$18]. As mostcutpoint-basednhethodsall these
approachearehighly sensitive to the choserpartitioning.

A common problem with the mentionedintegration ap-
proachess theinsertionof BDD operationsnto theinnerloop
of astructuralSAT search StructuralSAT is efficientif theun-
derlying problemstructurecanbe exploited for effective local
searchheuristics.BDDs work well if redundanyg of the prob-
lem structureeludesan exponentialgrowth during construc-
tion. A spatialpartitioningof the applicationspacefor BDDs
and SAT blurs their individual global scopeand separateshe
applicationof their orthogonalstrengthgo differentparts. In
this paperwe apply BDD sweepingandstructuralSAT search,
both working in an interleared manneron the entire problem
representation.This keepsboth mechanismdocusedon the
global structurewithout beingconstrainedy anarbitrarypre-
partitioning. In this setting,BDD sweepingincrementallyre-
ducesthe searchspacefor the SAT solver until the problemis
solvedor theresourcdimits areexhausted Structuraltransfor
mationsareusedto facilitatelocal decisions.

I1l. PROBLEM REPRESENTATION AND STRUCTURAL
TRANSFORMATIONS

In this sectionwe describethe basicAND/INVERTER graph
representatiothatis employedasunderlyingdatastructurefor
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all Booleanreasoningalgorithmsdescribedin the following
sectionsWe alsopresenseveralhashingschemeshatremove
structuralandlocal functionalredundanciesluring graphcon-
struction.

A. AND/INVERTER Graph Repesentation and Structuml
Hashing

A directedagyclic graphis usedasastructuralrepresentation
of the functionsto bereasoneabout. Therearethreetypesof
graphvertices:A unigueterminalvertex representtheconstant
“0” (“1”) valuewhenit is referencedy a non-complemented
(complementedarc. A secondype of vertex hasnoincoming
arcsandmodelsprimary inputs. Thethird vertex type hastwo
incomingarcsandrepresentshe AND of the vertex functions
referencedy thetwo arcs. INVERTER attributeson the graph
arcsindicateBooleancomplementationUsingthis graphrep-
resentationa reasoningoroblemis expressedasan obligation
to prove a particulargraphvertex to be constant0” or “1”.

Similar to the constructionof BDDs, the AND/INVERTER
graphis built from the inputs toward the outputsusing a set
of constructionoperators. Thereare threebasicconstructors:
(1) create input, (2) create and2, and(3) create inverter.
Otheroperatordor alternatve or morecomplex operationsare
composedf thesebasicconstructors.Intermediatefunctions
are passeetweenconstructorsdy arc handleswhich consist
of a referenceto the sourcevertex and a possibleINVERTER
attribute. The samehandlesareappliedby thereasoningppli-
cationto referto functionsthatarestoredby the graph.

Al gorithm create and2( p1,p2) {
I/* constant folding */

if (p1 == CONST_O0) return CONST_O;
if (pp == CONST_0) return CONST_O;
if (p1 == CONST_1) return ps;
if (pp == CONST_1) return ps;
if (p1 == p2) return pp;
if (p1 == —p2) return CONST_O;

/* rank order inputs to catch comutativity */
if (rank(p1) > rank(p2)) swap(pi,p2);
/* check for isonorphic entry in hash table */
if ((p = hash lookup(pi,p2)) == NULL)

p = new_and_vertex( p1,p2) ;
return p;

}

Fig. 1. Algorithm create and?2 for the AND constructar

The implementation of the construction operation
create input is straight forward. It allocatesand initial-
izesa correspondingertex datastructureandreturnsa handle
pointingto it. Similarly, the operationcreate _inverter simply
togglesthe attribute of the handle. Fig. 1 shavs the pseudo-
codefor the operationcreate and2. The algorithmtakestwo
arc handlesasinput parameterandreturnsan arc handlethat
representshe output of the AND operation. In the code,the
symbol“—" denotesBooleancomplementiorusingthe proce-
durecreate inverter. Thefirst partof the algorithmperforms
constanfolding, which automaticallysimplifiesredundanand
trivial expressionsn the graphstructure. Next a hash-lookup
identifiesisomorphicgraphstructuresandeliminateshemdur-
ing construction.For this the procedurehash lookup checks

whetheran AND vertex with the requestednput arcshasbeen
createcbefore.If foundtheexisting vertex is reusedptherwise
a new vertex is createdusing the function new_and_vertex.

Before applyingthe hash-lookupthe two operatorgp; and ps

are orderedusing a uniquerankingcriteria. This assureghat
commutatve expressionssuchasp; A p, andps A py, are
mergedontothe samegraphvertex.

Al gorit hm new_and_vertex(p1,p2) {
/* reschedul e vertex for BDD sweeping */
put_on_heap( bdd_from_vertex( p1) , upper_size_limit) ;
put_on_heap( bdd_from_vertex( p2) , upper_size_limit) ;
/* learn inplication shortcuts for SAT */
i T (hash_lookup(—p1, p2)) leam(pi,p2);
i f (hash_lookup(pi, —p2)) leam(p2,p1);

p = alloc_vertex( p1,p2);
add_to_hash table( p,p1,p2);
return p;

}

Fig.2. Algorithmnew_and_vertex for allocatinga nen graphvertex, includ-
ing restartingof BDD sweepingSectionlV) andstaticlearning(SectionV).

Thealgorithmnew_and_vertexis shovnin Fig. 2. It isused
to allocatea new graphvertex andadda correspondingntryto
the hashtable. This procedurealsohandleghe re-activation of
the BDD sweepingalgorithm and staticlearningas described
in sectiondV andV, respectiely.

The constructionof the AND/INVERTER graphfor asimple
exampleis illustratedin Fig. 3. Part (a) represents circuit
built for proving equivalenceof netsz andy, which arefunc-
tionally identicalbut have differentstructuralimplementations.
Functionallyequivalent netsare labeledusing identical num-
berswith one or moreapostrophesFig. 3(b) showvs theresult
of the graphconstructionusingthe algorithmcreate and2 of
Fig. 1. The verticesof the graphsrepresentAND functions
and the filled dots on the arcs symbolizethe INVERTER at-
tributes.Notethatin seseralcasesstructurallyisomorphicnets
are mappedonto the samegraphvertices. For example,the
functionsa V b (net 1 of the uppercircuit) anda A b (net1”
of thelower circuit) areidentifiedasstructurallyequivalentand
representetly a singlevertex.

B. FunctionalHashing

The simple two-level hashing scheme of algorithm
create and2 can eliminate structurally isomorphic graph
verticesbut cannothandlefunctionally identical verticesthat
are implementedby different structures. For example, the
equivalenceof verticesz andy of the circuit in Fig. 3 cannot
be shavn by simple hashing. In this sectionwe presenta
generalizechashingschemethat identifies functionally iden-
tical subcircuitsof boundedsize independenbf their actual
structuralimplementation.

A naturalway to increasethe scopeof structuralhashing
would beto divertfrom thetwo-inputgraphmodelandusever-
ticeswith higherfanin degree. The setof possiblefunctions
of a vertex with morethantwo inputs cannotbe encodedeffi-
ciently usinguniform vertex operationsaandarcattributesonly.
Insteadhevertex functionshouldberepresentelly anattribute
whichis hashedn conjunctionwith theinputreferenceso find



(d)

Fig. 3. Examplefor the constructionof an AND/INVERTER graph: (a) a
functionally redundanstructuregeneratedo checkfunctional equivalenceof
outputsz andy, (b) correspondingwo-input AND/INVERTER graphbuilt by
algorithmcreate_and2 of Fig. 1, (c) alternatve graphrepresentatiowith four-
input vertices,(d) resultingtwo-input graphafter functionalhashingusingthe
algorithmcreate_and of Fig. 4.

structurallyidenticalcircuit parts.Sincethenumberof possible
vertex functionsgrows exponentially this methodis only prac-
tical for verticeswith up to four inputs. For thecircuit example
of Fig. 3(a), part(c) shavs the graphmodelbasedon vertices
with a maximumfanin degreeof four. Note that this method
canidentify the equivalenceof the netpair (5, 5') but still fails
to shav the samefor pair (7, 7'), andthereforefor z andy.
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A morecomprehensieapproachdenotedasfunctionalhash-
ing [1] is basedon the presentedwo-inputgraphandanexten-
sionof thestructuralanalysisghatincludesthetwo graphlevels
precedinga vertex. As a resultthe granularity of identifying
functionally identicalverticesis comparabldo the granularity
of the hashingtechniquebasedon four-input vertices. More-
over, by applyingthis methodon all intermediateverticesin an
overlappingmanney this approachcan take advantageof ad-
ditional structuralsimilaritiesthat otherwiseremaininternalto
four-inputvertices.

Al gorithm create and(p1,p2) {
/* constant folding */
if (p1 CONST_0) return
if (p2 == CONST_O) return
if (p1 == CONST_1) return
if (p2 CONST_1) return
if (p1 p2) return
if (p1 —p2) return
/* rank order inputs */
if (rank(pi1) > rank(p2)) swap pi,p2);
/* check for isonorphic entry in hash table */
if ((p = hash_lookup(pi,p2)) == NULL) {
/* 3 cases depending on position in graph */
if (is_var(pi1) && is_var(p2))
p = new_and_vertex( p1,p2) ;
else if (is_var(p1)) = create and3(p1,p2);
else if (is_var(p2))p = create and3( p2,p1);

CONST_0;
CONST_0;
p2;
p1,
P1;
CONST_0;

el se p = create and4( p1,p2) ;
}
return p;
}
Fig. 4. Algorithm create and for an AND constructorthat includeslocal

functionalhashing.

Fig. 4 outlinesthe overall flow of the functional hashing
scheme. The first part, which performsconstantfolding and
structuralhashing,is identical to the algorithm create_and?2
of Fig. 1. In caseof a hashmiss, the secondpart includes
an extendedtwo-level lookup schemewhich corvertsthe lo-
cal function of the four grandchildreninto a canonicalrep-
resentation. During graph constructionfrom the primary in-
puts, the first level of verticesdoesnot have four grandchil-
drenand, thus, mustbe treatedspecially If both immediate
children are primary inputs, the algorithm createsa new ver-
tex usingthe procedurenew_and_vertex, which is shavn in
Fig. 2. If only oneof thechildrenis a primaryinput, a canon-
ical three-inputsubstructuras createdby applyingthe proce-
dure create_and3, andfor the remainingcasethe procedure
create and4 is called. Sincethe algorithmsof the procedures
create_and3 and create_and4 are quite similar we limit the
descriptionto thelatter. Its pseudo-codés givenin Fig. 5. The
procedureof create and3 simply implementsa subsetof the
shown cases.

Thealgorithmcreate and4first analyzeghelocal substruc-
tureusingtheprocedureanalyze case It computes signature
which reflects(1) the equality relationshipof the four grand-
children and (2) the inverter attributes of the six arcs. This
signatureis mappedto one of 235 differentcasegfor the al-
gorithm create and3, the signatureis mappedto one of 44
cases). By construction,the topology of the substructurds
uniquelyidentifiedby this signature.lts valueis thenmapped
ontoanimplementatiorindex suchthatall structureswvith iden-
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Al gorithm create and4(,r) {
u - >left;
Ir - >right;
rl r->left;
T r- >right,;
index = analyze cas€l,r);
swi t ch(indez) {

case 98: /* function g in Fig. 6 */
p1 = —create and(ll,Ir); /* recursive
p2 = —create and(—ll, —lIr);
return create and2( p1,p2);

*/
/* not recursive */

case 123: /* function hin Fig. 6 */
p1 = —create and(ll,ir);
p2 = —create and(—ll, —ir);
return —create and2( p1,p2) ;
case 144: /* exanple of Fig. 7 */
return create and(ri,rr);

/* remaining cases with no reduction */
return new_and vertex(l,r);

}

Fig.5. Sketchof thealgorithmcreate and4 which handlesvertex construc-
tion for substructurewith four grandchildren.

tical functionsgetprojectedontothe sameindex. For eachdis-

tinct index a new canonicalimplementatioris thengenerated.

Becauseof this canonicityandthe appliedvertex hashingthis
methodmemesall functionally equivalentsubstructuresffec-
tively removing local functionalredundanciesFig. 5 provides
pseudo-codexamplesto handlecase®98 and123, which rep-
resentthe structuresof an XorR and XNOR function asshovn
in Fig. 6(a). Part (b) of this figure demonstratebow functional
hashingmapsboth functionsonto the samevertex referenced
by complementearcs.

a a g
b 2 5 g b 2 5
h h
6 3
4
@) (b)

Fig. 6. Examplefor meming the structuresof functionsg =XoR(a,b) and
h =XNOR(a, b) usingthealgorithmcreate_and4: (a) resultingstructurewith-
outfunctionalhashing(b) structurewith functionalhashing.

Notethatfunctionalhashingis appliedrecursvely asshavn
in the implementatiorof the intermediatdfunctionsp; andp,
of case®8 and123 of Fig. 5. However, to ensuretermination,
thefinal vertex mustbe constructedvith thenon-recursie pro-
cedurecreate and2showvnin Fig. 2. Therecursve application
of functionalhashingoftenresultsin a significantgraphreduc-
tion. For example,the two outputsin Fig. 3(a) canbe memged
by functionalhashingresultingin the graphshown in part(d).

C. Local Reawriting

Functionalhashingasdescribedn the previous subsection,
hasthe potentialto compactgraphrepresentationfor struc-
tureswith sharedgrandchildren. However, if all four grand-
childrenof the two operandsaredistinct, the hashingdoesnot

resultin ary structuralreduction.Still, in somecasesvherethe
operands grand-grandchildremre shared,the local structure
canbe rearrangeduchthatthey shareat leastonegrandchild.
This rearrangemenwill enablea following functionalhashing
step. For example,the expressiory = (a V b) A ((a A b) A ¢)
cannotbesimplifiedwith functionalhashingoecausé hasfour
distinctgrandchildren{a, b, a A b, c}. However, afterrewriting
theexpressiorinto g = ((aVb) A(aAb))Ac) functionalhashing
cansimplify thestructureto g = a A b A ¢. Thecorresponding
step-wisegraphtransformationsreillustratedin Fig. 7.

a I a
co '

m Ce

@ (b)

Fig. 7. Exampleof local rewriting: (a) original graphthat cannotbe re-
ducedby functional hashing,(b) result of rewriting using case236 of algo-
rithm create_and4 (Fig. 8), (c) resultafterrecursve applicationof casel44 of
algorithmcreate_and4 (Fig. 5).

To handle local rewriting, the algorithm create and4
is enhancedby recognizing more casesin the procedure
analyze caseandaddingthe correspondingndicesto theim-
plementatiorcasesln essencethe mentionedewriting mech-
anismis applicablef: (1) atleastoneoperandof the AND op-
erationis complemente@nd(2) the grandchildrerand/orchil-
drenof the operandsareshared.Fig. 8 shavs a modifiedver-
sionof thealgorithmcreate and4 thatincludesthe additional
3 casedor local rewriting. The procedureshare testswhether
two givenverticesshareary children. In the givenexampleof
Fig. 7, theleft child of vertex g is invertedandsharedts chil-
drenwith theright-left grandchildof g. Herethedepictedcase
236 of themodifiedalgorithmof Fig. 8 is appliedfor rewriting.
During the implementationstepthe procedurecreate and is
calledrecursvely afterwhich casel44 shavnin Fig. 5is appli-
cableandsimplifiesthegraphto the structuregivenin Fig. 7(c).

D. SymmetricClusterHashing

Thepreviously describednethodsincludingstructurahash-
ing, functional hashing, and local rewriting restructurethe
AND/INVERTER graphonly locally by examining a limited
numberof faninvertices. A further compressiorof the graph
canbeachiesedby analyzingbiggersymmetricgraphclusters.
Theideais thatexpressiortreesutilizing a uniform symmetric
vertex function(e.g.,AND or X OR) representhesameBoolean
function if they have identical setsof sourcevertices. This
equialenceis independenodf the actualtreestructureandper
mutationof sources.

For identifying identicalsymmetricclusterfunctions,a spe-
cial clusterhashingalgorithmis appliedwhenerer anew AND
vertex is built. The algorithmtraversesthe transitive fanin of
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Al gorit hm create and4(,7) {
i - >left;
Ir - >right;
rl r->left;
rT r- >right;
index = analyze cas€l,r);
swi t ch(index) {

/* rewiting cases */
case 235. /* | and r are inverted */

case 236: /* only | is inverted */
if (share(,rl) || share@l,rl) || share(r,rl)) {
return create and( create and(l,rl), r7));

}
if (share(,rr) || share(l,rr) || share(r,rr)) {
return create and( create and(l,rr), rl));

}
i f (share(l,r) || share(r,r)) {
return -create and( —~create and( —il,r),
—create_and( —ir,r) ) ;

br eak;
case 237: /* only r is inverted */

/* no reduction or rewiting */
return new_and vertex(l,r);

}

Fig. 8. Sketchof improvedalgorithmcreate and4 with local rewriting.

thevertex, determineghe boundarie®of the symmetricexpres-
siontree,andcollectsthe setof sourcevertices.This setis then
hashedisinga specialklusterhashtable.If identicalentriesare
found, the correspondingerticesare merged andtheir fanout
structuresarerehuilt.

The symmetric cluster hashingis done for two function
types.AND clustersaresimpleto identify by justtraversingthe
faninstructureuntil invertedarcsareencounteredDueto their
duality, OR clustersareautomaticallyhandledby the sameal-
gorithm. X OR/XNOR clustersarefoundby recursvely search-
ing for thecanonicalX or structurgshovnin Fig. 6). Only one
of thetwo possibleX orR/XNOR needgo beidentified,sincethe
otherstructuregetsrewritten by functionalhashing.

Note thatan alternatie approactto handlesymmetricclus-
ters would be to build AND and XOR expressiontreesin a
canonicalmanneyfor example,by alwaysbuilding a balanced
tree structureusing the sourceverticesin somelexicographi-
cal order However, our experienceis thatsuchanapproachs
inferior to the presentedanethodsinceit destrys up-fontlarge
partsof theexisting (empiricallyuseful)circuit structureandas
aresultpreventsmary matchingshatareotherwisepossible.

IV. BDD SWEEPING

In this sectionwe describethe BDD sweepingalgorithm,a
methodthat systematicallyidentifiesand memgesfunctionally
equivalentAND/INVERTER graphverticesthatarenotfoundto
be equivalentby the previously describestructuralmethods.

The sweepingmethodbuilds BDDs for the individual graph
verticesstartingfrom inputsandmultiple cut frontierstoward
theoutputs.By maintainingcross-referencdsetweerthegraph
verticesandits BDD nodesfunctionallyidenticalverticescan
befoundconstructvely duringthesweep.Thereareseveralkey
ideasthatmake BDD sweepingobustandefficient:

« As soonastwo functionally equivalentverticesareiden-
tified, their outputstructuresaremergedandrehashedis-
ing the algorithmsdescribedn the previous section. The
instantaneougapplicationof structuralsimplification can
solve reasoningproblemswithout building BDDs for the
entireproblemstructureresultingin a significantincrease
in the overall reasoningpower andperformance.

« The BDD propagationis prioritized by the actualsize of
the input BDDs usinga heapas processingjueue. As a
result, the sweepingalgorithm focusesfirst on inexpen-
sive BDD operationsandavoids the constructionof large
BDDs unlessthey areneededor solvinga problem.

« The maximumsize of the processedBDDs is limited by
a threshold,which effectively controlsthe computingre-
sourceandreasoningower. BDDsthatexceedhesizeof
thethresholdare“hidden” in the processindieapandwill
reappeawhenthe sweepings restartedvith a sufficiently
large limit. This mechanisms usedto interleave BDD
sweepingwith structural SAT search. By incrementally
increasinghe resource®f the individual algorithmsdur-
ing eachiteration,theirreasoningpowercontinuego grow
until the problemcanbe solvedby eitheroneof them.

« Multiple BDD frontiersareconcurrentlypropagatedh the
heapcontrolledmanner Thisapproacteffectively handles
local redundanciesvithout the needto alwaysbuild large
BDDs from the graphinputs.

« Whenthe BDD processingeachesry of the targetver-
tices that representa proof obligation (i.e., it must be
shawvn to be constantor not) one of the following steps
is applied: If the correspondingBDD representsa con-
stant,the vertex getsmermgedwith the constangraphver-
tex andthe reasoningesultis obvious (dependingon the
problemeitherSAT or UNSAT). Otherwisejf the support
of the BDD containsonly primaryinput variables satisfi-
ability is provenandary pathsfrom the BDD root to the
correspondingonstanBDD nodecansene ascounterg-
ample.If thesupportcontainsvariablesrom intermediate
cutsetsfalsenegative resolutionis applied.

A. BasicSweepingAlgorithm

Fig. 9 shaws the self-explanatorypseudo-codéor the basic
BDD sweepingalgorithmbdd_sweep It doesnotincludethe
processingf multiple BDD frontiers,whichis describedn the
next subsectionThe heapstructureis initialized in the overall
procedurgseeSectionVIll). For this, primary inputsareini-
tialized at the beginning of the reasoninglow usingthe proce-
duresweep init, whereascutsetverticesaredeclaredandini-
tialized betweertheindividual sweepingterations.

The invocation of the sweepingalgorithm processesall
heapBDDs that have a smallersize thanthe given threshold
bdd_lower_size_limit. All largerBDDsremainhiddenin the
heapandgetprocesseavhenthealgorithmis calledagainwith
asufficiently largethreshold During eachiterationof theinner
sweepindoop, the algorithmremovesthe smallestBDD from
the heap,processeshe Booleanoperationdor the immediate
fanoutstructureof the correspondingircuit graphvertex, and
reentergheresultingBDDs ontothe heap,if their sizeis below
thethresholdbdd_upper_size_limit.
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Al gori t hm sweep init( vertez) {
heap = new_heap();
for all input vertices v, do {
bdd = create bdd_variable() ;
store_vertex_at_bdd( bdd, viy,) ;
put_on_heap heap, bdd, bdd_upper_size_limit) ;

return heap;

Al gori t hm bdd_sweef§ heap, vertez) {

/* check if there are any BDDs on heap with
si ze(bdd) < bdd_lower_size_limit */

whi | e (!is_heap empty( heap, bdd_lower_size_limit)) do {
bdd get_smallest bdd( heap) ;
v get vertex_from_bdd( bdd) ;
/* check if previously encountered */
i f (get bdd_from_ vertex(v)) conti nue;
store_bdd_at_vertex( v, bdd) ;

for all fanout_vertices voyt Of v do {
bddye f4 get_bdd_from_vertex( vout- >left) ;
bdd,;gnt get_bdd_from_vertex( vou¢- >right) ;
TEes bdd_and( bddlefta bddm’ght) ;
get_vertex_from_bdd( bddyes) ;

Ures

if ('Ures) { X
merge_verticey Vres , Vout) ;

/* return if problemsolved */

i f (vertex == CONST_1) return SAT;
i f (vertex == CONST_0) return UNSAT;
} else {

store_vertex_at_bdd( bdd,es, Vout) ;

/* BDD for wres Cannot be constant */
if (vout == wertex) return SAT,;
put_on_heap( heap, bdd,es, bdd_upper_size_limait) ;

}

}
return UNDECI DED,

}

Fig. 9. Initialization proceduresweep init andbasicBDD sweepingalgo-
rithm bdd_sweepfor decidingS AT (vertez).

Using cross-referencingetweergraphverticesandthe cor-
respondindBDD nodesfunctionallyequivalentverticescanbe
identified. An equivalentvertex pairis foundif the resultv,.s
of a BDD operationalreadyrefersto anothervertex that was
processedefore. In this caseboth verticesare memged im-
mediatelyandtheir subsequenpartsof the grapharerehashed
by the proceduranerge vertices Therehashings appliedin
depth-firstorder startingfrom the meiged verticestoward the
primary outputsand stopsif no further recorvergeng occurs.
As aresult,theforwardrehashingnaymemethereasoningar-
getvertex vertex with the constanwvertex, effectively deciding
the problem. The correspondingwo checksin the innerloop
testfor thesecasesBeforethe BDD is reentereantotheheap,
anotherchecktestswhetherthe target vertex wasreached.In
this casethe target vertex must be non-constantptherwiseit
would have beenmemgedwith a constanwertex andoneof the
previoustestswould have succeededTherefore the problemis
satisfiablesincethe BDD supportincludesonly primaryinput
variables.

The following remarksfurther explain particular details of
thesweepingalgorithm:
+ Thesequencéy whichthecross-referencings performed

andchecledusingthe procedureget bdd_from_vertex,
store_bdd_at vertex, get vertex from bdd, and

store_vertex_at bdd, ensuresthat all vertices are
handledexactly once,unlessnew graphverticesareadded
to the fanoutof an alreadyprocessedertex. In this case
the procedurenew_and_vertex restartsthe sweeping
procesdor thesevertices.

« If oneof thetwo BDD operandss missing,the BDD op-
erationis skippedandprocessingontinueswith the next
BDD from the heap. Note thatassoonasthis operands
available,the sameBDD operationwill bere-invoked.

« Thememing of two verticesis donein aforwardmanney
i.e.,thefanoutoof thevertex, whichis topologicallyfarther
from the primaryinputsmustbereconnectedo the vertex
thatis topologically closerto the inputs. Otherwise,the
melge operationmay causestructuralloopsin the graph,
whichwould invalidateits semantic.

Fig. 10illustratesthemechanisnof BDD sweepindgor prov-
ing equivalenceof two functionally identical but structurally
differentcircuit cones Parts(a) and(b) shav themiter structure
of thetwo cones5 and5’ to be comparedvith an XNOR gate
and the correspondingAND/INVERTER graph, respectiely.
Thefollowing figuresshow the progressof the sweepinguntil
equialenceis proven. It is assumedhat the BDDs are pro-
cessedn the orderof their correspondingerticesl, 2, 3,4, 3,
and?2’. Thefirst four iterationscreatethe BDDs for vertices
1,2,3, and4. In the next iteration, the resultingBDD node
for vertex 3’ alreadypointsto the functionally equivalentver-
tex 3. Therefore,vertices3’ and3 are memgedas depictedin
Fig. 10(c). The next figure shavs the graph after vertex 2
hasbeenprocesse@ndmergedwith vertex 2. The subsequent
forward rehashingdentifiesthat5 and 5’ areisomorphicand
memgesthem,whichfurthercauses$ to bemergedwith thecon-
stantvertex. Note that for simplicity we usedonly structural
hashingn this example.Theresultinggraphstructureis shavn
in Fig. 10(e).At this pointfunctionalequivalences provenand
the algorithmterminateswithout having to build BDDs for the
entiremiter structure.

B. EnhancedSweepingAlgorithm with Multiple BDD Fron-
tiers

The basicsweepingalgorithm as describedn the previous
sectionstartstheBDD propagatiorirom theinputverticesonly.
As aresultthe sizethresholdof the BDD processingrecludes
a full penetrationof deeperAND/INVERTER graphs. An en-
hancedsweepingapproachis basedon a multi-layeredprop-
agationof BDDs that startfrom the primary inputsaswell as
intermediatecutfrontiers. Usingthis schemethegraphvertices
aregenerallyassociatewvith multiple BDDsthatrepresentheir
functionfrom differentcutsof their faninlogic.

For the multi-layer BDD propagationthe overall algorithm,
whichis describedn SectionVlll, declaresutpointsbetween
individual sweepingsteps.Thereareseveralheuristicsto iden-
tify verticesthatrepreseneffective cutpoints,ncludingtheuse
of:

« verticesthathave alargefanout,

« Verticesthathave multiple pathsto thereasoningrertex,

« in caseof equivalencechecking,verticesthat are on the

borderof the intersectionof the two conesthat form the
miter structure.
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Fig.10. Examplefor BDD sweeping:(a) miter for two functionallyidentical
circuit cones,(b) original AND/INVERTER graph,(c) BDDs arecomputedfor

verticesl,2,3,4,3",which causes8’ and3 to be meged,(d) BDD is computed
for 2" which cause®’ and?2 to be meiged, (e) forward hashingcauses and
5’ to be meiged and 6 be meiged with the constantvertex thus solving the
reasoningproblem.

Basedon thedeclareccutpointsthecutlevelc_| evel (v)
of acircuit graphvertex v is recursvely definedasfollows:

0 if visprimaryinput

maz(c_| evel (v->left),c_l evel (v->right)) +1
if v is cutpoint

maz(c_| evel (v->left),c_l evel (v- >right))
otherwise.

c_level(v) =

The cut level is usedto define cut frontiers and to align
the BDD propagationwith thesefrontiers. Fig. 11 shavs
the modified sweepingalgorithm that supportsthe handling
of multiple BDD frontiers. As shown, the additionsmainly

get bdd_from_vertex returnsthe BDD storedfor a specified
level atavertex. If the givenlevel exceedsthe cutlevel of the
vertex, the BDD of the maximallyavailablecutlevel is taken.

Similar to the basic algorithm, specialchecksare applied
when the BDD processingreachesthe tamget vertex vertex.
However, sincethe BDDs of the verticesdo not necessarily
originatefrom the primary inputs, it cannotbe decidedimme-
diatelyif the problemis solved. First, falsenegative resolution
attemptgo re-substituteutpointvariablesof the BDD with the
BDDs driving the correspondingrertices(see SectionlV-C).
This may causethetargetvertex to getmemgedwith a constant
vertex in which casethe problemis satisfiableor unsatisfiable
for amemerwith theconstant1” or constant0”, respectiely.
Furthermorejf all cutpointvariableshave beenre-substituted
theresultingBDD originatesonly from the primaryinputs. The
problemmustthenbe satisfiable.

Al gori t hm bdd_swee heap, vertez) {
whi | e (!is_heap empty( heap, bdd_lower_size_limit)) do {

bdd = get smallest bdd( heap) ;
v = get vertex_from_bdd( bdd) ;
level = get level_from_bdd( bdd) ;

i f (get bdd_from_ vertex( v, level)) continue;
store_bdd_at_vertex( v, bdd, level) ;

for all fanout_vertices voyt Of v do {
bddye £¢ get bdd_from_vertex( vout- >left,level) ;
bdd,;gnt get_bdd_from_vertex( voyt- >right,level) ;
bdd_and( bddleft, bdd'right) )
get vertex_from_bdd( bdd;¢s) ;

TeS

Ures
if (wvres) {
merge_verticey vres, Vout) ;
if (wvertex == CONST_1)
if (vertex CONST_0)
} else {
store_vertex_at_bdd( bddres, vout) ;
store_level_at_bdd( bddyes,level) ;

return SAT,;
return UNSAT;

if (vout == vertex) {
resolhe_false_negative( v) ;
i f (vertex == CONST_1) return SAT;
i f (vertex == CONST_0) return UNSAT;

/* non-constant |evel-0 BDD */

i f (get bdd_from_vertex( vertex,0)) return SAT;

put_on_heap heap, bdd,es, bdd_upper_size_limit) ;

}

}
ret urn UNDECI DED;

}

Fig.11. Enhance®DD sweepinglgorithmwith multi-layeredBDD frontiers
for decidingS AT (vertex).

C. FalseNggativeResolution

The algorithmto resole false negativesin shown in Fig-
ure 12. To fully explore BDDs constructedor the different
levelsof thetargetvertex without memoryexplosion,the elim-
ination processs alsocontrolledby a heap. In eachiteration,
the smallestBDD is taken andits topmostcut variableresub-
stituted by the correspondingdriving function. The resulting
BDD is thenchecled for a functionally equivalentvertex that
hasbeenprocessedbefore. If found, both verticesaremerged
andthe subsequenartsof thecircuit grapharerehashedOth-
erwise,if thesizeof theresultingBDD is smallerthanthegiven

involve a level-specifichandling of BDDs. The procedure limit, it is reenteredntothe heapfor furtherprocessing.
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Al gorithmresol ve_fal se_negatives (v1) {
for level =0 to c_level (w1) do {
bdd = get bdd_from_vertex( vy, level);
put_on_heap compose_heap, bdd) ;

limat = bdd_lower_size_limait;
whi | e (!is_heap empty( compose_heap,limit)) do {

bdd = get smallest bdd( compose_heap) ;
v = get vertex_from_bdd( bdd) ;
bdd,q-= get _cutvar_from_bdd( bdd) ;

if (bddyar) {
Vvar
level
bddfunc

TES

get vertex_from_bdd( bddyar) ;

c_level (wvyar);
get_bdd_from_vertex( vyqr, level —1);
bdd_composé¢ bdd, bddyar, bddfync);
get vertex_from_bdd( bddy.s) ;

Ures

if (vres) {
merge_verticey vres,

} else {
store_vertex_at_bdd (bdd;es,
put_on_heap( compose_heap,

v);

v);
bddyres) ;
}
}
}
}

Fig.12. Algorithm to eliminatefalsenegatives.

V. STRUCTURAL SAT SOLVER
A. BasicSAT Procedue

ThestructuralSAT solveris basedn the Davis-Putnanmpro-
cedureworking on the presentedAND/INVERTER graph. It
attemptsto find a setof consistentvalue assignmentgor the
verticessuchthat the target vertex evaluatesto a logical “1”.
Unsatisfiabilityis provenif anexhaustve enumeratiomoesnot
uncover suchanassignment.

Fig. 13 providesthetoplevel view of the SAT algorithmcon-
sisting of two routines,the proceduresat init, andthe proce-
durejustify, which handlesthe casesplitting and backtrack-
ing. The overall SAT searchis basedon a processingqueue
justi fication_queue that containsall verticesfor which a
consistenassignmenmustbe found. The algorithmattempts

Al gori t hm sat_init( vertez) {

stack = new_stack() ;

assigr( vertex, 1) ;

i f (imply(vertex)) {
d_level = push_on_stack( stack, NULL) ;
d_level- >mark = 0;
d_level- >queue = justification_queue,
d_level- >v = dequeue vertex( d_level- >queue) ;

return stack;

}
Al gori t hm justify ( stack) {
while (1) {
i f (backtracks++ > sat_backtrack_limit)
return UNDECI DED;

d_level = pop_from_stack( stack) ;
if (!d_level) return UNSAT; /* exhausted

| abel :
if (!d_level->v) return SAT,

/* try all values one by one;
continue fromlast value after
returning from higher decision |evel
for all values for d_level->value do {

assign( d_level- >v- >left,d_level- >value) ;

if (imply(d_level->v->left)) {
d_level push_on_stack( stack, d_level) ;
d_level- >mark tail_pointer( assignment_list) ;
d_level- >queue justification_queue;
d_level->v dequeue vertex( d_level- >queue) ;
goto | abel;

}

/* failed undo assignnments and reset queue */
undo_assignment§ d_level- >mark) ;
justification_queue = d_level- >queue;

*/

/* justified */

*/

}
}

Fig. 13. GeneraDavis-PutnumSAT procedurdor decidingS AT (vertez).

suchas the numberof backtracks. If during the currentap-
plication of justify this numberexceedsa giventhresholdthe
SAT solverinterruptsits searchandreturnscontrolto the call-
ing procedure.This supportsaninterleaved applicationof the

to sequentiallyjustify theseverticesusinga branch-and-bound SAT searchwith BDD sweepingasdescribedn SectionVIIl.

caseenumeration.Note that dueto their uniform AND func-
tionality, only verticesthatareto bejustifiedto “0” needto be
schedulesbnthatqueue A requiredlogical “1” atavertex out-
putimpliesa“l” atbothof its inputsandis handleddirectly by
the proceduramply. Further if thevalueof avertex outputis
notyetspecified“X”) it doesnotneecto bejustifiedsinceary
valuesettingatits inputswill leadto aconsistensetting.

The proceduresat_init first assignghe targetvertex to “1”
andpropagateall implicationsusingthe procedurémply. Un-
lessthetargetassignmentesultsin animmediateconflictit cre-
atesthe first stackentry for the procedurgustify . This entry
containsall “to-be-justified” verticesthat have beencollected
by imply. The following call of the procedurejustify then
performsa systematicasesearchy recursvely processingll
queueverticesandenumeratindgor themall valid input assign-
ments(two for Booleanlogic). In the casethattheassignments
of a searchsubtreeresultin a conflict, a marking mechanism
allows undoingall assignmentsip to thatdecisionlevel.

Thetightintegrationof the SAT solverinto theoverallframe-
work requiresanexecutioncontrolby providing resourcdimits

Furthermorepy preservingthe stateof the decisionstackbe-
tweensubsequenhvocationsthe SAT algorithmcancontinue
its searchfrom the point it stoppedearlierwithout repeatedly
searchingreviously handledsubtreesThis reentranfunction-
ality is implementedn the procedurgustify by checkingthe
backtracKimit eachtime thesearchreturnsfrom a higherdeci-
sionlevel. If thelimit is exceededthe controlis returnedo the
calling, overall processandthe backtrackings postponedintil
justify is calledagain.Notethatthe setupof sat_init ensures
correctinitialization of thefirst stackentry.

Thedetailsof thealgorithmimply for implicationprocessing
areshown in Fig. 14. Its implementatiortakes specificadvan-
tageof the underlying AND/INVERTER graphstructureby ap-
plying an efficient table-lookupschemefor propagatingogic
implications. The routinesimply andimply_aux iterateover
the AND/INVERTER graphanddetermineat eachvertex all im-
plied valuesandthedirectionsfor furtherprocessing.

Fig. 15 givesan excerptfrom the implication lookup table.
As describedabore, for Booleanlogic only onecase a justifi-
cationrequesfor alogical “0” attheoutputof an AND vertex,
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Al gori t hm imply(vertez) {
for all fanout_vertices voy¢ Of vertex do {
if (! imply_aux(vout)) return O;

return imply_aux(vertez) ;

}

Al gori t hm imply_aux( vertez) {

value = get value( vertex) ;
lvalue = get value( vertex- >left) ;
rvalue = get value( vertex- >right) ;
current_state = (value,lvalue, rvalue);
next_state = lookup( current_state) ;
switch (action) {
case STOP:
return 1,
case CONFLI CT:
return 0;

case CASE_SPLIT:
enqueue vertex( vertex, justi fication_queue) ;
return 1;
case PROP_FORWARD:
assigr( vertex, next_state- >value) ;
for all fanout_vertices voyt Of vertexr do {
if (!imply_aux( vout)) return O;

return 1,

case PROP_LEFT_RI GHT:
assigr( vertez- >left,next_state- >lvalue) ;
assigr( vertex- >right, next_state- >rvalue) ;
if (!imply(vertex- >left)) return 0;
if (!imply(vertez- >right)) return 0;
return 1;

return 1;

}

Fig.14. Implicationprocedureo the AND/INVERTER graph.

requiresschedulinganew vertex onthe justi fication_queue.
All otherassignmentsesultin one of threecases:(1) a con-
flict occurred,in which casethe algorithm returnsand back-
tracks, (2) further implications are triggered, which are pro-
cessedecursvely, or (3) the vertex is fully justified, in which
casetheproceduregeturnsfor processinghe next elementrom
the justi fication_queue.

The lookup tableis programmabldor differentlogics. For
example, using a different table the procedureimply can
equallybe appliedto implementa parallel,one-level recursve
learningschemeusing nine-valuedlogic [19]. Dueto its uni-
formity andlow overheadthe presentedmplicationalgorithm
is highly efficient. As anindication,ona Pentiumlll classma-
chineit canexecuteseveral hundredthousandbacktracksper
secondon typical circuit structures. For being beneficialfor
the overall performanceary gainthatis potentially achieved
throughadditionalstructuralanalysismustoffsetthe resulting
slowdown of theimply function. In [8] and[20] asimilarrea-
soningis givenfor efficientimplementation®f SAT andATPG
algorithms respectiely.

B. Improvementdor the SAT Procedue

1) Conflict Analysis: AdvancedSAT solvers use conflict
analysisto skip the evaluationof assignmentsvhich aresym-
metric to previously encounterectonflicts[7]. Two mecha-
nismsareusedfor this purpose:First, non-chronologicaback-

current_state| next_state action
1 1
~ ~
X X
0 0
- -
o1 yo=1 CONFLICT
X X
X X
o0 o0 CASE_SPLIT
d d
X X
0w 0w
W OTX | oo PROP_FORWARD
X~ 1
( o1 || o1 | PROPLEFT RIGHT

Fig. 15. Excerptof the lookup tablefor fastimplication propagatiorapplied
in theproceduremply of Fig. 14.

tracking skipsthe evaluationof casealternatvesif the corre-
spondingcasesplitting vertex wasnot involvedin ary lower
level conflict. Second,conflict-basedearning createsaddi-
tional implication shortcutswhich reflectthe assignmentshat
causeda conflict. Theseredundantstructuresresultin addi-
tional implications,which detectsubsequentsymmetriccon-
flicts earlier

Conflictanalysisrequirestrackingthelogical impactof case
splitassignmentsn theconflict points. Otherimplementations
(e.g., [7]) applyanimplicationgraphfor which thenodescor-
respondo variablesandedgesreflectsingleimplication steps.
In the given setting, the conflict graph manipulationduring
eachstepof the imply routinewould severely impactits per
formance. To reducethis penalty we apply a schemehat di-
rectly collectsthe responsibleeaseassignmentasa sidefunc-
tion of theimplication processThis mechanisnusesa conflict
bit-vectorwhereeachbit representsa casevertex in the deci-
siontree. In otherwords, the bits of this vectorrepresenthe
sourceverticesfrom whichimplicationsequencewerestarted.
The tablelookupin functionimply is expandedto alsodeter
minethe controlling sourcedor the propagatiorof the conflict
bit-vectors. The actualpropagatioris doneby word-wide OrR
operation®f thesevectorsduringtheimplicationsequenceAs
aresult,whena conflictis reachedthe active positionsof the
bit-vectorreflectthe decisionsverticesthat areresponsibldor
thisassignmentThis schemeaeduceghe speedf theimplica-
tion procesdy typically lessthan50%, a penaltythatis easily
offsetby theaveragegain.

Theresultingconflictbit-vectorsareusedo controltheback-
trackingmechanismIf all choicesof a decisionlevel resultin
aconflict, thebacktraclevel is determinedy the lowestlevel
thatwasinvolvedin a conflict. This is implementecefficiently
by bit-vectoroperations.The combinedconflict bit-vectorre-
flectsall responsibleassignment$or that part of the decision
treeandis passedipwardto the next backtrackingevel.

Further the conflict bit-vector is examined for compact
clausesto learn. Its function is directly mappedonto a
AND/INVERTER graphstructurerepresentinghat conflict. To
avoid excessiely large learnedstructuresye apply a variable
limitation similar to [7]. However, insteadof just restricting
the maximumnumberof conflict variables,we alsotake their
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assignmeninto account,effectively estimatingthe size of the
eliminateddecisionsubtrees.

2) StaticLearning: An effective mechanismto exploit the
structureof the AND/INVERTER graphis illustratedin Fig. 16.
By reusingthe vertex hashtable applied during graph con-
struction,a pair of verticesthatimplementthe functionsp; p-
and p;pz canbe detectedusingtwo hashlookups. This con-
figurationoccursquite oftenin practicaldesignsfor example
in multiplexer-baseddata exchangecircuits that switch data
streamdetweenwo sourcesaandtwo destinations By adding
two additional verticesto the graph, an implication shortcut
canutilize the existing imply function. If alogical 0 is sched-
uledfor bothoutputverticestheimplicationprocedureanim-
mediatelyjustify the entire structureand bypassthe two case
splits. Thislearningstructures createdstaticallyandintegrated
into thevertex allocationalgorithmnew_and_vertex, whichis
shavn in Fig. 2. Notethatthe learnedverticesare built using
theregularcreate _and routinewhich maycauseadditionalcir-
cuit restructuringor learningevents.

p]_ = : 1
Xo<' P, Xd<'
@ (b)

Fig. 16. Learningfor (p1p2 = 0) A (p1p2 = 0) = (p1 = 0): (a) original
structure (b) structurewith learnedmplicationshortcut.

%70
s .qd

Py
P,

VI. RANDOM SIMULATION

Many probleminstance®f Booleanreasoningresatisfiable
and have densesolution spaces.The mosteffective approach
for finding a satisfyingassignmentor suchproblemis often
basedn purerandomsimulation. Thedesignof arandomsim-
ulationalgorithmis straightforward. In this sectionwe briefly
describehe detailsof its implementatiorin the givensetting.

The presentedAND/INVERTER graphis highly suitablefor
an efficient word-parallelimplementationof randomsimula-
tion. Thepseudaodefor thecorrespondinglgorithmicflow is
shavnin Fig. 17. After assigningandonvaluesto theprimary
inputverticesalevelizedprocessingisingword-wideAND and
NOT instructionspropagateshe resultingassignmentsoward
thetargetvertices.A checkfor satisfiabilityof atargetvertex is
simply doneby a parallelcomparisorof its valuewith thezero
word. Notethatby applyingproperreferencecounting,only a
single valuefrontier needsto storedduring their propagation,
which resultsin a sublinearmemorycompleity [14].

VIIl. INPUT CONSTRAINTS

Many Booleanreasoningproblemsrequirean efficient han-
dling of input constraintstypically referredto as“don’t cares”.
For example, in combinationalequivalencechecking, input
constraintexpressthe Booleansubspacéor whichthetwo de-
sighsundercomparisorhave to be functionally identical. The
remaininginput combinationgrepresention’t caresfor which
the functionsmay differ. Otherproblemsthatrequireefficient
processingf input constraintooccurduring synthesisandver
ification of incompletelyspecifiedfunctions.

Al gori t hm simulate( vertex) {
for all input vertices wv;, do {
set valug( v, , random_word() ) ;
}
simulate_aux() ;
i f (get valug( vertex)
el se

}

Al gorithm simulate_aux() {
for all vertices v in topol ogical
lvalue = get value( v- >left);
rvalue = get value( v- >right) ;
if (is_inverted( v->left)) lvalue
i f (is_inverted( v- >right)) rvalue

value = word_and( lvalue, rvalue) ;
set value( v, value) ;

1= 0) return SAT;
return UNDECI DED;

order do {

word_not( lvalue) ;
word_not( rvalue) ;

}

Fig.17. Randomsimulationalgorithmsimulate.

Input constraintssplit the set of valuesat the primary in-
putsinto two parts,the “valid” or “care” setandthe “invalid”
or “don’t care” set. The problemof Booleanreasoningunder
input constraintss to find a consistentassignmentvithin the
careset. A corvenientmethodfor expressingandstoringinput
constraintdn the givensettingis basedon characteristidunc-
tionsthat canbe storedand manipulatedas part of the overall
AND/INVERTER graph.The graphrepresentatioffor the char
acteristicfunction can be built using the standardconstructor
operationswhich aredescribedn Sectionlll. Its resultis then
assertedo be logical “1”, meaningthat all input valuesthat
evaluatethis functionto “1” areconsideredo bethe careset.

The simplestmethodfor handlinginput constraintss based
on a schemethatfirst conjoinsthe constraintverticeswith the
target vertex andthenappliesthe reasoningalgorithmson the
resulting AND vertex. However, for structuralsimplification,
BDD sweeping,and randomsimulation, this approachwould
resultin a significant performancedegradation,especiallyif
the fraction of valid assignmentss very small. A more effi-
cientmethodis to keepthe characteristiédunctionsof theinput
constraintseparat@ndto handlethemspecificallyin eachrea-
soningalgorithm.In thefollowing sectionswve elaborateonthe
mechanismso handleinput constraintsby the individual rea-
soningalgorithms.

A. Structural Repesentation

As mentionedbefore,input constraintaresimply expressed
as characteristicfunctions and representeds verticesin the
AND/INVERTER graph. The resultingconstraintverticesare
marked for specialhandlingfor the SAT solver, BDD sweep-
ing, andrandomsimulation. Fig. 18 givesthe pseudoccodefor
the algorithm that assertsa graphvertex to constant'l”. As
shawn, the algorithmconsistsof two parts: First, alocal anal-
ysis of the assertedrertex searchegor XorR and XNOR struc-
tures.If found,theinputverticesof thesefunctionsareasserted
to be equalby structurallymemging themwith the samemeige
functionappliedfor BDD sweeping(seeSectionlV). Second,
if no XOR or XNOR is found, a structuralconjunctive decom-
positionof the assertiorfunctionis attempted.This is doneby
recursvely traversingthe AND treedriving theassertedertex.
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The resultingindividual conjunctsare then separatelymemged
with theconstant'l” vertex. Thismemgehastheadvantagehat
structurallyisomorphicfunctions,which are part of the actual
reasoningroblemcanbeidentifiedasconstantvithoutary fur-

therprocessingTheforwardrehashingwhichis appliedwhen
this vertex is melged with the constantvertex, automatically
simplifiesthe subsequengraphstructure.

Al gorithm assert to_1( vertex) {
if (is_var(vertex) { /* leaf vertex */
merge_vertice§ vertex, CONST_1) ;
} el se if(is_inverted( vertez- >left) &&
is_inverted( vertez- >right)) {

/* search for XNOR and XOR structures */
if (vertex->left->left == —wertex- >right- >left &&
(vertex- >left- >right == —wertex- >right- >right) {

i f (is_inverted( vertex)) { /* XNOR */
merge_verticeq vertez- >left- >left,
vertex- >left- >right) ;

el se { /* XOR */
merge_verticeq vertez- >left- >left,
—wertex- >left- >right) ;

}

return,
}

/* recursive conjunctive deconposition */
if (!is_inverted( vertex)) {

assert to_1( vertez- >left) ;

assert to_1( vertex- >right) ;

} else { /* no further deconposition */
merge_vertice vertex, CONST_1) ;

}

Fig. 18. Algorithm assert to_1 for assertinga vertex to “1” thatrepresents
aninput constraint.

B. BDD Sweeping

Input constraintsanbe usedduringBDD sweepingo iden-
tify additionalsetsof verticesthat are functionally equivalent
for the caresetonly. This is accomplisheddy restrictingthe
vertex BDD to thecaresetbeforeit is checledfor apre-eisting
vertex referencesnd put onto the heap. The BDD restriction
is doneby ANDing it with the setof BDDs generatedor the
constraintvertices,which areassertedo “1”. Sincethe con-
strainthandlingis conserative andcannotproducefalsenega-
tives, this restrictioncanbe donedynamically As soonasthe
BDDs for the individual constraintverticesbecomeavailable
throughthe heapcontrolledprocessingthey canbe usedto re-
strictall existing andfuturevertex BDDs.

C. Structuml SAT Solver

The existenceof input constraintamplies for the structural
SAT searchthat the valuesof all assertecconstraintvertices
mustbe presetto constant'l”. Furthermorethesevaluesneed
to befully justified,whichis accomplishedby addingthe corre-
spondingverticesto the justi fication_queue. Bothrequire-
mentsareimplementedn a pre-processingtepbeforethe ac-
tual SAT searchstarts. Note that for structuralSAT this ap-
proachis identical to the methodin which the assertedser-
ticesare simply combinedwith the target vertex by conjunc-
tion. For thatmethodthefirst applicationof theimply function
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wouldimmediatelyscheduleall assertederticesto bejustified
to “1”. The resultingsearchflow would then be identical to
the flow producedby the presentedapproachusinga separate
pre-processingtep.

D. RandonSimulation

To achieve high coveragein randomsimulation,it is essen-
tial to avoid simulatinginput valuesthat are don't cares. In
particularfor sparsecaresets,a pure randomvalue selection
from the entireBooleanspacemayresultin no coverageatall.
For generatingvalid input combinationsn the presentedan-
dom simulationapproachthe SAT solver is appliedto search
for satisfyingassignmentgor all verticesthat are assertedo
“1". However, insteadof stoppingthe searchoncea solution
is found, the SAT procedurecontinuesto traversethe search
tree. For eachencounteredsolution, the input valuesfor the
satisfyingassignmentsre recordedand later simulatedin the
word-parallelmannerpresentedn SectionVI.

VIII. OVERALL ALGORITHM

The overall algorithm that combinesstructuraltransforma-
tions, BDD sweeping,SAT search,and randomsimulationis
outlinedin Fig. 19. For eachreasoningjuerythealgorithmfirst
checksif the structuralhashingalgorithmsolved the problem.
Interestinglyfor alargenumberof queriesin practicalapplica-
tionsthestructuratestis successfuandimmediatelysolvesthe
problem. For example,in atypical ASIC methodologyequiv-
alencecheckingis usedto comparethe logic beforeand after
insertionof thetestlogic. Sinceno logic transformationave
actuallychangedhe circuit, a simplestructuralchecksufiices
to prove equivalence.

Al gorithm check SAT(v) {
if (v == CONST_1) return SAT,
if (v == CONST_0) return UNSAT;
/* random sinul ati on */
res = simulate( v) ;
if (res != UNDECI DED) return res;
/* initialize BDD sweeping */
heap = sweep init(v);
/* initialize SAT search */
stack = sat init(v);
while (!is_heap empty( heap, bdd_upper_size_limit)) do {
/* try to justify */
res = justify ( stack);
if (res != UNDECI DED) return res;
/* BDD sweeping till no nore cutpoints found */
do {
res = bdd_sweeff heap,v) ;
if (res ! = UNDECI DED) return res;
found = find_and_init_cutpoints( heap, v) ;
} while ( found);
bdd_lower_size_limit
sat_backtrack_limat

+= delta_bdd_limait,

+= delta_sat_limit;

}

sat_backtrack_limit = mazx_sal_backtrack_limit;
return justify( stack) ;

}

Fig.19. OverallreasoninglgorithmintegratingBDD sweeping SAT search
andrandomsimulation.
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Next randomsimulationis appliedto quickly checkfor asat-
isfying assignment. If simulation cannotsolve the problem,
SAT searchand BDD sweepingare first initialized and then
invoked in an intertwined manner[4]. In the inner loop, a
call to the justification procedurgustify is alternatedwith an
invocationof multiple sweepingiterations. After eachBDD
sweepingstep,the cutpointselectionheuristicimplementedn
procedurefind_and_init_cutpoints is appliedto searchfor
promisingcutpoints.Newly foundcutpointsareinitialized with
freshBDD variables,which arethenaddedto the processing
heap.As long asnew cutpointsaredetectedBDD sweepings
restarteduntil the problemis solvedor the cutpointselectionis
exhaustedn the latter casethe reasoningalgorithmreturnsto
the SAT solverto searchor a satisfyingassignmentNote that
BDD sweepingnay memeverticesthatareon thejustification
gueueof the SAT solver. This artifactis handledby preserving
themergeinformationandexplicitly processinghe SAT impli-
cationsfor all memgedvertices.

During eachiterationof BDD sweepingandSAT searchthe
size limit for sweepingand the backtracklimit for the SAT
solverareincreasedin this setting thesealgorithmsdo notjust
independenthattemptto solve the problem.EachBDD sweep-
ing iteration incrementally compresseshe AND/INVERTER
graphstructurefrom theinputstoward the targetvertex, which
effectively reducesthe searchspacefor the SAT solver. This
interleaved schemedynamically determineshe minimum ef-
fort neededy the sweepingalgorithmto malke the SAT search
successful. If the iterative invocationof BDD sweepingand
SAT searchwas not able to solve the problem,the algorithm
appliesthe SAT solver with a maximumbacktrackindimit as
afinal attemptto find a solutionin a brute-forcemanner Note
thatin this casethe sweepingprocesss stoppedby the limit
bdd_upper_size_limit. Thislimit preventsthe processingf
excessvely largeBDDs.

IX. EXPERIMENTS

In order to evaluatethe effectivenessof the presentedap-
proachwe performedextensive experimentausing488 circuits
randomlyselectedrom a numberof microprocessordesigns.
Thecircuitsrangein sizefrom afew 100 to 100K gateswith a
sizedistributiongivenin Fig. 20. Thenumberof outputsandin-
putspercircuit rangefrom afew 100to morethan10,000.The
experimentswere performedon a RS/6000model 270 with a
64-bit, two-way Pawer3 processorunningat 375MHz and 8
GBytesof mainmemory

A. FunctionalHashing

In thefirst experiment,we evaluatedthe effectivenesf the
AND/INVERTER graphstructureand functional hashing. For
this we constructedhe circuit graphsfor the designspecifi-
cationsand comparedthe sizesgeneratecby simple hashing
describedin Sectionlll-A with the resultsof the functional
methodpresentedn Sectionlll-B. The histogramfor the size
reductionof the circuit graphsis plottedin Fig. 21. As shown,
on averagethe given sampleof circuit representationsan be
reducedby 50%, the runtime overheadfor all runswasnegli-
gible. Sinceit is not clear which choice of recursve branch
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Fig. 20. Distribution of circuit sizesfor theexperiments.
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Fig.21. Comparisorof graphreductionof simpleversusfunctionalhashing.

will leadto morefunctionalmapping,we do obsene few cases
whereenlagementin thecircuit takesplacecomparedo struc-
tural hashing.However, this increasas easilyoffsetby savings
in otherpartsof the circuit. The resultssuggesthatthe pre-
sentechashingmethods notonly usefulfor Booleanreasoning
but canalsobe appliedfor generahetlistcompression.

B. Formal EquivalenceChedking

1) Interleavednvocationof BDD Sweepin@ndSAT: First,
to demonstrat¢he effect of theinterleaved applicationof BDD
sweepingand structural SAT search,we chosea miter struc-
turefrom a particularequivalencecheckingproblem.Fromthe
above mentionectircuits, we selectedan outputpair which has
97 inputs, 1322 gatesfor the specificationand 2782 gatesfor
theimplementation.

In a seriesof experimentsghe BDD sweepingalgorithmwas
appliedto the original miter circuit with varying limits for the
BDD size. After sweeping,the SAT solver was invoked on
the compressedniter structureandrun until equivalencewas
proven.Tablel givestheresultsfor differentlimits ontheBDD
size. As shown, thereis a cleartrade-of betweenthe effort
spentin BDD sweepingand SAT search.For this examplethe
optimal performancewas achiesed with a BDD size limit of
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TABLE |
PERFORMANCE OF BDD SWEEPING AND SAT SEARCH FOR VARIOUS
BDD SIZELIMITS (HIGHLIGHTED ENTRIES CORRESPOND TO GRAPHS
SHOWN IN FIG. 22).

BDD BDD Sweeping SAT Search Total
Size Memory[kB] 7 # Backtrackd Memory[kB] 7
Limit Time[sec] Time[sec] Time [sec]
20 342/0.00 2407939 347.17 | 342/347.17
2t 347/0.64 115/ 7.40 347/8.04
2?2 349/0.60 115/ 7.47 349/8.07
24 358/ 0.66 87/6.93 358/ 7.59
26 372/0.78 43/6.88 372/7.66
28 396/1.18 43/7.03 396/8.21
210 791/1.67 43/6.57 791/8.24
212 2212/ 4.22 43/6.30 2212/ 10.52
214 2219/ 6.98 43/6.15 2219/ 13.13
216 8381/ 12.14 2715.27 8381/ 17.41
217 8540/ 19.16 0/0.00 8540/ 19.16

24, Theuseof BDD sweepingandSAT searchin thedescribed
incrementalndintertwinedmannetheuristicallyadjustsheef-
fort spentby eachalgorithmto thedifficulty of the problem.

Fig. 22 shaws the two outputsforming the miter structure
for threeselectedrunsfor which the correspondingentriesare
highlightedin Tablel. In thedrawings,all inputsarepositioned
atthebottom. Theplacemenbf the AND verticesis donebased
ontheir connectvity to thetwo outputswhich arelocatedatthe
top. AND verticesthat feed only one of the two outputsare
alignedontheleft andright sideof thepicture.Verticesthatare
sharedbetweenboth conesare placedin the middle. Further
filled circlesandopencirclesare usedto distinguishbetween
verticeswith andwithout BDDs, respectiely.

Part (a) of the picture illustratesthe initial miter structure
without performingary BDD sweeping. As shavn, a num-
berof verticesaresharedasaresultof structuralandfunctional
hashing. In orderto prove equivalenceat this stage,the SAT
solver would needabout2.4 million backtracks. Fig. 22(b)
shavs the miter structure after performing a modestBDD
sweepwith asizelimit of 16 BDD nodes.lt is clearthatmary
moreverticesaresharedat this point. The SAT solver cannow
prove equivalenceusingonly 87 backtracks. The last part of
the picture displaysthe miter structurewhenit is completely
merged by BDD sweeping. Here, the equivalenceproof re-
quiredbuilding BDDs for all miter vertices.

2) Ovenall Performancein an Industrial Setting: In a
further experiment,we evaluatedthe overall effectivenessof
the combinationof BDD sweepingstructuraltransformations,
structuralSAT, andrandomsimulation. First, to provide anin-
tuition of the requiredcomputingresourcesn a typical indus-
trial applicationproject,weranafull equivalencecheckfor the
givensetof designausingthe presentedipproach All designs
arecorrect,i.e., the specificatiorandimplementatiorarefunc-
tionally equivalent. Fig. 23 providestwo histogramsshowing
thedistribution of theruntimesandmemaoryuse.As shavn, the
majority of circuits canbe comparedvithin a few tenseconds
usinglessthan100 MBytesof memory

3) Comparisonof CombinedApproad with Simple BDD
Sweeping: Next, we comparethe presentedcomprehensie
approachwith the original plain BDD sweepingalgorithmas
describedn [3]. Fortheformer, BDD sizeswerevariedfrom
a bdd_lower_size_limit of 2* to a bdd_upper_size limit of
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BDD size limit: 20
Vertices left cone only: 87
Vertices right cone only:139
Vertices shared: 170

« BDD built
> no BDD built yet

Number of backtracks: 2407939

BDD size limit: 24
Vertices left cone only: 56
Vertices right cone only:229
Vertices shared: 196
Number of backtracks: 87

BDD size limit: 2

Vertices left cone only: 0
Vertices right cone only:0
Vertices shared: 216

Number of backtracks: 0

Fig. 22. Examplethe two outputsforming the miter structureat different
stagef BDD sweeping:(a) no sweepingperformed(b) sweepingesultwith
BDD sizelimit of 24, (c) sweepingesultwith BDD sizelimit of 217.
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Fig.23. Computingresource$or equivalencecheckingof thegivensetof 488
circuits: (a) runtimedistribution, (b) memorydistribution.

228 with a delta_bdd_limit of 2'. The sat_backtrack_limit
rangedfrom a low of 1000 to a high of 1000000with a
delta_sat_limit varying between1000and5000. Theresults
aregivenin Fig. 24. As shavn, the majority of circuits could
be comparedusing significantly lesstime, sometimegwo or-
dersof magnitudeless. The memoryconsumptionremained
aboutthe same. The performancédor a particularly complex
circuitis markedin bothdiagrams.This designcontainss5,096
gates,302 primary inputs, 2,876 outputs,and 2,200 latches.
The verificationrun included5,076 comparisonsand 231,232
consisteng checks(checksfor all nets,prohibiting floating or
collison condition)andcould be accomplishedn 246 seconds
versus8.3 hoursusing 82 MBytes versus357 MBytes for the
new andold method respectiely.

C. Formal PropertyCheding

For evaluatingtheeffectivenes®of the presenteépproacHor
propertychecking,we integratedthe algorithmsin a bounded
modelcheckingsetting.Boundedmodelchecking[21] is based
on a sequencef combinationalpropertychecksusinga finite
unfolding of the designunderverification. By systematically
increasingthe unfolding depthfrom 1 to a boundednteger &,
this approaclkcheckswhetherthe propertycanbe disprovedby
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Fig. 24. Comparisorof the original BDD sweepingalgorithmwith the new
algorithmfor equivalencechecking:(a) runtime,(b) memory

a counterexampleof length k£ or less. We implementedthe
boundedmodel checkingapproachin a transformation-based
tool setting. For proving a particularproperty the designde-
scriptionis cornvertedinto abit-level netlist.

In our experimentakettingthe netlistis first simplified by it-
eratively applying a sequenceof reductionenginesincluding
(1) a combinationalsimplification engine basedon the pre-
sentedalgorithmand (2) a retiming enginefor sequentiabp-
timization[22]. Thefirst engineeliminatesfunctionally equiv-
alentcircuit structuresandremovesredundantegisters. The
secondenginereduceghe numberof registersby applyingan
ILP-basedmin-arearetiming algorithm. After simplification
thenetlistis verifiedwith the above mentionedooundedmodel
checkingmethodby checkinga sequencef SAT problems.

In afirst experiment,we comparedhe effectivenessof the
presentedipproachwhich combinesstructuraland functional
hashing,BDD sweeping,and SAT againsta plain application
of the SAT procedureonly. Both methodswork on the cir-
cuit graphthatwascompressethy simplehashingonly (asde-
scribedin Sectionlll-A). For this experimentwe used40 prop-
ertiesfrom the given setof designghatareboundedlycorrect
(i.e.,thetargetstatesarenot reachablavithin the givenunfold-
ing limit). In this experiment,the unfolding lengthvariedbe-
tween6 and25time frames.

Theresultsof the comparisoraredepictedin Fig. 25. Each
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binedapproacto prove unreachabilityin a boundedmnodelcheckingsetting.

TABLE lI
PERFORMANCE OF BOUNDED MODEL CHECKING FOR VARIOUS SWEEPING
LIMITS FOR THE MARKED PROPERTY OF FIG. 25.

BDD GraphSize | SAT Search Performance
Size #Vertices | #Backtracks| Memory[kB] 7
Limit Time [sec]
29 1669 967887 924/1549.86
21 1228 6563 4494/10.21
22 1228 6563 4496/ 10.43
23 1228 6563 4497/10.51
24 1222 6221 4498/9.43
25 1211 5590 4501/ 8.59
26 1203 4396 4503/ 6.65
27 1188 4484 4504/ 6.71
28 1188 4484 4505/ 6.80

marker in the diagramrepresents particularpropertyandthe
positionindicatesthe performance®f the two approachesAs
shawvn, thecombinedapproachs vastlysuperior sometimedy
severalordersof magnitude This resultis particularlyinterest-
ing becausein contrasto anapplicationin equivalencecheck-
ing, the unfoldedcircuit structuredoesnot necessarilycontain
alargenumberof functionallyidenticalnetsthatcannotbedis-
coveredby simplestructuralhashing.The efficient handlingof
thesecasesdemonstratethe significantrobustnessand versa-
tility of the presentedapproach. As anillustration, the plain
applicationof SAT searchrequired1550 secondgor proving
thepropertyhighlightedin Fig.25;in contrasthe combinedap-
proachusedonly 7 seconds.Tablell shows the performances
for variousBDD sweepindimits andgivesthe corresponding
compressiomf thegraphstructure.

In a secondexperiment,we evaluatedthe effectivenessof
simulationin the presentedsetting. For this, we compared
the plain applicationof randomsimulation[14] with animple-
mentationthatincludeshashingBDD sweepingand SAT. We
used396 easy-to-hitpropertiesfrom the given setof designs.
In this experiment,the unfolding depthvaried between6 and
25 time frames,dependingon the depthof the counteream-
ple. We found that simulationsignificantly outperformsstruc-
turedsearchtechniquessuchasSAT, in hitting reachabléarget
states.Fig. 26 illustratesthe run timesfor randomsimulation
versusthe combinedapproach.It reafirms our view of using
simulationto dischageeasyto hit targetsandutilizing moreex-
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Fig. 26. Comparisorof the applicationof randomsimulationversusthe pre-
sentedcombinedapproachto prove reachabilityof easy-to-hitpropertiesin a
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Fig. 27. Comparisorof the applicationof plain SAT versusthe presented
combinedapproacho prove reachabilityof hard-to-hitpropertiesn abounded
modelcheckingsetting.

pensve but exhaustve techniquesuchasBDD sweepingand
SAT to hit difficult targets,or to prove targetsunreachable.

In alastexperiment,we selectedlO deep,hard-to-hitprop-
ertiesfrom the given setof designs.None of theseproperties
couldbe handledby the simulationapproactusedin the previ-
ousexperiment.Herethe unfoldingdepthvariedbetweerl7 to
asmuchas400for someparticularlyhardsatisfiableoroperties.
Fig.27illustratesheruntimesfor thecombinedapproacttom-
paredagainsanapplicationof the SAT-solveralone.Again, the
combinedapproachvastly outperformsheuseof SAT alone.

X. CONCLUSIONS

In this paperwe presenteda combinationof techniques
for Booleanreasoningusing structuraltransformationsBDD
sweepinga SAT solver, andrandomsimulationin a tight in-
tegration. All four methodswork ona sharedAND/INVERTER
graphrepresentationf theproblemandareinvokedin aninter-
twinedmanner This uniqueintegrationresultsin arobustsum-
mationof their natively orthogonaktrength.Usinganextensie
setof industrialproblemswe demonstratéhe effectivenessof
thepresentedechniqueor a wide rangeof applications.
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The outlinedapproachis well suitedfor formal equivalence
checking.lt is currentlyintegratedin the equivalencechecking
tool Verity [23], which hasbeenusedon numerouspractical
microprocessoand ASIC designswithin IBM. Nevertheless,
the presentedeasoningmethodis equally applicableto other
CAD applications suchaslogic synthesistiming analysis,or
formal propertychecking.
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