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Abstract

In this paper we presenttwo techniquesfor improving
min-area retiming that combinethe actual register mini-
mizationwith combinationaloptimization. First, we dis-
cussan on-the-flyretiming approach basedon a sequen-
tial AND/INVERTER/REGISTER graph. With this method
thecircuit structure is sequentiallycompactedusinga com-
bination of register “dr agging” and AND vertex hashing.
Second,we presentan extensionof the classicalretiming
formulationthat allows an optimal sharingof fanin regis-
ters of AND clusters, similar to traditional fanoutregister
sharing. The combinationof both techniquesis capable
of minimizingthe circuit sizebeyond that possiblewith a
standard LeisersonandSaxeretimingapproach on a static
netliststructure. Our work is primarily aimedat optimizing
theperformanceof reachability-basedverificationmethods.
However, the presentedtechniquesare equallyapplicable
for sequentialredundancyremoval in technology indepen-
dentlogic synthesis.A largesetof experimentsusingbench-
markandindustrialcircuitsdemonstratetheeffectivenessof
thedescribedtechniques.

1 Intr oduction

Retiming is a structuraloptimizationtechniquethat re-
locatesthe registersin a logic circuit with the objective of
minimizing their total count,maximizingthecircuit perfor-
mance,or achieving bothgoalssimultaneously[1, 2]. Tra-
ditionally, retiming is appliedon a fixed circuit graphand
repositionsthe registerswithout altering the actual logic
structure.Wheninterleavedwith combinationaloptimiza-
tion steps,a repeatedapplicationof retiming canoptimize
theoverall circuit structuresignificantly.

In this paperwe presenttwo specific techniquesthat
extend the classicalformulationandapplicationof retim-
ing by allowing it to operateon a moredynamicstructure.
First, we describean on-the-fly retiming approachthat is
basedon a sequentialAND/INVERTER/REGISTER graph.
It mergesregistersand combinationalcircuit components
by structuralhashing,which is appliedduring graphcon-
struction.Similar to inverterremoval in combinationalcir-

cuit compaction[3], the proposedapproach“drags” reg-
istersthroughthe sequentialcircuit graphas far aspossi-
ble. As a result,many registersand AND verticescanbe
merged,which leadsto asignificantreductionof thecircuit
sizewithoutsignificantcomputationaloverhead.

The secondtechniqueis basedon the ideathat, similar
to thesharingof fanoutregisters,faninregistersof anAND

clustercanbe optimally sharedby adjustingthe AND de-
composition. This canbe donein sucha mannerthat the
numberof necessaryregistersis reducedto its optimum,
which is equalto themaximumnumberof registersat any
of the incomingclusteredges.We describea correspond-
ing extensionof theretimingformulation.It is basedonthe
mentionedAND/INVERTER/REGISTER graphand models
thesharingof faninregistersin a similar mannerasLeiser-
sonandSaxe modeledfanoutsharing[2]. We further de-
scribeanalgorithmthatoptimally reconstructsanAND tree
decompositionbasedupontheretimingsolution.

Thepresentedtechniquetakesanew view of theretiming
formulationby departingfrom thetraditionaluseof a fixed
circuit structure.Theextendedformulationprovidesanex-
act retiming model that considersall possibleimplemen-
tationsof theAND clustersof a circuit. To our knowledge,
thereareonly two previouspublicationsrelatedto ourwork.
In [4] a techniqueis presentedthat simultaneouslyconsid-
ers multiple structuresfor possiblelogic implementations
usinga choicenode.This methodis mainly aimedat tech-
nology mappingand,despiteits recursive capability, must
explicitly generatecandidatestructuresfor an AND cluster
decompositionincluding possibleretiming configurations.
In our approach,we defer the actualdecompositionstep
until after the optimal retiming is computed.The applied
modelingguaranteesthatthereexist adecompositionof the
AND clusterswith theexactnumberof registersminimized
during retiming. In [5] the conceptof algebraicfactoriza-
tion is extendedto sequentialexpressions,which implicitly
intertwinesretimingwith structuralrewriting. Basedon the
conceptof synchronousdivision, a setof sequentialtrans-
formationsis outlined, which canbe appliedin a general
synthesisscenario.In contrastto our work, this technique
is basedon individual, local restructuringstepsand does
not modelthe decompositionflexibility of the expressions
for globalretiming.
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The main focus of our work is to apply the presented
retiming techniquesfor improving functional verification
basedon reachabilityanalysis.Although thereis no clear
dependency betweenthecircuit sizeandthecomplexity of
BDD-based[6, 7] or SAT-based[8] reachabilityanalysis,
a smallernumberof circuit elementsgenerallycorrelates
with a lower effort in both techniques. In particular, in
BDD-basedstatetraversal,fewer registersresult in fewer
problemvariables,which typically decreasesthesizeof the
BDDs representingthe setof statesandtransitionsamong
them. SAT-basedstateexplorationcanbe improvedby re-
ducingthetotalnumberof circuit elementsasthey establish
potentialpoints for casesplits. The techniquespresented
in this paperareaimedat removing sequentialredundancy,
whicheffectively reducestheregistercountandthenumber
of combinationalcircuit gates.

In thiscontext wedonotneedto preservethecircuit’sin-
put/outputbehavior aslong asthe retiming transformation
is soundand completefor proving properties. As shown
in [9] retiming canbe generalizedfor verificationby: (1)
omitting the needfor equivalent resetstates,(2) support-
ing negative registers,and(3) eliminatingperipheralregis-
ters[10]. The presentedtechniquesfocuson thesegener-
alizationsand their applicationfor verification. However,
we believe that they areequallyapplicablefor logic opti-
mizationto remove sequentialredundancy during technol-
ogy independentsynthesis. For example,the appliedpe-
ripheral retiming can be viewed as a temporaryphaseto
“hide” or “borrow” registersfrom the environment. After
optimizationtheseregistersaremovedbackinto thecircuit
to restoreits original input/outputbehavior [11]. Similar
precautionis neededfor preservinginitial stateequivalence
(e.g.,[12, 13]).

2 Illustrating Example

We restrict our presentationto bit-level circuits based
on edge-triggeredor master/slave flip-flops (registers)with
designatedinitial states.Extensionsto level sensitive flip-
flops or vectoredregistersarelargely straight-forwardand
hencearenot discussedin this paper.

Figure1 givesanexampleto demonstratetheideaof the
two presentedtechniques.The original circuit is shown in
part (a) andcontainsseven registers. The ideaof on-the-
fly retimingis derivedfrom theconceptof on-the-flycom-
pactionof combinationalcircuits [3]. In additionto AND

vertex hashing,forward retiming is appliedduring graph
constructionby “dragging” as many registersthroughthe
verticesas possible. The graphis built startingfrom the
primaryinputsand,for cyclic circuits,from any cutsof the
registerloops.Figure1bgivestheresultof theon-the-flyre-
timing whenthecircuit of (a) is processedfrom theprimary
inputsanda cut at registerr1. As shown, thefour registers
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Figure1: Examplefor theapplicationof retiming: (a)orig-
inal circuit, (b) circuit after on-the-flyretiming, (c) circuit
afterretimingwith AND clusterinput sharing.

�
r1 � r2 � r3 � r4 � and the two input invertersof gateg2 have

beendraggedthroughthat gate. This allows the retimed
gateg2 to mergewith gateg1 andfurther to shareregisters
r5 and r6 with r �1. No further forward retiming is possible
becauseinput x2 doesnot provide a register that could be
sharedat the output of gateg3. Note that this particular
result is identical to an optimal retiming computedby the
standardLeisersonSaxemin-arearetimingalgorithm[2].

Figure1c shows a functionallyequivalentversionof the
circuit thatusesonly two registers.Herethetwo registersr �2
andr7 in front of theAND clusterg3 � g4 have beenmerged
into register r � �2. This structurecan be obtainedfrom cir-
cuit (b) by applyingcombinationalsynthesis,i.e., rearrang-
ing gatesg3 and g4, followed by anotherretiming move.
Clearly, in suchatwo-stepapproach,it is notobviousthata
combinationaloptimizationmove will performthe needed
gaterearrangementbecauseit cannotforeseeits benefitin
thefollowing retimingstep.Ontheotherhand,if theretim-
ing formulationcouldtake into accountall possibledecom-
positionsof thethree-inputAND clusterg3 � g4, theoptimal
structureasdepictedin (c) couldbegeneratedin onestep.

In sections4 and6 we discussthedetailsof theon-the-
fly retimingapproachandthenew retimingformulationthat
preciselymodelsoptimalregistersharingfor AND clusters,
respectively.
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3 AND/I NVERTER/REGI STER Graph

Let C ��� G � E 	 denotea circuit where G represents
a set of AND vertices,primary inputs, and primary out-
puts, and E 
 G � G is a set of edgesconnectingthe
vertices. Eachedge � u � v	
� E is associatedwith a non-
negative weight w � u � v	�� N representingthe numberof
registersat this edge,a setof correspondinginitial values
I1 � u � v	 ������� Iw � u � v	 , andan inverterattribute i � u � v	�� � 0 � 1 �
wherei � 1 or i � 0 indicateswhethertheedgefunction is
to becomplementedor not, respectively.

Thefunctionsrepresentedby two edgesaresequentially
equivalentif they have: (1) thesamesourcevertex, (2) iden-
tical inverterattributes,and(3) thesamenumberof registers
with matchinginitial values. Similar to the applicationin
BDD packages,we usea compact64-bit word to uniquely
representanedgeof theAND/INVERTER/REGISTER graph.
The word is composedof four bit fields. The first three
fieldsrepresentanindex into thearrayof graphvertices,the
numberof edgeregisters,andan index to a canonicalrep-
resentationof their initial states,respectively. Thelastfield
includesasinglebit to indicateedgecomplementation.Us-
ing this datastructure,a simplecomparisonof two words
candecidewhethertwo edgesarefunctionallyequivalent.

The canonicalrepresentationof initial valuesis based
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Figure2: AND/INVERTER/REGISTER graphexample: (a)
graphfor the original circuit of Figure1a, (b) graphafter
on-the-flyretiming,whichresultsin thecircuit of Figure1b.

on a tree structurewherethe (possiblypartial) pathscor-
respondto sequencesof initial valuesof the edgesof C.
The treeroot is a dummynode,representinga NULL reg-
ister. Thefirst level of childrenrepresentall possibleinitial
valuesof the first registersof the edges.The treebranch-
ing structurecorrespondsto the differentcombinationsof
initial valuesof all edges.By ensuringuniquenessof the
individual pathsandsubpathsduring treeconstructionand
manipulation,a pointer to any of the tree nodesprovides
a representationthat is canonicalfor that particularsetof
initial values.

Figure 2a gives the AND/INVERTER/REGISTER graph
for the circuit exampleof Figure 1a including the corre-
spondinginitial value tree. The graphwas built starting
from theprimaryinputsanda cutat registerr1.

4 On-the-fly Retiming

On-the-fly retiming is appliedto remove sequentialre-
dundancy during the constructionof the AND/INVERTER/
REGISTER graph.Similar to theuseof anAND/INVERTER

graphfor combinationalcircuits [3], this approachcanre-
sult in asignificantcompactionof thecircuit representation

/* Create_And takes two operand edges e1 and
e2, and returns a vertex representing the
AND of e1 and e2 */

Algorithm Create_And(e1 � e2) �
if (e1 == const 0) return const 0;
if (e2 == const 0) return const 0;
if (e1 == const 1) return e2;
if (e2 == const 1) return e1;
if (e1 == e2) return e1;
if (e1 == e2) return const 0;

/* Truncate as many registers as possible
from both edges and store them in Ii */

wmin = Min(w � e1 ��� w � e2 � );
e�1 � I1 = Truncate_Registers(e1 � wmin);
e�2 � I2 = Truncate_Registers(e2 � wmin);
/* Merge the initial states by AND */
I = And_Initial_States(I1 � I2);
/* Apply ranking to catch commutativity */
if (Rank(e�1) � Rank(e�2)) Swap(e�1 � e�2);
/* Hash lookup for vertex with e�1 and e�2 */
e = Hash_Lookup(e�1 � e�2);
if (e == NULL) �
/* Allocate new vertex if lookup failed

and add to hash table */
e = Create_And_Vertex(e�1 � e�2);�

/* Add back AND of stripped registers */
return e � I;�

Figure3: Pseudo-codefor constructingan AND vertex for
theAND/INVERTER/REGISTER graph.
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withoutnoticabletimeor memoryoverhead.Theon-the-fly
retimingstepis integratedinto thealgorithmfor construct-
ing an AND gateandis given in Figure3. Thegraphcon-
structionstartsat theprimary inputsandanarbitrarysetof
registercutsof the cyclic circuitry. For eachregister that
is cut, first a dummyAND vertex is createdandusedasa
placeholder. Oncethestructurefor thenext-statefunction
of a register is built, the placeholderis merged onto that
structure.A repeatedforwardhashingcanthenbe applied
to possiblyfurthercompactthegraphstructure.

As shown, first thealgorithmperformsconstantfolding
similar to methodsappliedin combinationalcircuit com-
paction[3]. Next, theregistersof bothedgesaretruncated
by “dragging” as many registersas possiblethrough the
AND vertex. The initial statesof the retimedregistersare
computedby a pairwise AND of the initial statesof the
original edgeregisters. Note that for complementedinput
edgesthe initial valuesneedto be invertedbeforethey can
be combined. After truncation,the edgesare hashed. If
thehashlookupfindsa pre-existing isomorphicvertex, it is
reused;otherwiseanew vertex is constructed.Notethatthe
“dragged”setof registersis addedbackbeforetheedgeis
returned.The resultingAND/INVERTER/REGISTER graph
for the given exampleof Figure1b is shown in Figure2b.
Thegraphwasconstructedfrom theoriginal circuit shown
in part(a) startingfrom theinputsanda cutat registerr1.

Note that theapplicationof the on-the-flyretiming step
canbecombinedwith structuralrewriting techniques,meth-
ods to detect functional identical verticessuch as BDD
sweeping,andcircuit-basedSAT [14]. The integratedre-
timing functionalitywouldextendtheequivalencechecking
capabilityof thesealgorithmsbeyondcombinationalverifi-
cationandcovera significantclassof practicalproblemsto
verify retimedcircuits[15].

5 Min-Ar eaRetiming

A retiming of C is definedas a gatelabeling r : G �
Z, wherer � u	 is the lag of gateu denotingthe numberof
registersthataremovedbackwardthroughit. Thenew set
of arcweightswr of theretimedcircuit Cr arecomputedas
follows:

wr � u � v	�� w � u � v	! r � v	#" r � u	 � (1)

In this context we are interestedin minimizing the total
numberof registersof Cr :

∑$&%
u ' v(*) E

+
wr � u � v	 + � min � (2)

Notethatin this formulationweexplicitly omit thehostver-
tex [2] resultingin a retiming, which effectively removes
all peripheralregistersfrom theprimaryinputsandoutputs.
For synthesisapplications,theseregistersare considered

temporarily“hidden” or “borrowed” andneedto be added
backafteroptimization[11]. Peripheralretimingcanbedis-
abledby simply addinga hostvertex to thegraph,which is
connectedto all input andoutputvertices[2]. Further, the
optimal solutionof formula (2) may includenegative reg-
isters if the non-negativity constraintsof (1) are relaxed.
In reachabilityanalysis,negative registerscan be simply
handledasan inverseconstraintbetweentime frames[9].
For synthesis,theseregistersareconsideredtemporary, and
againneedto be eliminatedafter optimization. In the fol-
lowing we limit our presentationand experimentson pe-
ripheralretimingusingonly non-negativeregisters.

6 Optimal Sharing of Fanin Registers

The retiming formulationgiven in formulae(1) and(2)
doesnot considerthe fact that the registersof edgesfan-
ning out from the samevertex canbe shared. For exam-
ple, if threefanoutedgese1 �,� u � v	 � e2 �-� u � v�.	 ande3 �
� u � v� �.	 areassignedpositive registerweightswr � e1 	 � wr � e2 	
and wr � e3 	 , formula (2) accountsfor their sum wr � e1 	/ 
wr � e2 	0 wr � e3 	 duringminimization.However, in acircuit
implementation,only wmax � max� wr � e1 	 � wr � e2 	 � wr � e3 	�	
registersareneededfor theedgewith themaximumcount.
Theothertwo edgescansharetheir registerswith thisedge.

In [2] a solution is proposedthat is basedon a modi-
fied retiming graph structure. Figure 4a shows the gen-
eral schemeto alter the retiming graphfor fanoutregister
sharing. The idea is to add a dummy terminal vertex to
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Figure4: Sharingof fanoutandfaninregisters:(a)original
idea of fanoutregister sharing[2], (b) extensionto fanin
registersharing.
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Figure 5: Decompositionof an AND vertex that requires
only wmax � k  n  mregisters:(a)vertex with edgessorted
by theirweights,(b) correspondingAND tree.

eachregular vertex with a fanoutgreaterthan two. This
dummyvertex is thenconnectedto all fanoutverticesand
the edgeweightsaremodifiedin the shown manner. Each
originalweightwi is dividedby thenumberof fanoutedges
n and the new edgesto the dummy vertex areassigneda
weight equalto the differencebetweenwmax

n andthe mod-
ified weight of the correspondingfanoutedge. This frac-
tional weight is realizedby associatinga “cost per unit
weight” β with eachedge,andminimizing a total weighted
cost in (2) (β � u � v	3� 1 � n). Note that the sumof all edge
weightsis equalto wmax andthat the retiming formulation
accountsfor wmax

r in theoverallminimizationproblem.This
exactlymodelsthedescribedsharingof fanoutregisters.

A similar ideais appliedfor faninregistersharing.If the
verticesrepresentBooleanfunctionsthat are totally sym-
metric,all possibletreeconfigurationsestablisha valid de-
compositionof their function.Examplefor suchsymmetric
functionsare AND, OR, or XOR vertices. In the follow-
ing, we usemulti-input AND verticesasa basesystemfor
faninsharing.However, thepresentedconceptsareequally
applicablefor othertotally symmetricfunctions.

Figure4bshowshow theconceptof fanoutregistershar-
ing is adaptedto faninregistersharing.Similar to theprevi-
ouscase,a dummyvertex for fanin registersharingis cre-
atedandthe edgeweightsaremodified. With this config-
uration, the retiming optimizationproblemwill minimize
themaximumnumberof registersatany of thefaninedges.
Onceamin-arearetimingis computed,theAND vertex can
alwaysbedecomposedin a treestructuresuchthata maxi-
mumnumberof registersareshared.

Theschemefor flexible treedecompositionthatrequires
only asmany registersasgiven by the valueof wmax

r is il-
lustratedin Figure 5. For a given set of retimedregister
weightsat the inputsof an AND vertex, thealgorithmfirst
sortsthemaccordingto theseweights.Next, anAND treeis
built usingthestructureof Figure5b. For eachsetof inputs
with identicalregisternumbers,a balancedAND subtreeis
constructed.Theindividual subtreesarethenconnectedby
registersin a linearsequence.The numberof registersas-
signedto theedgesbetweenthesubtreesis equalto thedif-
ferenceof their registerweights.

For maximumfaninsharing,theAND/INVERTER/REGI-
STER graphproducedby the on-the-flyretiming algorithm
is first restructuredto form maximumAND vertices.Next
a retiming graph with the dummy verticesfor fanin and
fanoutsharingis built. Note that for simultaneousmod-
eling of faninandfanoutsharinga splitting vertex mustbe
introducedbetweentwo adjacentAND vertices.After com-
putingtheoptimalretimingby theILP solver, thetwo-input
AND graphis rebuilt usingtheproceduredescribedabove.

Figure 6 shows the retiming graphfor the exampleof
Figure1. Part (a) gives the edgeweightsfor the original
problemderivedfrom theon-the-flyretimedcircuit of Fig-
ure2b. Thetop portionof thegraphshows thedummyver-
tex modelingthepossiblesharingof fanoutregistersof ver-
tex g1 � g2. Thebottomportionmodelsthepossiblesharing
of fanin registersof vertex g3 � g4. Note thatwe arbitrarily
assignedthetwo registersbetweengatesg1 � g2 andg3 � g4 to
the input portionof gateg3 � g4. An assignmentto theout-
put portionof gateg1 � g2 would yield identicalresults.Part
(b) shows theresultingweightsfrom theILP solver, which
correspondto theoptimalcircuit of Figure1c.
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lution resultingin 2 registersfor thecircuit of Figure1c.
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7 Experiments

In this sectionwe provide a setof experimentalresults
for retiming using the presentedtechniques. All experi-
mentswererun on an IBM ThinkPadModel T21, with an
800Mhz PIII and 256 Megabytesmain memory, running
RedHatLinux 6.2. Our implementationis a C-basedre-
timing engine,utilizing the datastructureand algorithms
describedearlierin thispaper. As ILP solverweappliedthe
primal network simplex algorithm from IBM’ s Optimiza-
tion SolutionsLibrary (OSL) [16].

In all experimentswe usedperipheralretiming, which
effectively removesasmany registersfrom the inputsand
outputsaspossible.We focusedon theevaluationof com-
binationalsimplificationandretimingto reducethesizeof
the corecircuit structure,hencewe do not presentany re-
sultson generatingretimedinitial values.The structureto
producethe initial valuesof the retimedcircuit is referred
to asthe retimingstump. Detailsof this techniquecanbe
foundin [9]. Theresultingretimingstumpfor theevaluated
circuits aregenerallysmall anddo not constitutea bottle-
neckin theoverall verificationscheme.This is mainly due
to thefactthatevenfor multi-frameinitializationstructures,
largepartsgeteliminatedby constantpropagation.

Table 1 provides results for various retiming options
for the ISCAS89benchmarks. The resultsare basedon
the describedAND/INVERTER/REGISTER graphrepresen-
tationof thecircuit andreportthe numberof 2-input AND

verticesand registers. Column 1 and2 give the nameof
thecircuitsandthesizefor their initial, unretimednetlists,
respectively. Column3 providesthecircuit sizesfor retim-
ing without the applicationof on-the-flyretiming or fanin
registersharing.Thisoptionis identicalto classicalperiph-
eral retiming accordingto [2]. In Column4 we report the
resultfor fanin-registersharingwithouton-the-flyretiming,
whereasfor thefollowing columnwe enabledboth.

In Columns6 through8 we reportresultsfor aniterated
applicationof retiming interleaved with combinationalre-
structuring.For the latterwe utilized a combinationalsim-
plificationengineasdescribedin [14]. We iteratedbetween
bothenginesuntil no further improvementwasgainedand
reportedthe bestresults.Column6 givestheseresultsus-
ing plain retiming(asin Column3), whereasColumn7 re-
ports the resultsof the bestoption of the techniquesused
in Column4 (just faninregistersharing)or 5 (faninregister
sharingwith on-the-flyretiming).Wepreferredto applythe
registercountfor comparison,sinceminimizingAND count
doesnotalwaysminimizethenumberof register, aswill be
discussedlaterin this section.Column8 givestherequired
computingresourcesfor the bestrun betweenColumns6
and7. In Column 9 we provide previously publishedre-
sults. As shown, for all but two circuits for which other
resultswere available, our techniquegives lower register

counts. Despitedetailedanalysis,we could not reproduce
theresultsreportedin [10] for circuitsS344 andS349.

Table2 givestheresultsof asetof identicalexperiments
for variousIBM GigahertzProcessor(GP) circuits. There
areseveral noteworthy trendsin both tables. First, asex-
pected,plain retiming decreasesregistercountby an aver-
ageof 16� 8% on the ISCAScircuits,andby 50� 1% on the
GP circuits. The presentedfanin registersharinggivesan
additionalreductionof theregistercountby andaverageof
0 � 6% and5 � 3% for the ISCAS andGP circuits. More im-
portantly, this techniqueprovidesa significantreductionof
theAND countby 17� 0%and31� 6%in thetwo cases.

In comparisonto the applicationof plain faninsharing,
theadditionaluseof on-the-flyretiminggivesmixedresults.
Our experimentsshow thaton averageit hurtsbothregister
countandAND count. However, in many individual cases
on-the-fly retiming can provide a substantialbenefit. For
example,it further reducesthe AND counton 7 out of the
42 ISCAScircuits,and9 out of the28 GPcircuits. It also
furtherreducesregistercounton4GPcircuits.Thesereduc-
tions may be quite dramatic. For example,circuit I IFPF
has its AND and register count reducedby an additional
23� 6% and15� 0%, respectively. Also, asillustratedin Fig-
ure1, this techniquealonemayprovideretimingreductions
evenwithout solving the retiming linearprogram.TheGP
circuit L FLUSH is a reconvergentfeed-forwardpipelined
circuit. Beforecalling the ILP solver to calculatean opti-
mal retiming, the optionsfor Columns3 and4 reducethe
registercountto 78 and38, respectively.

Webriefly discusshow combinationalsimplificationand
on-the-flyretimingcanin somecaseshurtregistercount.As
an example,assumeu andv aretwo functionally identical
yet distinctvertices.Supposethatall outedgesfrom u have
aweightof one,andthoseof v haveaweightof zero.It may
bethatby backwards-retimingu, we cansharetheretimed
registerswith registersin the fanin coneof u, decreasing
totalweightby one.However, if wemergeu andv together,
we canno longerbackwards-retimethe new vertex dueto
thezero-weightoutedges,therebyhurtingretimingresults.

As expected,iteration of combinationalsimplification
and retiming can provide dramaticfurther reductions;an
additional2 � 2% and8 � 4% on ISCAS,and6 � 5% and17� 7%
on GP, for AND vertex andregisterdecrease,respectively.
Thesereductionswereachieveswithin up to four iterations
ontheISCAScircuits(with anaveragenumberof iterations
for theoptimalsolutionof 2 � 7), andup to five iterationson
the GP circuits (with an averageof 3 � 0). The reportedre-
sultsin Column7 appliedon-the-flyretiming on 15 of the
42 ISCAScircuitsandon 13 of the28 GPcircuits. A par-
ticularly interestingresult is that an iteratedapplicationof
the presentedtechniqueswith combinationalrestructuring
significantlyoutperformsan interleaved classicalretiming
approach.This demonstratestheoverall power andpoten-
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Design Original Plain Retiming On-the-Fly Iterationof interleaved Previous
circuit retiming with retiming retimingandcombinationalrestructuring results

[2] fanin with fanin (iterateduntil no furtherimprovements) [10]/[17]
sharing sharing Plain Bestresultof CPUtime (sec) (Numberof

retiming columns4 or 5 Memory(MB) Registers)
PROLOG 853/ 136 853/ 45 618/ 45 612/ 47 696/ 45 573/ 45 0.6/ 5.9 - / -
S1196 480/ 18 480/ 16 425/ 16 425/ 16 423/ 14 364/ 14 0.6/ 8.9 16 / -
S1238 533/ 18 533/ 16 474/ 16 474/ 16 469/ 14 418/ 14 0.6/ 11.1 17 / -
S1269 478/ 37 478/ 36 427/ 36 427/ 36 445/ 36 399/ 36 0.6/ 12.1 - / -
S132071 3205/ 638 3205/ 389 2378/ 390 2510/ 415 1277/ 266 1164/ 267 4.1/ 28.3 - / -
S1423 507/ 74 507/ 72 399/ 72 407/ 73 461/ 72 395/ 72 0.6/ 7.9 72 / 74
S1488 734/ 6 734/ 6 589/ 6 608/ 6 582/ 6 515/ 6 0.4/ 5.8 - / -
S1494 746/ 6 746/ 6 601/ 6 620/ 6 626/ 6 555/ 6 0.5/ 6.8 - / -
S1512 484/ 57 484/ 57 448/ 57 449/ 57 470/ 57 449/ 57 0.4/ 6.8 - / 57
S158501 3852/ 534 3852/ 495 3288/ 497 3361/ 514 2962/ 446 2779/ 460 4.5/ 25.1 - / -
S2081 77 / 8 77 / 8 61 / 8 63 / 8 70 / 8 61 / 8 0.2/ 6.6 - / -
S27 8 / 3 8 / 3 7 / 3 7 / 3 8 / 3 7 / 3 0.2/ 4.6 - / -
S298 125/ 14 125/ 14 86 / 14 90 / 15 100/ 14 79 / 14 0.3/ 8.8 - / -
S3271 1125/ 116 1125/ 110 1042/ 110 1090/ 111 1051/ 109 995/ 109 1.3/ 11.1 - / 116
S3330 820/ 132 820/ 45 595/ 45 603/ 47 678/ 45 567/ 45 0.5/ 5.8 - / -
S3384 1070/ 183 1070/ 72 1056/ 72 1057/ 72 1060/ 72 1038/ 72 1.1/ 6.8 - / 147
S344 109/ 15 109/ 15 100/ 15 101/ 15 98 / 15 93 / 15 0.3/ 8.8 7 / -
S349 112/ 15 112/ 15 100/ 15 103/ 15 98 / 15 93 / 15 0.3/ 8.8 7 / -
S35932 12204/ 1728 12204/ 1728 11948/ 1728 11980/ 1728 9932/ 1728 9932/ 1728 12.0/ 119.3 - / -
S382 148/ 21 148/ 15 119/ 15 133/ 18 140/ 15 119/ 15 0.5/ 5.8 15 / -
S385841 13479/ 1426 13479/ 1416 11065/ 1375 11066/ 1415 11501/ 1372 10584/ 1374 28.3/ 137.9 - / -
S386 188/ 6 188/ 6 114/ 6 120/ 8 166/ 6 113/ 6 0.3/ 6.7 - / -
S400 158/ 21 158/ 15 123/ 15 140/ 18 148/ 15 123/ 15 0.2/ 4.5 15 / -
S4201 165/ 16 165/ 16 141/ 16 143/ 16 156/ 16 137/ 16 0.3/ 6.7 - / -
S444 169/ 21 169/ 15 142/ 15 143/ 16 155/ 15 141/ 15 0.2/ 4.5 15 / -
S4863 1750/ 104 1750/ 72 1537/ 37 1528/ 37 1333/ 37 1249/ 37 2.0/ 14.8 - / 96
S499 187/ 22 187/ 22 168/ 22 146/ 22 187/ 22 134/ 20 0.4/ 8.9 - / -
S510 213/ 6 213/ 6 195/ 6 200/ 6 205/ 6 177/ 6 0.3/ 6.7 - / -
S526N 251/ 21 251/ 21 170/ 21 177/ 22 200/ 21 164/ 21 0.2/ 4.6 - / -
S5378 1422/ 179 1422/ 115 1242/ 114 1231/ 129 990/ 112 861/ 113 1.5/ 15.7 - / 144
S635 190/ 32 190/ 32 187/ 32 188/ 32 103/ 32 69 / 32 0.2/ 4.5 - / -
S641 160/ 19 160/ 15 113/ 16 113/ 16 146/ 15 115/ 15 0.4/ 6.7 18 / -
S6669 2263/ 239 2263/ 92 2211/ 92 2208/ 92 2196/ 75 2145/ 75 2.4/ 8.5 - / -
S713 174/ 19 174/ 15 121/ 16 121/ 16 149/ 15 115/ 15 0.4/ 8.9 - / -
S820 468/ 5 468/ 5 275/ 5 291/ 5 328/ 5 251/ 5 0.4/ 8.9 - / -
S832 482/ 5 482/ 5 284/ 5 300/ 5 338/ 5 259/ 5 0.4/ 8.9 - / -
S8381 341/ 32 341/ 32 301/ 32 303/ 32 328/ 32 285/ 32 1.4/ 10.4 - / -
S92341 2346/ 211 2346/ 172 1715/ 173 1777/ 179 1497/ 154 1196/ 145 2.4/ 17.1 - / -
S938 341/ 32 341/ 32 301/ 32 303/ 32 328/ 32 285/ 32 0.4/ 6.8 - / -
S953 348/ 29 348/ 6 313/ 6 306/ 7 334/ 6 294/ 6 0.5/ 8.9 - / -
S967 369/ 29 369/ 6 340/ 6 331/ 7 336/ 6 303/ 6 0.4/ 6.7 - / -
S991 299/ 19 299/ 19 283/ 19 283/ 19 297/ 19 283/ 19 0.3/ 4.6 - / -

% Reduction 0.0/ 0.0 0.0/ 16.8 17.0/ 17.4 15.8/ 14.8 14.2/ 19.3 25.4/ 19.6

Table1: Retimingresultsfor theISCAS89benchmarks(numberof two-inputAND vertices/numberof registers).

tial of thepresentedapproachfor applicationsin functional
verificationandtechnologyindependentlogic synthesis.

8 Conclusionsand Future Work

In this paperwe presentedtwo enhancementsfor min-
arearetiming thatarecapableof significantlyreducingthe
registercountandsizeof thecombinationalcircuitry by de-
partingfrom thetraditionalapplicationof retimingonstatic
circuit graphs.We discussedtwo techniquesthat work on
an AND/INVERTER/REGISTER graph.On-the-flyretiming
providesanalgorithmthatappliesforwardretimingduring
graphconstructionandcanidentify sequentiallyredundant
circuit partswithout asignificantcomputingoverhead.The
conceptof fanin registersharingdefersthe decomposition
of largeclustersof symmetricfunctionsuntil afterretiming.

A modifiedformulationof the retiming problemconsiders
all possibledecompositionsof such clustersand ensures
thatanoverallminimumnumberof registersis achieved.

The main focusof this researchis to enhancereachabi-
lity-basedverification[9] for whichmin-arearetimingis the
singleobjective. However, thesetechniquesareequallyap-
plicablein logic synthesisto removesequentialredundancy
in the technologyindependentphase.Our resultsindicate,
that the presentedretiming can achieve significantreduc-
tionsof thecircuit sizein termsof registercountandnum-
berof combinationalgates.In particular, we demonstrated
that comparableresultsarenot achievableby classicalre-
timing on staticcircuit structuresappliedin an interleaved
mannerwith combinationaloptimization.

Future work in this areafocuseson improvementsof
thecombinedmodelingof retimingandcombinationalopti-
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Design Original Plain Retiming On-the-Fly Iterationof interleaved
circuit retiming with retiming retimingandcombinationalrestructuring

[2] fanin with fanin (iterateduntil no furtherimprovements)
sharing sharing Plain Bestresultof CPUtime (sec)

retiming columns4 or 5 Memory(MB)
CHIP RAS 2686/ 660 2686/ 585 1961/ 491 1955/ 503 2050/ 489 1809/ 489 4.0/ 24.0
CORE RAS 2297/ 431 2297/ 379 1891/ 370 2024/ 406 1723/ 340 1718/ 348 1.6/ 11.9
D DASA 1223/ 115 1223/ 100 867/ 100 870/ 101 827/ 100 702/ 100 1.1/ 11.5
D DCLA 10916/ 1137 10916/ 771 8177/ 750 10144/ 771 7683/ 750 7582/ 750 26.0/ 57.1
D DUDD 1295/ 129 1295/ 100 1064/ 100 1070/ 100 1042/ 100 949/ 100 0.7/ 7.0
I IBBC 388/ 195 388/ 42 190/ 40 200/ 39 203/ 42 166/ 36 0.5/ 8.0
I IFAR 1202/ 413 1202/ 147 888/ 140 923/ 148 911/ 135 791/ 137 1.6/ 15.9
I IFEC 334/ 182 334/ 46 244/ 45 259/ 46 283/ 46 216/ 45 0.6/ 9.1
I IFPF 5896/ 1546 5896/ 705 4884/ 690 3491/ 458 2779/ 352 2571/ 353 451.9/ 66.6
L EMQ 981/ 220 981/ 88 677/ 86 748/ 88 818/ 88 570/ 69 1.0/ 9.3
L EXEC 1618/ 535 1618/ 168 963/ 163 1074/ 197 914/ 136 693/ 118 2.5/ 15.3
L FLUSH 893/ 159 893/ 5 433/ 1 360/ 1 332/ 1 282/ 1 0.6/ 8.0
L LMQ 14074/ 1876 14074/ 1196 11224/ 1193 11552/ 1205 5321/ 429 4067/ 241 102.4/ 95.0
L LRU 581/ 237 581/ 94 436/ 94 432/ 94 465/ 94 394/ 94 1.2/ 11.5
L PNTR 1453/ 541 1453/ 245 1217/ 245 1240/ 245 1349/ 245 1169/ 245 2.6/ 19.6
L TBWK 1160/ 307 1160/ 125 754/ 125 637/ 119 274/ 40 146/ 40 1.0/ 9.4
M CIU 4550/ 777 4550/ 459 3016/ 415 3078/ 436 2650/ 381 2305/ 349 5.4/ 46.7
S SCU1 1520/ 373 1520/ 212 1076/ 200 1089/ 202 1169/ 190 938/ 184 3.6/ 13.1
S SCU2 8560/ 1368 8560/ 640 5640/ 563 5115/ 575 3862/ 432 3178/ 411 105.3/ 61.1
V CACH 753/ 173 753/ 103 435/ 97 558/ 113 381/ 94 347/ 97 0.8/ 14.5
V DIR 554/ 178 554/ 87 345/ 84 243/ 49 145/ 45 124/ 43 0.6/ 11.2
V L2FB 120/ 75 120/ 26 96 / 26 96 / 26 85 / 26 63 / 26 0.3/ 6.7
V SCR1 826/ 150 826/ 95 392/ 52 393/ 52 329/ 49 298/ 48 0.6/ 9.0
V SCR2 2563/ 551 2563/ 458 1084/ 86 1061/ 89 511/ 82 479/ 82 1.4/ 13.9
V SNPC 78 / 93 78 / 21 64 / 21 64 / 21 54 / 21 42 / 21 0.3/ 8.9
V SNPM 2421/ 1421 2421/ 241 1672/ 237 1671/ 237 1692/ 220 1080/ 179 18.6/ 42.1
W GAR 2107/ 242 2107/ 93 1388/ 81 1549/ 121 1731/ 84 1255/ 75 1.7/ 8.3
W SFA 471/ 64 471/ 42 291/ 42 291/ 42 311/ 41 260/ 41 0.5/ 9.0

% Reduction 0.0/ 0.0 0.0 / 50.1 31.6/ 55.4 31.3/ 54.8 38.7/ 60.6 49.3/ 61.9

Table2: Retimingresultsfor selectedIBM GigahertzProcessor(GP)circuits.

mization.Further, we wish to investigatetheapplicationof
theAND/INVERTER/REGISTER graphfor sequentialequiv-
alencechecking.
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